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Impact of Deep Learning in AI

Silver et al. Mastering the game of Go with deep neural networks and tree search, Nature 2016 
Artificial intelligence learns Mario level in just 34 attempts, https://www.engadget.com/2015/06/17/super-mario-world-self-learning-ai/,  
https://github.com/aleju/mario-ai
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Why These Improvements in Performance?
• Features are learned rather than hand-crafted 

• More layers capture more invariances [1]  

• More data to train deeper networks 

• More computing (GPUs) 

• Better regularization: Dropout 

• New nonlinearities 
– Max pooling, Rectified linear units (ReLU) [2]  

• Theoretical understanding of deep networks remains shallow

aero bike bird boat bottle bus car cat chair cow table dog horse mbike person plant sheep sofa train tv mAP

GHM[8] 76.7 74.7 53.8 72.1 40.4 71.7 83.6 66.5 52.5 57.5 62.8 51.1 81.4 71.5 86.5 36.4 55.3 60.6 80.6 57.8 64.7
AGS[11] 82.2 83.0 58.4 76.1 56.4 77.5 88.8 69.1 62.2 61.8 64.2 51.3 85.4 80.2 91.1 48.1 61.7 67.7 86.3 70.9 71.1
NUS[39] 82.5 79.6 64.8 73.4 54.2 75.0 77.5 79.2 46.2 62.7 41.4 74.6 85.0 76.8 91.1 53.9 61.0 67.5 83.6 70.6 70.5

CNN-SVM 88.5 81.0 83.5 82.0 42.0 72.5 85.3 81.6 59.9 58.5 66.5 77.8 81.8 78.8 90.2 54.8 71.1 62.6 87.2 71.8 73.9
CNNaug-SVM 90.1 84.4 86.5 84.1 48.4 73.4 86.7 85.4 61.3 67.6 69.6 84.0 85.4 80.0 92.0 56.9 76.7 67.3 89.1 74.9 77.2

Table 1: Pascal VOC 2007 Image Classification Results compared to other methods which also use training data outside VOC. The CNN representation
is not tuned for the Pascal VOC dataset. However, GHM [8] learns from VOC a joint representation of bag-of-visual-words and contextual information.
AGS [11] learns a second layer of representation by clustering the VOC data into subcategories. NUS [39] trains a codebook for the SIFT, HOG and LBP
descriptors from the VOC dataset. Oquab et al. [29] adapt the CNN classification layers and achieves better results (77.7) indicating
the potential to boost the performance by further adaptation of the representation to the target task/dataset.
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Figure 2: a) Evolution of the mean image classification AP over PAS-
CAL VOC 2007 classes as we use a deeper representation from the
OverFeat CNN trained on the ILSVRC dataset. OverFeat considers
convolution, max pooling, nonlinear activations, etc. as separate layers.
The re-occurring decreases in the plot is of the activation function layer
which loses information by half rectifying the signal. b) Confusion matrix
for the MIT-67 indoor dataset. Some of the off-diagonal confused classes
have been annotated, these particular cases could be hard even for a human
to distinguish.

last 2 layers the performance increases. We observed the
same trend in the individual class plots. The subtle drops in
the mid layers (e.g. 4, 8, etc.) is due to the “ReLU” layer
which half-rectifies the signals. Although this will help the
non-linearity of the trained model in the CNN, it does not
help if immediately used for classification.

3.2.3 Results of MIT 67 Scene Classification

Table 2 shows the results of different methods on the MIT
indoor dataset. The performance is measured by the aver-
age classification accuracy of different classes (mean of the
confusion matrix diagonal). Using a CNN off-the-shelf rep-
resentation with linear SVMs training significantly outper-
forms a majority of the baselines. The non-CNN baselines
benefit from a broad range of sophisticated designs. con-
fusion matrix of the CNN-SVM classifier on the 67 MIT
classes. It has a strong diagonal. The few relatively bright
off-diagonal points are annotated with their ground truth
and estimated labels. One can see that in these examples the
two labels could be challenging even for a human to distin-
guish between, especially for close-up views of the scenes.

Method mean Accuracy

ROI + Gist[36] 26.1
DPM[30] 30.4
Object Bank[24] 37.6
RBow[31] 37.9
BoP[21] 46.1
miSVM[25] 46.4
D-Parts[40] 51.4
IFV[21] 60.8
MLrep[9] 64.0

CNN-SVM 58.4
CNNaug-SVM 69.0
CNN(AlexConvNet)+multiscale pooling [16] 68.9

Table 2: MIT-67 indoor scenes dataset. The MLrep [9] has a fine
tuned pipeline which takes weeks to select and train various part detectors.
Furthermore, Improved Fisher Vector (IFV) representation has dimension-
ality larger than 200K. [16] has very recently tuned a multi-scale orderless
pooling of CNN features (off-the-shelf) suitable for certain tasks. With this
simple modification they achieved significant average classification accu-
racy of 68.88.

3.3. Object Detection
Unfortunately, we have not conducted any experiments for
using CNN off-the-shelf features for the task of object de-
tection. But it is worth mentioning that Girshick et al. [15]
have reported remarkable numbers on PASCAL VOC 2007
using off-the-shelf features from Caffe code. We repeat
their relevant results here. Using off-the-shelf features they
achieve a mAP of 46.2 which already outperforms state
of the art by about 10%. This adds to our evidences of
how powerful the CNN features off-the-shelf are for visual
recognition tasks.
Finally, by further fine-tuning the representation for PAS-
CAL VOC 2007 dataset (not off-the-shelf anymore) they
achieve impressive results of 53.1.

3.4. Fine grained Recognition
Fine grained recognition has recently become popular due
to its huge potential for both commercial and cataloging
applications. Fine grained recognition is specially inter-
esting because it involves recognizing subclasses of the
same object class such as different bird species, dog breeds,
flower types, etc. The advent of many new datasets with

[1] Razavian, Azizpour, Sullivan, Carlsson, CNN Features off-the-shelf: an Astounding Baseline for Recognition. CVPRW’14. 
[2] Hahnloser, Sarpeshkar, Mahowald, Douglas, Seung. Digital selection and analogue amplification coexist in a cortex-inspired silicon 
circuit. Nature, 405(6789):947–951, 2000.



Key Theoretical Questions in Deep Learning
Questions in Deep Learning

Architecture Design Optimization Generalization
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Key Theoretical Questions: Architecture
• Approximation, depth, width and invariance: earlier work 

– Perceptrons and multilayer feedforward networks are universal 
approximators [Cybenko ’89, Hornik ’89, Hornik ’91, Barron ’93]

Theorem [C’89, H’91] Let ⇢() be a bounded, non-constant continuous func-

tion. Let Im denote the m-dimensional hypercube, and C(Im) denote the space

of continuous functions on Im. Given any f 2 C(Im) and ✏ > 0, there exists

N > 0 and vi, wi, bi, i = 1 . . . , N such that

F (x) =
X

iN

vi⇢(w
T
i x+ bi) satisfies

sup
x2Im

|f(x)� F (x)| < ✏ .



Key Theoretical Questions: Architecture
• Approximation, depth, width and invariance: earlier work 

– Perceptrons and multilayer feedforward networks are universal 
approximators [Cybenko ’89, Hornik ’89, Hornik ’91, Barron ’93] 

• Approximation, depth, width and invariance: recent work 
– Gaps between deep and shallow networks [Montufar’14, Mhaskar’16] 
– Deep Boltzmann machines are universal approximators [Montufar’15] 
– Design of CNNs via hierarchical tensor decompositions [Cohen ’17] 
– Scattering networks are deformation stable for Lipschitz non-linearities 

[Bruna-Mallat ’13, Wiatowski ’15, Mallat ’16] 
– Exponential # of units needed to approximate deep net [Telgarsky’16] 
– Approximation with sparsely connected deep networks [Bölcskei ’19] 
– Representation power of GNNs [Jegelka’18]

[1] Cybenko. Approximations by superpositions of sigmoidal functions, Mathematics of Control, Signals, and Systems, 2 (4), 303-314, 1989. 
[2] Hornik, Stinchcombe and White. Multilayer feedforward networks are universal approximators, Neural Networks, 2(3), 359-366, 1989. 
[3] Hornik. Approximation Capabilities of Multilayer Feedforward Networks, Neural Networks, 4(2), 251–257, 1991. 
[4] Barron. Universal approximation bounds for superpositions of a sigmoidal function. IEEE Transactions on Information Theory, 39(3):930–945, 1993. 
[5] Cohen et al. Analysis and Design of Convolutional Networks via Hierarchical Tensor Decompositions arXiv preprint arXiv:1705.02302 
[6] Montúfar, Pascanu, Cho, Bengio, On the number of linear regions of deep neural networks, NIPS, 2014 
[7] Mhaskar, Poggio. Deep vs. shallow networks: An approximation theory perspective. Analysis and Applications, 2016.  
[8] Montúfar et al, Deep narrow Boltzmann machines are universal approximators, ICLR 2015, arXiv:1411.3784v3  
[9] Bruna and Mallat. Invariant scattering convolution networks. Trans. PAMI, 35(8):1872–1886, 2013.  
[10] Wiatowski, Bölcskei. A mathematical theory of deep convolutional neural networks for feature extraction. arXiv2015. 
[11] Mallat. Understanding deep convolutional networks. Phil. Trans. R. Soc. A, 374(2065), 2016. 
[12] Telgarsky, Benefits of depth in neural networks. COLT 2016.  
[13] Bölcskei, Grohs, Kutyniok, Petersen. Optimal approximation with sparsely connected deep neural networks. SIAM J. Math of Data Science, 2019



Key Theoretical Questions: Optimization
• Optimization theory: earlier work 

– No spurious local minima for linear networks [Baldi-Hornik’89, Nouiehed’18, Zhu’] 
– Backprop fails to converge for nonlinear networks [Brady’89], converges for 

linearly separable data [Gori-Tesi’91-’92], or it gets stuck [Frasconi’97] 
– Local minima and plateaus in multilayer perceptrons [Fukumizu-Amari’00] 

• Optimization theory: recent work on landscape 
– Convex neural networks in infinite number of variables [Bengio ’05] 
– No spurious local minima for deep linear networks and square loss [Kawaguchi’16]  
– No spurious local minima for positively homogeneous networks [Haeffele-Vidal’15 

‘17], but infinitely many local minima in general [Yun ’19] 
– Role of level sets on spurious valleys [Venturi ’18, Nguyen’18’19, Kuditipudi ‘19] 
– Statistical physics-based analysis of the landscape of two-layer neural networks 

[Mei ’18 ‘19] and multilayer networks [Choromanska ’15, Verpoort-Lee-Wales ’20]
[1] Baldi, Hornik, Neural networks and principal component analysis: Learning from examples without local minima, Neural networks, 1989. 
[2] Brady, Raghavan, J Slawny. Back propagation fails to separate where perceptrons succeed. IEEE Trans Circuits & Systems, 36(5):665–674, 1989. 
[3] Gori, Tesi. On the problem of local minima in backpropagation. IEEE Trans. on Pattern Analysis and Machine Intelligence, 14(1):76–86, 1992. 
[4] Frasconi, Gori, Tesi. Successes and failures of backpropagation: A theoretical. Progress in Neural Networks: Architecture, 5:205, 1997. 
[5] Fukumizu, Amari. Local minima and plateaus in multilayer perceptrons. Neural Networks, 2000. 
[6] Bengio, Le Roux, Vincent, Delalleau, Marcotte. Convex Neural Networks. NeurIPS, 2005 
[7] Kawaguchi. Deep learning without poor local minima. NeurIPS, 2016. 
[8] Haeffele, Vidal. Global Optimality in Tensor Factorization, Deep Learning and Beyond, arXiv, 2015. 
[9] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017. 
[10] Yun, Sra, Jadbabaie. Small nonlinearities in activation functions create bad local minima in neural networks. ICLR 2019. 
[11] Y Cooper. The loss landscape of overparameterized neural networks. arXiv:1804.10200, 2018. 
[12] Venturi, A. S. Bandeira, and J. Bruna. Spurious valleys in two-layer neural network optimization landscapes. arXiv preprint arXiv:1802.06384, 2018. 
[13] Nguyen. On connected sublevel sets in deep learning. arXiv preprint arXiv:1901.07417, 2019. 
[14] Nguyen, Mukkamala, Hein. On the loss landscape of a class of deep neural networks with no bad local valleys. arXiv preprint arXiv:1809.10749, 2018. 
[15] Kuditipudi, Wang, Lee, Zhang, Li, Hu, Ge, Arora. Explaining landscape connectivity of low-cost solutions for multilayer nets. NeurIPS, 2019. 
[16] Mei, Montanari, Nguyen. A mean field view of the landscape of two-layer neural networks. PNAS, 115(33):E7665–E7671, 2018. 
[17] Mei, Misiakiewicz, Montanari. Mean-field theory of two-layers neural networks: dimension-free bounds and kernel limit. COLT, 2019 
[18] Verpoort, Lee, Wales. Archetypal landscapes for deep neural networks. PNAS, 2020. 
[19] Choromanska, Henaff, Mathieu, Ben Arous, LeCun. The Loss Surfaces of Multilayer Networks. AISTAT, 2015.  



Key Theoretical Questions: Optimization
• Optimization theory: recent work on algorithms 

– GD on networks with many hidden units can learn polynomials [Andoni ’14] 
– Attacking the saddle point problem [Dauphin ’14] 
– Effect of noise and BN on the landscape [Santurkar’18, Chaudhari’15, Soudry ’16] 
– Entropy-SGD is biased toward wide valleys [Chaudhari ’17] 
– Deep relaxation: PDEs for optimizing deep nets [Chaudhari ’18] 
– Guaranteed training of NNs using tensor methods [Janzamin ’16] 
– Convergence of GD for deep linear neural networks [Arora ’18] 
– Implicit acceleration by over-parameterization [Arora ’18, Tarmoun ’20] 
– Benign landscape [Fang ’19] and convergence of gradient methods in 

overparametrized models [Chizat ’18, Li ’18, Du ’19, Allen-Zhu’19, Zou ’19] 
– Mean-field and learning dynamics [Nguyen ’19]

[1] Andoni, Panigrahy, Valiant, Zhang. Learning polynomials with neural networks. ICML 2014.  
[2] Dauphin, Pascanu, Gulcehre, Cho, Ganguli, Bengio, Identifying and attacking the saddle point problem in high-dimensional non- convex optimization, NeurIPS 2014. 
[3] Santurkar, Tsipras, Ilyas, Madry. How does batch normalization help optimization? NeurIPS, 2018. 
[4] Soudry, Y Carmon. No bad local minima: Data independent training error guarantees for multilayer neural networks. arXiv preprint arXiv:1605.08361, 2016. 
[5] Chaudhari, Soatto. Stochastic gradient descent performs variational inference, converges to limit cycles for deep networks. ICLR 2018.  
[6] Chaudhari, Choromanska, Soatto, LeCun, Baldassi, Borgs, Chayes, Sagun, Zecchina. Entropy-SGD: biasing gradient descent into wide valleys. ICLR 2016, JSM 2019. 
[7] Chaudhari, A Oberman, S Osher, S Soatto, G Carlier. Deep relaxation: partial differential equations for optimizing deep neural networks. RMS 2018 
[8] Janzamin, Sedghi, Anandkumar, Beating the Perils of Non-Convexity: Guaranteed Training of Neural Networks using Tensor Methods, arXiv:1506.08473, 2016. 
[9] Arora, Cohen, Golowich, Hu. A convergence analysis of gradient descent for deep linear neural networks. arXiv preprint arXiv:1810.02281, 2018. 
[10] Arora, Cohen, Hazan. On the optimization of deep networks: Implicit acceleration by overparameterization. arXiv preprint arXiv:1802.06509, 2018. 
[11] Tarmoun, Franca, Haeffele, Vidal. Implicit Acceleration of Gradient Flow in Overparameterized Linear Models.  
[12] Fang, Gu, Zhang, Zhang. Convex formulation of overparameterized deep neural networks. arXiv preprint arXiv:1911.07626, 2019. 
[13] Chizat, Bach. On the global convergence of gradient descent for over-parameterized models using optimal transport. NeurIPS, 2018. 
[14] Li, Liang. Learning overparameterized neural networks via stochastic gradient descent on structured data. NeurIPS, 2018. 
[15] Du, Zhai, Poczos, Singh. Gradient descent provably optimizes over-parameterized neural networks. ICLR, 2019. 
[16] Du, Lee, Li, Wang, Zhai. Gradient descent finds global minima of deep neural networks. ICML, 2019. 
[17] Allen-Zhu, Li, Song. A convergence theory for deep learning via over-parameterization. ICML, 2019. 
[18] Zou, Cao, Zhou, Gu. Gradient descent optimizes over-parameterized deep ReLU networks. Machine Learning 2019 
[19] Zou, Gu. An improved analysis of training over-parameterized deep neural networks. NeurIPS, 2019. 
[20] Nguyen. Mean field limit of the learning dynamics of multilayer neural networks. arXiv preprint arXiv:1902.02880, 2019. 
[21] Dogra, Redman. Optimizing Neural Networks via Koopman Operator Theory, 2020.



Key Theoretical Questions: Generalization
• Generalization and regularization theory: earlier work 

– # training examples grows polynomially with network size [1,2] 

• Regularization methods: earlier and recent work 
– Early stopping [3]  
– Dropout, Dropconnect, Dropblock and extensions (adaptive, annealed) [4,5] 
– Batch normalization [6] 

• Generalization and regularization theory: recent work 
– Distance and margin-preserving embeddings [7,8] 
– Path SGD/implicit regularization & generalization bounds [9,10] 
– Product of norms regularization & generalization bounds [11,12] 
– Information theory: info bottleneck, info dropout, Fisher-Rao [13,14,15] 
– Rethinking generalization: [16]

[1] Sontag. VC Dimension of Neural Networks. Neural Networks and Machine Learning, 1998. 
[2] Bartlett, Maass. VC dimension of neural nets. The handbook of brain theory and neural networks, 2003. 
[3] Caruana, Lawrence, Giles. Overfitting in neural nets: Backpropagation, conjugate gradient & early stopping. NeurIPS 2001. 
[4] Srivastava. Dropout: A Simple Way to Prevent Neural Networks from Overfitting. JMLR, 2014.  
[5] Wan. Regularization of neural networks using dropconnect. ICML, 2013. 
[6] Ioffe, Szegedy. Batch Normalization: Accelerating Deep Network Training by Reducing Internal Covariate Shift, arXiv preprint arXiv:1502.03167, 2015 
[7] Giryes, Sapiro, Bronstein. Deep Neural Networks with Random Gaussian Weights. arXiv:1504.08291. 
[8] Sokolic. Margin Preservation of Deep Neural Networks, 2015 
[9] Neyshabur. Path-SGD: Path-Normalized Optimization in Deep Neural Networks. NIPS 2015 
[10] Behnam Neyshabur. Implicit Regularization in Deep Learning. PhD Thesis 2017 
[11] Sokolic, Giryes, Sapiro, Rodrigues. Generalization error of invariant classifiers. In AISTATS, 2017. 
[12] Sokolić, Giryes, Sapiro, Rodrigues. Robust Large Margin Deep Neural Networks. IEEE Transactions on Signal Processing, 2017.  
[13] Shwartz-Ziv, Tishby. Opening the black box of deep neural networks via information. arXiv:1703.00810, 2017.  
[14] Achille, Soatto. Information dropout: Learning optimal representations through noisy computation. arXiv: 2016. 
[15] Liang, Poggio, Rakhlin, Stokes. Fisher-Rao Metric, Geometry and Complexity of Neural Networks. arXiv: 2017. 
[16] Zhang, Bengio, Hardt, Recht, Vinyals. Understanding deep learning requires rethinking generalization. ICLR 2017. 



Key Theoretical Questions: Generalization
• Generalization and regularization theory: recent work 

– Implicit regularization of dropout [Cavazza’18, Mianjy’18, Pal’20, Arora’20], batch 
normalization [Schilling’16, De’20] & GD [Arora’19] in matrix factorization/deep nets 

– Neural tangent kernel (NTK) [Jacot’18, Chizat’19, Arora’19, Wei’19, Ghorbani ‘20] 
– Over-parametrization can improve generalization [Belkin’19, Allen-Zhu’18, 

Arora’19, Fang ’19, Montanari’19 ’20, Cao’19]
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Figure 1: Curves for training risk (dashed line) and test risk (solid line). (a) The classical U-shaped risk curve

arising from the bias-variance trade-off. (b) The double descent risk curve, which incorporates the U-shaped
risk curve (i.e., the “classical” regime) together with the observed behavior from using high complexity
function classes (i.e., the “modern” interpolating regime), separated by the interpolation threshold. The
predictors to the right of the interpolation threshold have zero training risk.

Most classical analyses of ERM are based on controlling the complexity of the function class H (some-
times called the model complexity) by managing the bias-variance trade-off (cf., [15]):

1. If H is too small, all predictors in H may under-fit the training data (i.e., have large empirical risk)
and hence predict poorly on new data.

2. If H is too large, the empirical risk minimizer may over-fit spurious patterns in the training data that
result in poor accuracy on new examples (i.e., small empirical risk but large true risk).

The classical analysis is concerned with finding the “sweet spot” for the function class complexity that
balances these two concerns. The control of the function class complexity may be explicit, via the choice
of H (e.g., picking the neural network architecture), or it may be implicit, using regularization (e.g., early
stopping, complexity penalization). When a suitable balance is achieved, the performance of hn on the
training data is said to generalize to the population P . This is summarized in the classical U-shaped risk
curve, shown in Figure 1(a).

Conventional wisdom in machine learning expounds the hazards of over-fitting. The textbook corollary
of these hazards is that “a model with zero training error is overfit to the training data and will typically
generalize poorly” [15].

However, practitioners routinely use modern machine learning methods to fit the training data perfectly
or near-perfectly. For instance, highly complex neural networks and other non-linear predictors are often
trained to have very low or even zero training risk. In spite of the high function class complexity and
near-perfect fit to training data, these predictors often have excellent generalization performance—i.e., they
give accurate predictions on new data. Indeed, this behavior has guided a best practice in deep learning for
choosing the neural network architecture, specifically that the network architecture should be large enough
to permit effortless interpolation of the training data [21]. Moreover, recent evidence indicates that neural
networks and kernel machines trained to interpolate the training data obtain near-optimal test results even
when the training data are corrupted with high levels of noise [28, 3].

In this work, we bridge the gap between classical statistical analyses and the modern practice of machine
learning. We show that the classical U-shaped risk curve of the bias-variance trade-off, as well as the modern
behavior where high function class complexity is compatible with good generalization behavior, can both
be empirically witnessed with some important function classes including neural networks.

2
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Key Theoretical Questions are Interrelated
• Optimization can  

impact  
generalization [1,2] 

• Architecture has  
strong effect on  
generalization [3] 

• Some architectures  
could be easier to  
optimize than others [4]

[1] Neyshabur et. al. In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning.” ICLR workshop. (2015).  
[2] P. Zhou, J. Feng. The Landscape of Deep Learning Algorithms. 1705.07038, 2017 
[3] Zhang, et al., “Understanding deep learning requires rethinking generalization.” ICLR. (2017). 
[4] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.

Interrelated Problems

• Optimization can impact 
generalization. [1]

• Architecture has a strong effect on the 
generalization of networks. [2]

• Some architectures could be easier to 
optimize than others.

[1] Neyshabur, et al., “In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning.” ICLR workshop. (2015). 
[2] Zhang, et al., “Understanding deep learning requires rethinking generalization.” ICLR. (2017).

Architecture

Optimization
Generalization/
Regularization



Toward a Unified Theory?
• Dropout regularization 

is equivalent to 
regularization with 
products of weights [1,2] 

• Regularization with 
product of weights 
generalizes well [3,4] 

• No spurious local 
minima for product of 
weight regularizers [5]

[1] Cavazza, Lane, Moreiro, Haeffele, Murino, Vidal. An Analysis of Dropout for Matrix Factorization, AISTATS 2018. 
[2] Poorya Mianjy, Raman Arora, Rene Vidal. On the Implicit Bias of Dropout. ICML 2018. 
[3] Neyshabur, Salakhutdinov, Srebro. Path-SGD: Path-Normalized Optimization in Deep Neural Networks. NIPS 2015 
[4] Sokolic, Giryes, Sapiro, Rodrigues. Generalization error of Invariant Classifiers. AISTATS, 2017.  
[5] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.

Interrelated Problems

• Optimization can impact 
generalization. [1]

• Architecture has a strong effect on the 
generalization of networks. [2]

• Some architectures could be easier to 
optimize than others.

[1] Neyshabur, et al., “In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning.” ICLR workshop. (2015). 
[2] Zhang, et al., “Understanding deep learning requires rethinking generalization.” ICLR. (2017).
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Outline
• Part I: Optimization Landscape of Linear Networks 

– All local minima are global 
– Other critical points are saddle points 
– All saddles are strict for one hidden layer 
– Non-strict saddles exist for deeper networks 

• Part II: Optimization Landscape of Positively 
Homogeneous Networks 
– If network is wide enough, all local minima are global 
– One can escape local minima by increasing the size of the network 

• Part III: Analysis of Dropout, DropConnect, DropBlock 
– Dropout is SGD applied to a regularized objective 
– Dropout induces low-rank and balanced solutions 
– Dropblock induces r-support norm regularization

[1] Baldi, Hornik, Neural networks and principal component analysis: Learning from examples without local minima, Neural networks, 1989. 
[2] Nouiehed, Razaviyayn. Learning deep models: Critical points and local openness. arXiv preprint arXiv:1803.02968, 2018 
[3] Zhu, Soudry, Eldar, Wakin. The Global Optimization Geometry of Shallow Linear Neural Networks. JMIV, 2019. 
[4] Haeffele, Young, Vidal. Structured Low-Rank Matrix Factorization: Optimality, Algorithm, and Applications to Image Processing, ICML ’14 
[5] Haeffele, Vidal. Global Optimality in Tensor Factorization, Deep Learning and Beyond, arXiv, ’15 
[6] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.



Landscape of Linear Networks

[1] Baldi, Hornik. Neural networks and principal component analysis: Learning from examples without local minima, Neural networks, 
1989. 
[2] Nouiehed, Razaviyayn. Learning deep models: Critical points and local openness. arXiv preprint arXiv:1803.02968, 2018 
[3] Zhu, Soudry, Eldar, Wakin. The Global Optimization Geometry of Shallow Linear Neural Networks. JMIV, 2019. 
[4] Kawaguchi. Deep learning without poor local minima. NeurIPS, 2016.

• All local minima 
are global 

• Other critical 
points are 
saddles 

• All saddles are 
strict for one 
hidden layer 

• Non-strict 
saddles exist for 
deeper networks



Landscape of Homogeneous Networks
• What properties of the 

network architecture 
facilitate optimization?  
– Positive homogeneity 
– Parallel subnetwork 

structure 

• What properties of the 
regularization function 
facilitate optimization?  
– Positive homogeneity 
– Adapt network 

structure to the data [1]

Picture courtesy of Ben Haeffele 

[1] Bengio, et al., “Convex neural networks.” NIPS. (2005)  

Interrelated Problems

• Optimization can impact 
generalization. [1]

• Architecture has a strong effect on the 
generalization of networks. [2]

• Some architectures could be easier to 
optimize than others.

[1] Neyshabur, et al., “In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning.” ICLR workshop. (2015). 
[2] Zhang, et al., “Understanding deep learning requires rethinking generalization.” ICLR. (2017).
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Landscape of Homogeneous Networks
Today’s Talk: The Results

Optimization

• A local minimum such that 
one subnetwork is all zero is 
a global minimum. 

Theorem: A local minimum 
such that all the weights from 
one subnetwork are zero is a 
global minimum 

[1] Haeffele, Young, Vidal. Structured Low-Rank Matrix Factorization: Optimality, Algorithm, and Applications, ICML ’14 
[2] Haeffele, Vidal. Global Optimality in Tensor Factorization, Deep Learning and Beyond, arXiv, ’15 
[3] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017. 
[4] Haeffele, Vidal. Structured low-rank matrix factorization: Global optimality, algorithms, and applications. TPAMI 2019.

Today’s Talk: The Results

• Once the size of the network 
becomes large enough...

• Local descent can reach a 
global minimum from any 
initialization.

Optimization

Non-Convex Function Today’s Framework

Theorem: If the network size 
is large enough, local descent 
can reach a global minimum 
from any initialization

Today’s Talk: The Results

• Once the size of the network 
becomes large enough...

• Local descent can reach a 
global minimum from any 
initialization.

Optimization

Non-Convex Function Today’s Framework



Analysis of Dropout/DropConnect/DropBlock
• Is dropout a valid 

optimization algorithm? 

• What type of 
regularization does 
dropout induce?  

• What are the properties 
of the optimal weights? 

• Do results extend to 
DropBlock, DropConnect 
and deep networks? 

• Theorem: Dropout is SGD 
applied to stochastic objective.

• Theorem: Dropout induces 
explicit low-rank regularization.

• Theorem: Dropout induces 
balanced weights.

• Theorem: DropBlock induces 
r-support norm regularization 
and balanced weights.

[1] Jacopo Cavazza, Benjamin Haeffele, Pietro Morerio, Connor Lane, Vittorio Murino, René Vidal, Dropout as a Low-Rank 
Regularizer for Matrix Factorization, AISTATS (2018), https://arxiv.org/abs/1710.03487 
[2] Poorya Mianjy, Raman Arora, René Vidal, On the Implicit Bias of Dropout, ICML (2018), https://arxiv.org/abs/1806.09777 
[3] Ambar Pal, Connor Lane, René Vidal, Benjamin D. Haeffele. On the Regularization Properties of Structured Dropout, CVPR 
(2020). https://arxiv.org/abs/1910.14186

https://arxiv.org/abs/1806.09777
https://arxiv.org/abs/1910.14186
https://arxiv.org/abs/1806.09777
https://arxiv.org/abs/1910.14186
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Single-Hidden Layer Linear Networks
• Linear Network with One Hidden Layer 

• Hypothesis space:

F = {f 2YX : f(x) = UV >x, where U 2Rn2⇥n1 and V 2Rn0⇥n1}

<latexit sha1_base64="leORH84Bmmn2ybOumuFQvnbg3ug=">AAAEt3icdZNNT9tAEIYNSVuafgDtsZehCCmoEDkRaqESElJF1BOiUIek2cRab9bJFn9hb1pbi/mHvfTWf9OxHZMQtZaSTN55Znbf8a4VOCKSuv5nZbVSffT4ydrT2rPnL16ub2y+6kT+NGTcYL7jh12LRtwRHjekkA7vBiGnruXwK+v6U5a/+sHDSPjeV5kEfODSsSdswahEydxc/UVG3CYXXBGXyollqYs0reXa6b10WkqsXW </latexit>

0

ReLU Network with 
One Hidden Layer

Multilayer Parallel Network

x

<latexit sha1_base64="pbxkh/FdhKRI7vr2k9e0fqmrYpE="></latexit>

y

<latexit sha1_base64="GtjHUCOFmD4uEK8cDha0QQQx4iA="></latexit>

Input output

n0

<latexit sha1_base64="TuqwZMs3i/SeHj9a44dCKl61BJ8="></latexit>

n1

<latexit sha1_base64="R3SvVSedR6M39Rf2gKk6IY2vzQY="></latexit>

n2

<latexit sha1_base64="Jcuj9Pruwx4hn94qft6u7GZZ03c="></latexit>

# inputs
# outputs

# hidden neurons

V >

<latexit sha1_base64="+3w7B5CRDCVGBLjxvI5rK9uJ3ac="></latexit>

U

<latexit sha1_base64="BEU5Jg8+/vL/QUZjAauuCtypvBA="></latexit>

output weightsinput weights



Single-Hidden Layer Linear Networks
• Risk: 

• Note: If the hidden layer is large enough (                            ) 
so that                  is full rank, and         is invertible, then  

• Note: if  is invertible problem becomes matrix factorization 

• Theorem [1]: If                                            are invertible, then 
up to a change of basis, the set of global minima of the risk is:

Σxx

Z⇤ = U⇤V ⇤> = ⌃yx⌃
�1
xx
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[1] Baldi, Hornik, Neural networks and principal component analysis: Learning from examples without local minima, Neural networks, 
1989. 
[2] Nouiehed, Razaviyayn. Learning deep models: Critical points and local openness. arXiv preprint arXiv:1803.02968, 2018 
[3] Zhu, Soudry, Eldar, Wakin. The Global Optimization Geometry of Shallow Linear Neural Networks. JMIV, 2019. 
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Deep Linear Networks
• Deep Linear Network with L layers 

• Hypothesis space:

x
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Input output

Key Property 1: Positive Homogeneity

• The network output scales by the constant to some power.

Network Mapping

- Degree of positive homogeneity

F={f 2YX : f(x)=W [L]W [L�1] · · ·W [1]x, where W [l]2Rnl⇥nl�1}
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Deep Linear Networks
• Risk: 

• Note: If hidden layers are large enough ( ) 
so that  is full rank, and  is invertible, then  

• Theorem [1]: If  and  are full rank with  and 
 is full rank with  distinct eigenvalues, then: 

– Any local minimum is global, other critical points are saddle points 

– A saddle such that  is strict 

– Other saddles may not be strict.

n l ≥ max{n 0, n L}
W1:L Σxx

Σxx Σxy n L ≤ n 0
Σ = ΣyxΣ−1

xx Σxy n L

rank(W[L−1]⋯W[1]) = min1≤l≤L−1 n l

[1] Kawaguchi. Deep learning without poor local minima. NeurIPS, 2016. 
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Landscape of Linear Networks
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Toward a Unified Theory?
• Dropout regularization 

is equivalent to 
regularization with 
products of weights [1,2] 

• Regularization with 
product of weights 
generalizes well [3,4] 

• No spurious local 
minima for product of 
weight regularizers [5]

[1] Cavazza, Lane, Moreiro, Haeffele, Murino, Vidal. An Analysis of Dropout for Matrix Factorization, AISTATS 2018. 
[2] Poorya Mianjy, Raman Arora, Rene Vidal. On the Implicit Bias of Dropout. ICML 2018. 
[3] Neyshabur, Salakhutdinov, Srebro. Path-SGD: Path-Normalized Optimization in Deep Neural Networks. NIPS 2015 
[4] Sokolic, Giryes, Sapiro, Rodrigues. Generalization error of Invariant Classifiers. AISTATS, 2017.  
[5] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.

Interrelated Problems

• Optimization can impact 
generalization. [1]

• Architecture has a strong effect on the 
generalization of networks. [2]

• Some architectures could be easier to 
optimize than others.

[1] Neyshabur, et al., “In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning.” ICLR workshop. (2015). 
[2] Zhang, et al., “Understanding deep learning requires rethinking generalization.” ICLR. (2017).

Architecture

Optimization
Generalization/
Regularization



Outline
• Architecture properties that facilitate optimization 

– Positive homogeneity 
– Parallel subnetwork structure 

• Regularization properties that facilitate optimization  
– Positive homogeneity 
– Adapt network structure to the data 

• Theoretical guarantees  
– Sufficient conditions for  

global optimality 
– Local descent can reach  

global minimizers

[1] Haeffele, Young, Vidal. Structured Low-Rank Matrix Factorization: Optimality, Algorithm, and Applications to Image Processing, 
ICML ’14 
[2] Haeffele, Vidal. Global Optimality in Tensor Factorization, Deep Learning and Beyond, arXiv, ’15 
[3] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.
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Relating Convex & Factorized Formulations

f(U, V )

F(X)

Convex lower bound: F(X) ≤ f(U, V ) UV⊤ = X

Global minima agree: min
X

F(X) = min
UV⊤= X

f(U, V )



Relating Convex & Factorized Formulations
• Convex formulations:               Factorized formulations 

• Variational form of the nuclear norm [1,2] 

• A natural generalization is the projective tensor norm [3,4]

min
X

`(Y,X) + �kXk⇤ min
U,V

`(Y, UV >) + �⇥(U, V )

[1] Burer, Monteiro. Local minima and convergence in low- rank semidefinite programming. Math. Prog., 2005. 
[2] Cabral, De la Torre, Costeira, Bernardino, “Unifying nuclear norm and bilinear factorization approaches for low-rank matrix decomposition,” CVPR, 
2013, pp. 2488–2495. 
[3] Bach, Mairal, Ponce, Convex sparse matrix factorizations, arXiv 2008. 
[4] Bach. Convex relaxations of structured matrix factorizations, arXiv 2013.
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Main Results: Matrix Factorization
• Theorem 1: Assume    is convex and once differentiable in    . 

A local minimizer            of the non-convex factorized problem 
 
 
 
 
such that for some i                      , is a global minimizer. 
Moreover,           is a global minimizer of the convex problem

[1] Haeffele, Young, Vidal. Structured Low-Rank Matrix Factorization: Optimality, Algorithm, and Applications to Image Processing, 
ICML ’14 
[2] Haeffele, Vidal. Global Optimality in Tensor Factorization, Deep Learning and Beyond, arXiv ‘15
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Main Results: Matrix Factorization

If at a global minima, we cannot find a descent direction

If at a spurious local minima, we can find a descent direction 
by adding extra dimensions, thus creating a saddle point



Main Results: Matrix Factorization
• Theorem 2: If the number of columns is large enough, local 

descent can reach a global minimizer from any initialization 

• Meta-Algorithm:  
– If not at a local minima, perform local descent 
– At local minima, test if Theorem 1 is satisfied. If yes => global minima 
– If not, increase size of factorization and find descent direction (u,v)

CHAPTER 4. GENERALIZED FACTORIZATIONS

Critical Points of Non-Convex Function Guarantees of Our Framework

(a) (i)

(b)
(c)

(d)
(e)

(f )

(g)
(h)

Figure 4.1: Left: Example critical points of a non-convex function (shown in red).
(a) Saddle plateau (b,d) Global minima (c,e,g) Local maxima (f,h) Local minima (i
- right panel) Saddle point. Right: Guaranteed properties of our framework. From
any initialization a non-increasing path exists to a global minimum. From points on
a flat plateau a simple method exists to find the edge of the plateau (green points).

plateaus (a,c) for which there is no local descent direction1, there is a simple method

to find the edge of the plateau from which there will be a descent direction (green

points). Taken together, these results will imply a theoretical meta-algorithm that is

guaranteed to find a global minimum of the non-convex factorization problem if from

any point one can either find a local descent direction or verify the non-existence of a

local descent direction. The primary challenge from a theoretical perspective (which

is not solved by our results and is potentially NP-hard for certain problems within

our framework) is thus how to find a local descent direction (which is guaranteed to

exist) from a non-globally-optimal critical point.

Two concepts will be key to establishing our analysis framework: 1) the dimen-

sionality of the factorized elements is not assumed to be fixed, but instead fit to

the data through regularization (for example, in matrix factorization the number of

columns in U and V is allowed to change) 2) we require the mapping, �, and the

regularization on the factors, ⇥, to be positively homogeneous (defined below).

1Note that points in the interior of these plateaus could be considered both local maxima and
local minima as there exists a neighborhood around these points such that the point is both maximal
and minimal on that neighborhood.
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From Matrix Factorization to Deep Learning

input weightsactivation

XW 1 W 2 1( ) 2( )�(X,W 1, . . . ,WK) =  K(· · · · · ·WK)

Key Property 1: Positive Homogeneity

• The network output scales by the constant to some power.

Network Mapping

- Degree of positive homogeneity

W 1 W 2 W 3

X Y

output



From Matrix Factorization to Deep Learning
• In matrix factorization we 

had 

• In positively homogeneous 
networks with parallel 
structure we have

�(W 1, . . . ,WK) =
rX

i=1

�(W 1
i , . . . ,W

K
i )

�(U, V ) =
rX

i=1

UiV
>
i

Adapting the size of the network via regularization
• Start with a positively homogeneous network with parallel structure



From Matrix Factorization to Deep Learning
• In matrix factorization we had “generalized nuclear norm” 

• By analogy we define “nuclear deep net regularizer” 
 
 
 
 
where     is positively homogeneous of the same degree as 

• Proposition:                is convex 

• Intuition: regularizer      “comes from a convex function”
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Main Results: Deep Learning Case
• Theorem 1: Assume                convex and differentiable in    . 

A local minimizer                          of the factorized formulation  
 
 
 
 
such that for some i and all k                 is a global minimizer. 
Moreover,                                       is a global minimizer of the 
convex problem 

• Examples 
– Matrix factorization 
– Tensor factorization 
– Deep learning

[1] Haeffele, Young, Vidal. Structured Low-Rank Matrix Factorization: Optimality, Algorithm, and Applications to Image Processing, 
ICML ’14 
[2] Haeffele, Vidal. Global Optimality in Tensor Factorization, Deep Learning and Beyond, arXiv, ’15 
[3] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.
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Main Results: Deep Learning Case
• Theorem 2: If the size of the network is large enough, local 

descent can reach a global minimizer from any initialization 

• Meta-Algorithm:  
– If not at a local minima, perform local descent 
– At a local minima, test if Theorem 1 is satisfied. If yes => global minima 
– If not, increase size by 1 (add network in parallel) and continue 
– Maximum r guaranteed to be bounded by the dimensions of the 

network output

CHAPTER 4. GENERALIZED FACTORIZATIONS

Critical Points of Non-Convex Function Guarantees of Our Framework
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Figure 4.1: Left: Example critical points of a non-convex function (shown in red).
(a) Saddle plateau (b,d) Global minima (c,e,g) Local maxima (f,h) Local minima (i
- right panel) Saddle point. Right: Guaranteed properties of our framework. From
any initialization a non-increasing path exists to a global minimum. From points on
a flat plateau a simple method exists to find the edge of the plateau (green points).

plateaus (a,c) for which there is no local descent direction1, there is a simple method

to find the edge of the plateau from which there will be a descent direction (green

points). Taken together, these results will imply a theoretical meta-algorithm that is

guaranteed to find a global minimum of the non-convex factorization problem if from

any point one can either find a local descent direction or verify the non-existence of a

local descent direction. The primary challenge from a theoretical perspective (which

is not solved by our results and is potentially NP-hard for certain problems within

our framework) is thus how to find a local descent direction (which is guaranteed to

exist) from a non-globally-optimal critical point.

Two concepts will be key to establishing our analysis framework: 1) the dimen-

sionality of the factorized elements is not assumed to be fixed, but instead fit to

the data through regularization (for example, in matrix factorization the number of

columns in U and V is allowed to change) 2) we require the mapping, �, and the

regularization on the factors, ⇥, to be positively homogeneous (defined below).

1Note that points in the interior of these plateaus could be considered both local maxima and
local minima as there exists a neighborhood around these points such that the point is both maximal
and minimal on that neighborhood.
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Summary so Far
• Size matters 

– Optimize not only the network weights, but also the network size 
– Today: size = number of neurons or number of parallel networks 
– Tomorrow: size = number of layers + number of neurons per layer 

• Regularization matters 
– Use “positively homogeneous regularizer” of same degree as network 
– How to build a regularizer that controls number of layers + number of 

neurons per layer 

• Not done yet 
– Checking if we are at a local minimum or finding a descent direction 

can be NP hard 
– Need “computationally tractable” regularizers
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Toward a Unified Theory?
• Dropout regularization 

is equivalent to 
regularization with 
products of weights [1,2] 

• Regularization with 
product of weights 
generalizes well [3,4] 

• No spurious local 
minima for product of 
weight regularizers [5]

[1] Cavazza, Lane, Moreiro, Haeffele, Murino, Vidal. An Analysis of Dropout for Matrix Factorization, AISTATS 2018. 
[2] Poorya Mianjy, Raman Arora, Rene Vidal. On the Implicit Bias of Dropout. ICML 2018. 
[3] Neyshabur, Salakhutdinov, Srebro. Path-SGD: Path-Normalized Optimization in Deep Neural Networks. NIPS 2015 
[4] Sokolic, Giryes, Sapiro, Rodrigues. Generalization error of Invariant Classifiers. AISTATS, 2017.  
[5] Haeffele, Vidal. Global optimality in neural network training. CVPR 2017.

Interrelated Problems

• Optimization can impact 
generalization. [1]

• Architecture has a strong effect on the 
generalization of networks. [2]

• Some architectures could be easier to 
optimize than others.

[1] Neyshabur, et al., “In Search of the Real Inductive Bias: On the Role of Implicit Regularization in Deep Learning.” ICLR workshop. (2015). 
[2] Zhang, et al., “Understanding deep learning requires rethinking generalization.” ICLR. (2017).
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Dropout Training

Srivastava et al. – Dropout: A simple way to prevent neural networks from overfitting – JMLR 2014



Dropout Training: Better Learning Curve

Srivastava et al. – Dropout: A simple way to prevent neural networks from overfitting – JMLR 2014



Backpropagation vs Dropout Training
• Minimize empirical loss 

• Stochastic gradient descent

Srivastava et al. – Dropout: A simple way to prevent neural networks from overfitting – JMLR 2014
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Backpropagation vs Dropout Training

Srivastava et al. – Dropout: A simple way to prevent neural networks from overfitting – JMLR 2014
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Dropout Induces Low-Rank Solutions

Dropout ⇡ (Nuclear Norm)2

[1] Jacopo Cavazza, Benjamin Haeffele, Pietro Morerio, Connor Lane, Vittorio Murino, René Vidal, Dropout as a Low-Rank 
Regularizer for Matrix Factorization, AISTATS (2018), https://arxiv.org/abs/1710.03487



Deterministic vs Stochastic Factorization
• What objective function is being minimized by dropout? 

• Deterministic Matrix Factorization (DMF) 

• Stochastic Matrix Factorization (SMF)

min
U,V

kY � UV >k2F

min
U,V

EzkY � 1

✓
Udiag(z)V >
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rP
i=1

ziUiV >
i
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#outputs x #neurons #neurons x #inputs

#neurons

[1] Jacopo Cavazza, Benjamin Haeffele, Pietro Morerio, Connor Lane, Vittorio Murino, René Vidal, Dropout as a Low-Rank 
Regularizer for Matrix Factorization, AISTATS (2018), https://arxiv.org/abs/1710.03487



Dropout as an Explicit Regularizer for SMF
• Using the definition of variance 

we can show that dropout induces an explicit regularizer 

• The second term looks like the nuclear norm (low-rank reg.)

E(y2) = E(y)2 +Var(y)
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Regularizer for Matrix Factorization, AISTATS (2018), https://arxiv.org/abs/1710.03487



Dropout with Variable Rate => Low Rank
• Proposition: Dropout with variable rate induces a regularizer  
 
 
 
 
whose convex envelope is the (nuclear norm)2 

• Theorem: Let (U*,V*,r*) be a global minimum of  
 
 
 
 
Then,                               
is a global minimum of

U⇤V ⇤> = S⌧ (Y )
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What About Dropout with Fixed Rate?
• Results so far tell us what the optimal product is for variable r, 

but do not tell us what the optimal factors look like for fixed r. 

• The weights (U,V) are balanced if the product of the norms of 
incoming and outgoing weights are equal for all neurons 

• Theorem [balance via rotation] For any pair (U,V) there exists 
a rotation R such that the rotated pair (U’,V’)= (UR,VR) gives 
the same product, i.e., UVT = U’V’T, and (U’,V’) are balanced. 

• Algorithm to compute (U’,V’,R): based on Gram matrices, 
eigenvalue decompositions and matrix diagonalization.

kUik2kVik2 = kUjk2kVjk2 8i, j = 1, . . . , r

[2] Poorya Mianjy, Raman Arora, René Vidal, On the Implicit Bias of Dropout, ICML (2018), https://arxiv.org/abs/1806.09777

https://arxiv.org/abs/1806.09777
https://arxiv.org/abs/1806.09777


Dropout Minima are Low Rank & Balanced

• Theorem: (U*,V*) is a global minimum iff it is balanced and 
 
 
 
where tau and optimal r depend on singular values of Y 

• Algorithm: A global optimum (U*,V*) can be found as follows 

– Find any factorization (U,V) of  

– Balance the factors to obtain (U*, V*) = (UR, VR)

S⌧ (Y )

min
U,V

kY � UV >k2F + �
rX

i=1

kUik22kVik22

U⇤V ⇤> = S⌧ (Y )

[2] Poorya Mianjy, Raman Arora, René Vidal, On the Implicit Bias of Dropout, ICML (2018), https://arxiv.org/abs/1806.09777
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Effect of Dropout Rate on the Landscape
• Linear  

auto-encoder 

• 1 input 

• 2 hidden neurons 

• 1 output

On the Implicit Bias of Dropout

Poorya Mianjy, Raman Arora and René Vidal

Johns Hopkins University

Motivation

• Dropout has enjoyed tremendous success in

training deep neural networks

• Theoretical understanding of how dropout provides

regularization remains limited

Problem Setup

• Single hidden layer linear networks:

Hr := {hU,V : x ‘æ UV
€
x, U œ Rd1◊r, V œ Rd2◊r

}

x1 · · · xd2

h1 h2 · · · hr≠1 hr

y1 · · · yd1

• x ≥ D, E[xx
€
] = I

• y = h0(x), h0 œ Hr0
,

r0 unknown

• Learning problem:

minimize the squared loss:

¸(U, V) := Ex≥D[Îy ≠ hU,V(x)Î
2
]

What is Dropout?

• Dropout is an instance of SGD on

f (U, V) := Eb≥Ber(◊)

x≥D

Îy ≠
1

◊
U diag(b)V

€
xÎ

2

• Dropout is trying to minimize

f (U, V) = ¸(U, V) + ⁄
r
�
i=1

ÎuiÎ
2
ÎviÎ

2

¸ ˚˙ ˝

=:R(U,V)

induced regularizer

Contributions

• We characterize the global optima of f (U, V)

• We characterize the landscape of f (U, U)

Key Ideas

• Rotation invariance of the loss:
¸(U, V) = ¸(UQ, VQ), for arbitrary rotation Q

• Lower bound on the regularizer:
R(U, V) Ø

1

rÎUV
€
Î

2
ú

equality i� ÎuiÎÎviÎ = Îu1ÎÎv1Î for all i œ [r]

Auto-Encoder with Tied Weights

f (U, U) = ¸(U, U) + ⁄
r
�
i=1

ÎuiÎ
4

Single Hidden-Layer Network

f (U, V) = ¸(U, V) + ⁄
r
�
i=1

ÎuiÎ
2
ÎviÎ

2

Equalization

A network hU,V is equalized if the product of the norms of incoming/outgoing weights are equal

for all hidden nodes, i.e. ÎuiÎÎviÎ = Îu1ÎÎv1Î for all i œ [r].

All Networks are Equalizable

Thm. For any network hU,V, there exist an equalized network h
Ū,V̄ such that h

Ū,V̄ = hU,V.

Implicit Bias of Dropout

Thm. All global optima are equalized.

no dropout small dropout rate large dropout rate

Global Optimality

Thm. (Uú, Vú) is a global optimum i� it is equalized and UúV
€

ú
= shrink-threshold(M, · )

• shrinkage parameter is given by · =
⁄

r+⁄rú

rú

�
i=1

‡i(M), where rú := max{j œ [r] : ‡j(M) > ⁄
r+⁄j

j
�
i=1

‡i(M)}

• shrink-threshold(M, · ) shrinks the singular values of M by · and thresholds at zero.

Dropout Promotes Low-rank Weights

The larger the dropout rate ◊, the lower the rank of the optimal weights Uú, Vú.

Local Minima Inherits the Bias

Thm. All local minima of f (U, U) are equalized.

=∆ dropout converges to an equalized network

Dropout Provides Generalization
R(U, V) = (path-regularization)

2

=∆ size-independent capacity control [1]

Optimization Landscape Results

Thm. For su�ciently small dropout rate,

• All minima of f (U, U) are global,

• All saddle points of f (U, U) are strict.
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Dropout Finds a Global Optimum
• Strict saddle property enables SGD to escape

saddle points and find a local optima [2]

• No spurious local minima for su�ciently small

dropout rate!

Matrix Factorization

• The loss is closely related to matrix factorization:

E[xx
€
] = I =∆ ¸(U, V) = ÎM ≠ UV

€
Î

2

F

• Dropout for matrix factorization amounts to [3]

min
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ÎM ≠ UV
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F + ⁄
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�
i=1

ÎuiÎ
2
ÎviÎ

2

• similarity: equivalent to minimizing f (U, V)

• di�erence: the model (matrix M) is given

• question: can it be solved in polynomial time?

Polynomial Time Solver

Input: M œ Rd2◊d1, factor size r, dropout rate ◊
1: (U, V) Ω shrink-threshold(M).

2: (U
ú, V

ú
) Ω equalize(U, V)

Output: U
ú, V

ú
{global optimum of Problem 1}
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]
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• We characterize the global optima of f (U, V)

• We characterize the landscape of f (U, U)

Key Ideas

• Rotation invariance of the loss:
¸(U, V) = ¸(UQ, VQ), for arbitrary rotation Q
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Equalization

A network hU,V is equalized if the product of the norms of incoming/outgoing weights are equal

for all hidden nodes, i.e. ÎuiÎÎviÎ = Îu1ÎÎv1Î for all i œ [r].

All Networks are Equalizable

Thm. For any network hU,V, there exist an equalized network h
Ū,V̄ such that h

Ū,V̄ = hU,V.

Implicit Bias of Dropout

Thm. All global optima are equalized.
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Global Optimality

Thm. (Uú, Vú) is a global optimum i� it is equalized and UúV
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Dropout Promotes Low-rank Weights

The larger the dropout rate ◊, the lower the rank of the optimal weights Uú, Vú.

Local Minima Inherits the Bias

Thm. All local minima of f (U, U) are equalized.

=∆ dropout converges to an equalized network

Dropout Provides Generalization
R(U, V) = (path-regularization)

2

=∆ size-independent capacity control [1]

Optimization Landscape Results

Thm. For su�ciently small dropout rate,

• All minima of f (U, U) are global,

• All saddle points of f (U, U) are strict.

large dropout rate small dropout rate equalization

100 101 102 103 104 105
Iteration

5

10

15

20

O
bj
ec
tiv
e

Dropout
Truth

100 101 102 103 104 105
Iteration

2

5

10

15

O
bj
ec
tiv
e

100 101 102 103 104 105

Iteration

10-4

10-3

10-2

10-1

100

Va
r o

f i
m

po
rta

nc
e 

sc
or

es

=0.1
=0.5
=1

Dropout Finds a Global Optimum
• Strict saddle property enables SGD to escape

saddle points and find a local optima [2]

• No spurious local minima for su�ciently small

dropout rate!

Matrix Factorization

• The loss is closely related to matrix factorization:
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• similarity: equivalent to minimizing f (U, V)

• di�erence: the model (matrix M) is given

• question: can it be solved in polynomial time?

Polynomial Time Solver

Input: M œ Rd2◊d1, factor size r, dropout rate ◊
1: (U, V) Ω shrink-threshold(M).

2: (U
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Equalization
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=∆ size-independent capacity control [1]
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saddle points and find a local optima [2]
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• similarity: equivalent to minimizing f (U, V)

• di�erence: the model (matrix M) is given

• question: can it be solved in polynomial time?

Polynomial Time Solver

Input: M œ Rd2◊d1, factor size r, dropout rate ◊
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DropBlock
• Motivation: Prevent co-adaptation of correlated units 
• Instead of dropping units independently, blocks of a fixed size 

are dropped together

No Dropout

Vanilla Dropout DropBlock



Dropout as an Explicit Regularizer for SMF
• Recall: Dropout is an SGD method for minimizing 

• Theorem: DropBlock is an SGD method for minimizing
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DropBlock Induces r-support regularization
• Proposition: DropBlock induces spectral r-support norm 

• Tradeoff between  and  penalties 

• If  then  is the scaled Nuclear norm  

• As ,  moves towards the Frobenius norm 
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DropBlock Induces Balance & Low-Support

min
U,V,r

UV >=X
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X
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kXk2r�support

• Theorem: A global minimum  of DropBlock 
 
 
 
 
 
is balanced:   
 
Moreover,  can be computed in closed form 
and is the global minimum of

(U*, V*, r*)

∥U*1 V*1
⊤∥F = ∥U*2 V*2

⊤∥F = … = ∥U*r V*r ⊤∥F

X* = U*V*⊤



Conclusions
• Theorem: Dropout is SGD 

applied to stochastic objective.

• Theorem: Dropout induces 
explicit low-rank regularization.

• Theorem: Dropout induces 
balanced weights.

• Theorem: DropBlock induces 
r-support norm regularization 
and balanced weights.
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On the Implicit Bias of Dropout

Poorya Mianjy, Raman Arora and René Vidal

Johns Hopkins University

Motivation

• Dropout has enjoyed tremendous success in

training deep neural networks

• Theoretical understanding of how dropout provides

regularization remains limited

Problem Setup

• Single hidden layer linear networks:

Hr := {hU,V : x ‘æ UV
€
x, U œ Rd1◊r, V œ Rd2◊r

}

x1 · · · xd2

h1 h2 · · · hr≠1 hr

y1 · · · yd1

• x ≥ D, E[xx
€
] = I

• y = h0(x), h0 œ Hr0
,

r0 unknown

• Learning problem:

minimize the squared loss:

¸(U, V) := Ex≥D[Îy ≠ hU,V(x)Î
2
]

What is Dropout?

• Dropout is an instance of SGD on

f (U, V) := Eb≥Ber(◊)

x≥D

Îy ≠
1

◊
U diag(b)V

€
xÎ

2

• Dropout is trying to minimize

f (U, V) = ¸(U, V) + ⁄
r
�
i=1

ÎuiÎ
2
ÎviÎ

2

¸ ˚˙ ˝

=:R(U,V)

induced regularizer

Contributions

• We characterize the global optima of f (U, V)

• We characterize the landscape of f (U, U)

Key Ideas

• Rotation invariance of the loss:
¸(U, V) = ¸(UQ, VQ), for arbitrary rotation Q

• Lower bound on the regularizer:
R(U, V) Ø

1

rÎUV
€
Î

2
ú

equality i� ÎuiÎÎviÎ = Îu1ÎÎv1Î for all i œ [r]

Auto-Encoder with Tied Weights

f (U, U) = ¸(U, U) + ⁄
r
�
i=1

ÎuiÎ
4

Single Hidden-Layer Network

f (U, V) = ¸(U, V) + ⁄
r
�
i=1

ÎuiÎ
2
ÎviÎ

2

Equalization

A network hU,V is equalized if the product of the norms of incoming/outgoing weights are equal

for all hidden nodes, i.e. ÎuiÎÎviÎ = Îu1ÎÎv1Î for all i œ [r].

All Networks are Equalizable

Thm. For any network hU,V, there exist an equalized network h
Ū,V̄ such that h

Ū,V̄ = hU,V.

Implicit Bias of Dropout

Thm. All global optima are equalized.

no dropout small dropout rate large dropout rate

Global Optimality

Thm. (Uú, Vú) is a global optimum i� it is equalized and UúV
€

ú
= shrink-threshold(M, · )

• shrinkage parameter is given by · =
⁄

r+⁄rú

rú

�
i=1

‡i(M), where rú := max{j œ [r] : ‡j(M) > ⁄
r+⁄j

j
�
i=1

‡i(M)}

• shrink-threshold(M, · ) shrinks the singular values of M by · and thresholds at zero.

Dropout Promotes Low-rank Weights

The larger the dropout rate ◊, the lower the rank of the optimal weights Uú, Vú.

Local Minima Inherits the Bias

Thm. All local minima of f (U, U) are equalized.

=∆ dropout converges to an equalized network

Dropout Provides Generalization
R(U, V) = (path-regularization)

2

=∆ size-independent capacity control [1]

Optimization Landscape Results

Thm. For su�ciently small dropout rate,

• All minima of f (U, U) are global,

• All saddle points of f (U, U) are strict.
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Dropout Finds a Global Optimum
• Strict saddle property enables SGD to escape

saddle points and find a local optima [2]

• No spurious local minima for su�ciently small

dropout rate!

Matrix Factorization

• The loss is closely related to matrix factorization:

E[xx
€
] = I =∆ ¸(U, V) = ÎM ≠ UV

€
Î

2

F

• Dropout for matrix factorization amounts to [3]

min
UœRd1◊r,VœRd2◊r

ÎM ≠ UV
€
Î

2

F + ⁄
r
�
i=1

ÎuiÎ
2
ÎviÎ

2

• similarity: equivalent to minimizing f (U, V)

• di�erence: the model (matrix M) is given

• question: can it be solved in polynomial time?

Polynomial Time Solver

Input: M œ Rd2◊d1, factor size r, dropout rate ◊
1: (U, V) Ω shrink-threshold(M).

2: (U
ú, V

ú
) Ω equalize(U, V)

Output: U
ú, V

ú
{global optimum of Problem 1}
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Mathematical Institute for Data Science (MINDS)
• Created in November 2017 
• Brings together 30 faculty from  

– Applied Mathematics and Statistics 
– Biomedical Engineering, Computer Science 
– Electrical and Computer Engineering 
– Math, Medicine and Biostatistics 

• Focus 
– Mathematical, Statistical, Computational  

Foundations of Data Science 

• Funding 
– NSF-Simons Math of Deep Learning 
– NSF TRIPODS Found Graph & Deep Learning 

• We are hiring 
– 6 Faculty Positions 
– 4 Bloomberg Distinguished Professors



More Information,

Vision Lab @ JHU 
http://www.vision.jhu.edu 

Center for Imaging Science @ JHU 
http://www.cis.jhu.edu 

Mathematical Institute for Data Science @ JHU 
http://www.minds.jhu.edu 

Thank You!
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