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Principal Component Analysis (PCA)
• Problem: fit subspace S of dimension d to the data 

• Solution: can be obtained from SVD of the data matrix
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Beltrami’1873, Jordan’1874, Hotelling’1933, Eckart-Householder-Young’1936
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d-dimensional subspace of 
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Robust Principal Component Analysis (RPCA)

[1] Fisher-Bolles ’1981 
[2] Xu-Caramanis-Sanghavi ‘2010 
[3] Soltanokotabi-Candes ‘2012 
[4] Lerman-McCoy-Tropp-Zhang ‘2015
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• Problem: detect outliers and fit subspace to inliers 

• Challenge: SVD-based solution is very sensitive to outliers



RPCA Algorithms
• RANSAC [1]: works very well if d and M/(N+M) are small

[1] Fisher-Bolles ’1981 
[2] Xu-Caramanis-Sanghavi ‘2010 
[3] Soltanokotabi-Candes ‘2012 
[4] Lerman-McCoy-Tropp-Zhang ‘2015

N = #inliers d = subspace dimension

M = #outliers D = ambient dimension
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RPCA Algorithms
• RANSAC [1]: works very well if d and M/(N+M) are small 

• L21-RPCA [2]: perfect recovery if d/D & M/(N+M) are small, 
and if L is incoherent w.r.t. set of column-sparse matrices 

• SE-RPCA [3]: perfect recovery if d/D is small and inliers/
outliers are well distributed 

• REAPER [4]: perfect recovery if d/D and M/N are small, and 
inliers/outliers are well distributed

min
C

kCk1 s.t. X = XC, diag(C) = 0

min
L,E

kLk⇤ + �kEk2,1 s.t. X = L+ E

[1] Fisher-Bolles ’1981 
[2] Xu-Caramanis-Sanghavi ‘2010 
[3] Soltanokotabi-Candes ‘2012 
[4] Lerman-McCoy-Tropp-Zhang ‘2015

min
P

k(I � P )Xk2,1 s.t. 0 � P � I, trace(P ) = d



Performance of RPCA Algorithms
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SE-RPCA 
Soltanokotabi 2012

Ambient dimension (D) = 30    Number of inliers (N) = 300
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Lerman 2015

No method can deal 
with hyperplanes for 

more than 10% outliers.

  

  



Why High Relative Dimensions (d/D)?
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Dual Principal Component Pursuit (DPCP)
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success
failure

Ambient dimension (D) = 30    Number of inliers (N) = 300

non-smooth

min
b

��X̃>
b
��
1

s.t. kbk2 = 1



Talk Outline
• Analysis: are global minima orthogonal to the subspace? 

– Geometric analysis: if both inliers and outliers are well distributed, 
then any global minimum is orthogonal to the subspace 

– Probabilistic analysis: # of outliers     (# of inliers)2, any global 
minimum is orthogonal to the subspace with high probability 

• Algorithms: do algorithms converge to global minima? 
– Projected sub-gradient method converges to normal vector at a linear 

rate if inliers/outliers are well distributed and b0 is far from subspace 

• Experiments: road plane detection on KITTI dataset

.
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Geometric Analysis of DPCP



DPCP Problem Formulation

• Compute distance from data points to hyperplane 

• Find a hyperplane that contains as many points as possible
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DPCP Problem Formulation

[1] Tsakiris and Vidal, Dual Principal Component Pursuit, ICCVW 2015, JMLR 2018.
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• Find vector that is orthogonal to as many points as possible 

• DPCP replaces 0-norm by 
tightest convex relaxation
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Geometric Analysis: Measure for Inliers

• Inlier permeance

inliers outliers

cX,min = 0
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• The better the inliers are distributed, the larger cX,min
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Geometric Analysis: Measure for Outliers
Riemannian sub-gradient

• The better the outliers are distributed, the smaller ⌘O
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Geometric Analysis: Measure for Outliers

• The better the outliers are distributed, the smaller 

large smallO
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Distribution of Critical Points

• Lemma: Any critical point of the DPCP problem must either 
lie in       , or have a principal angle
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b

��X̃>
b
��
1

s.t. kbk2 = 1

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved 
Analysis and Efficient Algorithms, NIPS 2018
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Distribution of Critical Points

• Lemma: Any critical point of the DPCP problem must either 
lie in       , or have a principal angle

Data 
more well-
distributed

Data well-
distributed,

0
Average height of  
unit hemisphere 

cX,min
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

N,M ! 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡

2
if

M

N
is fixed

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌘O
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓\
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

S?
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

min
b

��X̃>
b
��
1

s.t. kbk2 = 1

✓ � ✓\ := arccos
⇣ M⌘O
NcX,min

⌘

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved 
Analysis and Efficient Algorithms, NIPS 2018
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Global Optimality of DPCP 
• Theorem: Any global solution to the DPCP problem must lie 

in          if 

• This holds for any fixed  with  if data well distributedM
N N→∞

no global  
minimum

Data 
more well-
distributed

Data well-
distributed,

0

0

cX,min
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⌘O
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓\
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

N,M ! 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡

2
if

M

N
is fixed
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⇣ M⌘O
NcX,min

⌘2
+

⇣ MO

NcX,min

⌘2
< 1

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved 
Analysis and Efficient Algorithms, NIPS 2018
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Probabilistic Analysis
• Geometric condition for optimality depends on data  and  

• Inliers are drawn uniformly from 

• Outliers drawn uniformly from

X O

cX,min & 1p
d
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Ambient dimension = 30 
Subspace dimension = 29

⇣ M⌘O
NcX,min

⌘2
+

⇣ MO

NcX,min

⌘2
< 1

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved 
Analysis and Efficient Algorithms, NIPS 2018
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• Theorem [1]: Any global solution to the DPCP problem must 
lie in         with probability exceeding                           if S?
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Geodesic Gradient 
Descent REAPER [3] L21-RPCA [2] Coherence 

Pursuit [4]

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved Analysis and Efficient Algorithms, NIPS 2018
[2] Xu, Caramanis & Sanghavi, Robust PCA via outlier pursuit, 2010.
[3] Lerman, McCoy, Tropp & T. Zhang, Robust computation of linear models by convex relaxation, 2015.
[4] Rahmani & Atia, Coherence pursuit: Fast, simple, and robust principal component analysis, 2016.
[5] Manu, Zhang & Lerman, A well-tempered landscape for non-convex robust subspace recovery, 2017.
[6] Lerman & Maunu, An overview of robust subspace recovery, 2018.

• Comparison with other methods

• Theorem [1]: Any global solution to the DPCP problem must 
lie in         with probability exceeding                           if S?
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Analysis of DPCP Algorithms



Alternating Linear Programs (ALP)
���X̃

>
b
���
1

b>b = 1

b>n̂o = 1n̂o n1

[1] H. Spath and G.A. Watson. On orthogonal linear L1 approximation. Numerische Mathematik, 51(5):531–
543, 1987.
[2] Tsakiris and Vidal, Dual Principal Component Pursuit, ICCVW 2015, JMLR 2018.
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Alternating Linear Programs (ALP)
���X̃

>
b
���
1

b>b = 1

b>n̂o = 1n̂o n̂1 b>n̂1 = 1
n2

[1] H. Spath and G.A. Watson. On orthogonal linear L1 approximation. Numerische Mathematik, 51(5):531–
543, 1987.
[2] Tsakiris and Vidal, Dual Principal Component Pursuit, ICCVW 2015, JMLR 2018.



Alternating Linear Programs (ALP)
���X̃

>
b
���
1

b>b = 1

b>n̂o = 1n̂o n̂1 b>n̂1 = 1
n̂2

b>n̂2 = 1

nk+1 ←! min
b⊤n̂k=1

∥∥∥X̃
⊤
b
∥∥∥
1

Does this recursion converge? 
If yes, where? 
What is its relation to the  
non-convex DPCP problem?

DPCP-relaxed

[1] H. Spath and G.A. Watson. On orthogonal linear L1 approximation. Numerische Mathematik, 51(5):
531–543, 1987.
[2] Tsakiris and Vidal, Dual Principal Component Pursuit, ICCVW 2015, JMLR 2018.



ALP Converges in Finite #Iterations

nk+1 ←! min
b⊤n̂k=1

∥∥∥X̃
⊤
b
∥∥∥
1

• Theorem: If the initialization is sufficiently far from the inlier 
hyperplane, then the recursion of L1 problems converges in a 
finite number of iterations to the normal of the inlier hyperplane.

Finite convergence to the global minimum of the non-convex DPCP problem
[1] Tsakiris and Vidal, Dual Principal Component Pursuit, ICCVW 2015, JMLR 2018.



Iteratively Reweighted Least-Squares (IRLS)

min
b

���X̃
>
b
���
1
, s.t. kbk2 = 1

min
b

L∑

j=1

1∣∣∣x̃⊤
j n̂0

∣∣∣

∣∣∣x̃⊤
j b

∣∣∣
2
, s.t. ∥b∥2 = 1

min
b

L∑

j=1

1∣∣∣x̃⊤
j b

∣∣∣

∣∣∣x̃⊤
j b

∣∣∣
2
, s.t. ∥b∥2 = 1

solution via SVDn̂1

min
b

L∑

j=1

∣∣∣x̃⊤b
∣∣∣ , s.t. ∥b∥2 = 1

        DPCP-IRLS 
1. Efficient: 6,000 points 
    of 1000 dimensions,  
    in 1 min 
2. Strong experimental  
    evidence 
3. Need to establish  
    convergence theory 

Daubechies et al., Iteratively reweighted least-squares for sparse recovery, 2010
Chartrand & Yin et al., Iteratively reweighted algorithms for compressive sensing, 2008
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Projected Sub-Gradient Method (PSGM)
• Subgradient of                   is

b>b = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

��X̃>b
��
1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

g(b) = X̃sign
�
X̃>b

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b̂0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b̂1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�µ1g(b̂1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved Analysis 
and Efficient Algorithms, NIPS 2018



Projected Sub-Gradient Method (PSGM)

How to choose the step size? 
Does this PSGM converge? 
If yes, where? 

• Subgradient of                   is

b>b = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

��X̃>b
��
1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

g(b) = X̃sign
�
X̃>b

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b̂0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b̂1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b̂2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved Analysis 
and Efficient Algorithms, NIPS 2018



Projected Sub-Gradient Method (PSGM)
• Spectral initialization: 

• PSGM update: 

• Step size: piecewise 
geometrically diminishing 

• Theorem: If             , 
PSGM has a piecewise 
linear convergence rate 
for             , i.e.,

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved Analysis 
and Efficient Algorithms, NIPS 2018
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Comparison of DPCP Algorithms
• ALP: Alternating Linear Projection  
• IRLS: Iterative Reweighted Least Squares 
• PSGM: Projected Sub Gradient Method

Convergence 
guarantee

Scalable 
(#points)

ALP

IRLS

PSGM
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10
-2

10
-1

10
0

10
-10

10
0

PSGM-
k
 = 10

-4

PSGM-PGD

PSGM-MBLS

IRLS

ALP

0 50 100 150 200

10
-10

10
0

PSGM-
k
 = 10

-4

PSGM-PGD

PSGM-MBLS

IRLS

ALP

• PSGM-PGD: Piecewise Geometrically Diminishing  
• PSGM-MBLS: Modified Backtracking Line Search

Ambient dimension = 30, Subspace dimension = 29 
Number of inliers (N) = 500, Outlier ration M/(M+N) = 0.7

Solving one time of  
linear programming



Extensions of DPCP



Noisy DPCP: Problem Formulation

T Ding, Z Zhu, T Ding, Y Yang, DP Robinson, MC Tsakiris, R Vidal. Noisy Dual Principal Component 
Pursuit. ICML, 2019 



Noisy DPCP: Geometric Analysis

T Ding, Z Zhu, T Ding, Y Yang, DP Robinson, MC Tsakiris, R Vidal. Noisy Dual Principal Component 
Pursuit. ICML, 2019 



Noisy DPCP: Statistical Analysis

T Ding, Z Zhu, T Ding, Y Yang, DP Robinson, MC Tsakiris, R Vidal. Noisy Dual Principal Component 
Pursuit. ICML, 2019 



Noisy DPCP: PSGM

T Ding, Z Zhu, T Ding, Y Yang, DP Robinson, MC Tsakiris, R Vidal. Noisy Dual Principal Component 
Pursuit. ICML, 2019 



Experiments



Dual Principal Component Analysis
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Ambient dimension (D) = 30    Number of inliers (N) = 300
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Experiments on 3D Point Cloud Road Data

Geiger, Lenz, Stiller & Urtasun, Vision meets robotics: The KITTI dataset, 2013.

InliersOutliers (53%)



Experiments on 3D Point Cloud Road Data

• Each point cloud has ~ 100,000 points including 50% outliers 

F1 measures: DPCP-PSGM (0.933), REAPER (0.890), L21-RPCA (0.248), 
RANSAC (0.023), 10xRANSAC (0.622), and 100xRANSAC (0.824)

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved 
Analysis and Efficient Algorithms, NIPS 2018 
[2] Geiger, Lenz, Stiller & Urtasun, Vision meets robotics: The KITTI dataset, 2013.



Experiments on 3D Point Cloud Road Data
• Area under ROC

Percentage of outliers

[1] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, Dual Principal Component Pursuit: Improved 
Analysis and Efficient Algorithms, NIPS 2018 
[2] Geiger, Lenz, Stiller & Urtasun, Vision meets robotics: The KITTI dataset, 2013.



Conclusions

• DPCP: Nonconvex L1 formulation for robust subspace learning 

• Works well for both low and high relative dimensions 

• Global minimum is orthogonal to the subspace 

• Tolerate as many outliers as the square of the number of inliers  

• PSGM finds global minimum at a piecewise linear rate
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[1] Tsakiris and Vidal, Dual Principal Component Pursuit, ICCVW 2015, JMLR 2018. 
[2] Tsakiris and Vidal, Hyperplane Clustering via Dual Principal Component Pursuit, ICML 2017. 
[3] Zhu, Wang, Robinson, Naiman, Vidal and Tsakiris, DPCP: Improved Analysis and Efficient Algorithms, NeurIPS 2018. 
[4] Zhu, Ding, Robinson, Tsakiris, Vidal. A linearly convergent method for non-smooth non-convex optimization on the Grassmannian. NeurIPS, 2019. 
[5] Ding, Zhu, Ding, Yang, Robinson, Tsakiris, Vidal. Noisy Dual Principal Component Pursuit. ICML 2019. 
[6] Ding, Yang, Zhu, Robinson, Vidal, Kneip, Tsakiris. Robust Homography Estimation via Dual Principal Component Pursuit, CVPR 2020.
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