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Three-View Multibody Structure from Motion

René Vidal, Member, IEEE, and Richard Hartley, Member, IEEE

Abstract—We propose a geometric approach to 3D motion segmentation from point correspondences in three perspective views. We
demonstrate that after applying a polynomial embedding to the point correspondences, they become related by the so-called multibody
trilinear constraint and its associated multibody trifocal tensor, which are natural generalizations of the trilinear constraint and the

trifocal tensor to multiple motions. We derive a rank constraint on the embedded correspondences from which one can estimate the
number of independent motions, as well as linearly solve for the multibody trifocal tensor. We then show how to compute the epipolar
lines associated with each image point from the common root of a set of univariate polynomials and the epipoles by solving a pair of
plane clustering problems using Generalized Principal Component Analysis (GPCA). The individual trifocal tensors are then obtained
from the second-order derivatives of the multibody trilinear constraint. Given epipolar lines and epipoles or trifocal tensors, one can
immediately obtain an initial clustering of the correspondences. We use this clustering to initialize an iterative algorithm that alternates

between the computation of the trifocal tensors and the segmentation of the correspondences. We test our algorithm on various
synthetic and real scenes and compare it with other algebraic and iterative algorithms.

Index Terms—Multibody structure from motion, 3D motion segmentation, multibody trilinear constraint, multibody trifocal tensor,

Generalized PCA (GPCA).

1 INTRODUCTION

ONE of the most important problems in visual motion
analysis is that of reconstructing a 3D scene from a
collection of images taken by a moving camera. At present,
the algebraic and geometric aspects of this problem are very
well understood. For example, itis known that two, three, and
multiple views of a scene are related by the so-called bilinear,
trilinear, and multilinear constraints, respectively. Also, there
are various algorithms for performing the reconstruction
task, both geometric and optimization-based [14].

However, most of these algorithms assume that the scene
is static, that is, either the camera or a single object in the scene
moves; hence, they can only estimate a single motion model
from the image measurements. In practice, most scenes are
dynamic, that is, both the camera and multiple objects in the
3D world move independently. Thus, one is faced with the
more challenging multibody structure from motion problem of
recovering multiple motion models from the image data,
without knowing the assignment of data points to motion
models.

1.1 Previous Work

Multibody structure from motion has received increasing
attention over the past few years. Existing approaches [26]
solve this problem by successive computation of dominant
motions using methods from robust statistics such as
Random Sample Consensus (RANSAC) [7]. First, a single
motion modelis computed by applying RANSAC to allimage
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measurements. Then, the measurements that fit this domi-
nant motion model well (inliers) are removed from the data
set, and RANSAC is reapplied to the remaining points to
obtain a second motion model. The process is repeated until
most measurements have been assigned to a model. Alter-
native approaches [6] first cluster the features corresponding
to the same motion using, for example, K-Means or spectral
clustering, and then estimate a single motion model for each
group using standard structure from motion algorithms. This
can also be done in a probabilistic framework by alternating
between feature clustering and single-body motion estima-
tion using the Expectation-Maximization (EM) algorithm [3].
When the probabilistic model generating the data is known,
this iterative method provides an optimal estimate in the
maximum likelihood sense. However, it is well known that
EM is very sensitive to initialization [25].

In order to deal with the initialization problem, recent
work has concentrated on the geometry of dynamic scenes,
including the analysis of multiple points moving linearly
with constant speed [11], [21], multiple points moving in a
plane [24], multiple translating planes [33], and self-calibra-
tion from multiple motions [8], [12]. Vidal et al. [30] propose a
polynomial factorization algorithm for segmenting purely
translating objects. Wolf and Shashua [34] derived a bilinear
constraint in IR, which, together with a combinatorial
scheme, segments two rigid-body motions from two per-
spective views. Vidal etal. [32] propose a generalization of the
epipolar constraint and of the fundamental matrix to multiple
rigid-body motions, which leads to a motion segmentation
algorithm based on factoring products of epipolar constraints
toretrieve the fundamental matrices associated with each one
of the motions. Vidal and Ma [28] extend this method to most
two-view motion models such as affine, translational, and
planar homographies by fitting and differentiating complex
polynomials. All these two-view algorithms are algebraic;
hence, they do not require initialization.

Although in general two views are sufficient for solving
the motion estimation and segmentation problem, there are
some degenerate situations in which two-view algorithms
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may fail. For instance, if the scene consists of a planar object
that is moving on its own plane and the camera is also
moving in the same plane, then one cannot tell from two
views whether the scene consists of one or two motions.
Unfortunately, real video sequences are commonly close to
this type of degenerate configurations. In such cases, a
minimum of three views is needed in order to properly
segment the two motions. To the best of our knowledge,
other than [13], there is no previous work addressing
motion estimation and segmentation from three perspective
views. The only existing works on multiframe 3D motion
segmentation are for points moving on a line in three
perspective views [22], for multiple translating objects from
line correspondences in three perspective views [23], and
for rigid-body motions in three or more affine views [1], [2],
(51, [9], [10], [15], [17], [18], [27], [35], [36].

1.2 Paper Contributions and Outline

In this paper, we present a geometric approach to the
estimation and segmentation of an unknown number of
rigid-body motions from a set of point correspondences in
three perspective views. Our approach algebraically elim-
inates the feature clustering stage and directly solves for the
motion parameters in an algebraic fashion. This is achieved
by fitting a multibody motion model to all the image
measurements and then factorizing this model to obtain the
individual motion parameters. The final result is a natural
generalization of the classical three-view geometry (trilinear
constraint, trifocal tensor, and seven-point algorithm) to the
case of multiple rigid-body motions.

Section 2 studies the three-view geometry and algebra of
the multibody structure from motion problem. We introduce
the multibody trilinear constraint as a geometric relationship
between the motion parameters and the image points that is
satisfied by all the correspondences, regardless of the body
with which they are associated. We show that this constraint
is trilinear on a polynomial embedding of the correspon-
dences and linear on the so-called multibody trifocal tensor T,
an algebraic structure encoding the parameters of all rigid-
body motions. We then study the geometric properties of 7
and show that it can be used for transferring points and lines
from a pair of views to the other.

Section 3 presents a geometric algorithm for estimating
the number of motions, the motion parameters, and the
clustering of the correspondences. We first derive a rank
constraint on the matrix of embedded correspondences from
which one can estimate the number of independent motions
n, as well as linearly solve for the multibody trifocal tensor 7.
Given n and 7, we show that one can compute the epipolar
lines associated with each correspondence from the common
root of a set of univariate polynomials. By applying this
process to all the correspondences, we obtain a collection of
epipolar lines that must intersect at the n epipoles. The
estimation of the epipoles is then shown to be equivalent to a
pair of plane clustering problems, which we solve algebrai-
cally using Generalized Principal Component Analysis
(GPCA) [31], [29]. Given epipolar lines and epipoles or
trifocal tensors, one can immediately obtain an initial
clustering of the correspondences. We use this clustering to
initialize an iterative algorithm that alternates between the
computation of the trifocal tensors and the segmentation of
the correspondences. We test our algorithm on various
synthetic and real dynamic scenes and compare it with other
algebraic and iterative algorithms.
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Fig. 1. Three-view geometry: projections x, ¢, and £” of a point X and a
line L in a 3D space onto three perspective views. The relative motion
among the three views is encoded by the trifocal tensor T € TR****3, The
intersections of the lines (0,0) and (o,0”) with the second and third
image planes, respectively, are the so-called epipoles ¢’ and ¢”. (This
figure and Fig. 2 are adapted from figures in [14].)

2 MuLTiBODY THREE-VIEW GEOMETRY

This section establishes the basic geometric relationships
among three perspective views of multiple rigid-body
motions. We first review the trilinear constraint and its
associated trifocal tensor for the case of a single rigid-body
motion. We then generalize these notions to multiple motions
via a polynomial embedding that leads to the so-called
multibody trilinear constraint and its associated multibody
trifocal tensor. We also study transfer properties of the
multibody trifocal tensor from a pair of views to the other.

2.1 The Trilinear Constraint and the Trifocal Tensor
Let z < ¢’ < {" be a point-line-line correspondence in three
perspective views, as illustrated in Fig. 1. Also, let

P = [I 0]7 P/ - [R/ 6’] and P” = [R” e//] GIR3><4 (1)

be the camera matrices in the first, second, and third views,
where ¢’ € IP?and e” € IP? are the epipoles in the second and
third views, respectively. Then, the multiple-view matrix [19]

Z/T e/

ENT e//

"Rz
{ TR

:| c IR2><2 (2)
must have rank 1; hence, its determinant must be zero, that
is,

e/T(RI.’EGHT o eleR/lT)f// = 0. (3)

This is the well-known point-line-line trilinear constraint
among the three views [14], which we will denote as

2l 0'T =0, 4)
where T' € IR¥***3 is the so-called trifocal tensor.

Notation. For ease of notation, we will drop the summation and the
subscripts in trilinear expressions such as 3,y 030 Ty, and
write them as shown in (4). Similarly, we will write T to
represent the matrix whose (jk)thentryis Y, x; Ty and z€'T to
represent the vector whose kth entry is >, ; xiﬁgTijk. The
notation is somewhat condensed and inexact, since the particular
indices that are being summed over are not specified. However,
the meaning should in all cases be clear from the context.
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2.2 The Multibody Trilinear Constraint

Consider now a scene containing n rigid-body motions
with associated trifocal tensors {T; € R*****1"_, where T;
isthe trifocal tensor associated with the motion of the ith object
relative to the moving camera among the three views. We
assume that the motions of the objects relative to the camera
are such that all the trifocal tensors are different up to a scale
factor. We also assume that the given images correspond to
3Dpointsin general configurationin IR?, thatis, they donotall
lie in any critical surface, for example.

Let z < ' < {" be an arbitrary point-line-line correspon-
dence associated with any of the n motions. Then, there
exists a trifocal tensor 7; satisfying the trilinear constraint in
(3) or (4). Thus, regardless of the motion associated with the
correspondence, the following constraint must be satisfied
by the number of independent motions n, the trifocal
tensors {7;}"_,, and the correspondence z < £ < £":

n

[[ee'T) = 0. (5)
i=1
We call (5) the multibody trilinear constraint, because it is a
natural generalization of the trilinear constraint valid for
n =1

2.3 The Multibody Trifocal Tensor

The multibody trilinear constraint eliminates the problem of
clustering the correspondences from the motion segmenta-
tion problem by taking the product of all trilinear constraints.
Although taking the product is not the only way of
algebraically eliminating feature segmentation, the product
has the advantage of leading to a polynomial equation in
(z,¢,¢") with a nice algebraic structure. Indeed, the multi-
body constraint is a homogeneous polynomial of degree n in
each of z, ¢, or £’. Now, suppose = = (1, 72, zs5) . We may
enumerate all the possible monomials )" 2523 of degree nin
(5) and write them in some chosen order as a vector:

Lan’t (6)

This vector has dimension M,, = (n + 1)(n + 2)/2. The map
x—2z is known as the polynomial embedding of degree n in
the machine learning community and as the Veronese map of
degree n in the algebraic geometry community. The vectors I
and " are defined similarly in terms of £ and ¢".

Now, note that (5) is a sum of the terms of degree n in
each of z, ¢, and ¢". Thus, each term is a product of degree n
monomials in z, ¢, and ¢’. We may therefore define
a 3D multibody trifocal tensor T € RM*M>M: containing
the coefficients of each of the monomials occurring in the
product (5) and write the multibody constraint (5) as

n—1, n—1

~ _ n n—2_2
T = (af, 2] 2o, 2]

T3, T Ty, ..

Tl 0T =0, (7)

where the summation over all the entries of the vectors z, £/,
and ¢' is implied. The important point to observe is that
although (7) has degree n in the entries of z, £, and ¢”, it is in
fact linear in the entries of Z, £/, and £". Since (7) is a trilinear
constraint on z, £, and ¢”, we will refer to both (5) and (7) as
the multibody trilinear constraint from now on.

™

Fig. 2. Aline ¢” in the third image defines a 3D plane, which intersects 7’ in
a line L. This line is then imaged as the line £ = £'¢"T in the first view.
Therefore, the trifocal tensor T'maps a pair of corresponding lines ¢ and £’
on the second and third images onto a corresponding line £ in the first
image.

2.4 Transfer Properties of the Multibody Trifocal
Tensor
An important property of the trifocal tensor 7" is that of
transferring points and lines from a pair of views to the
other [14]. For example, if ¢ and ¢" are corresponding lines
in the second and third views, then £=/¢¢'T is a
corresponding line in the first view, as illustrated in
Fig. 2. Similarly, if z is a point in the first view and ¢ is a
corresponding line in the second view, then z” = z¢'T is the
corresponding point in the third view. Likewise, 2’ = z¢"T
is the point in the second view corresponding to (z,£").
We now discuss the transfer properties of the multibody
trifocal tensor 7. Although in principle these properties are
natural generalizations of the corresponding properties of
the individual trifocal tensors {7;}!_;, in the multibody
case, the situation is more complex, because 7 incorporates
information about all the motions at the same time. Indeed,
if ' and ¢” are two lines in the second and third views, then
¢, =00"T; is a corresponding line in the first view
according to the ith motion. Now, from the multibody
trifocal constraint, we have

0T =[[(ate'T)=]]="t) (8)
i1 i=1
hence, the vector Z ZN’ '"T ¢ RM- represents the coefficients of
the homogeneous polynomial in z:

an(z) = (@) (@ ) (=" L) 9)

Therefore, given £'¢"7T, we can compute the lines {¢;}", by
factorizing the homogeneous polynomial of degree n, ¢, (z),
into a product of n homogeneous polynomials of degree
one {(¢/z)}!,. A technique for performing such a
factorization can be found in [30]." We can interpret this
factorization process as a generalization of the conventional
line transfer property of the multibody trifocal tensor to
multiple motions. In essence, the multibody trifocal tensor
T allows us to “transfer” a pair of lines ¢ and ¢" in the
second and third views to a set of n lines in the first view, as
shown geometrically in Fig. 3. In an entirely analogous

1. It was shown in [30] that this polynomial factorization problem has a
unique solution (up to a scale for each factor) that is algebraically equivalent
to solving for the roots of a polynomial of degree n in one variable plus
solving a linear system in n variables.
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Fig. 3. The multibody trifocal tensor 7 maps each pair of corresponding
lines ¢ and ¢” in the second and third views to n lines ¢, ...,#4, in the
first view. These n transferred lines correspond to the n different motions
encoded in the trifocal tensor 7. (This figure and Fig. 5 are adapted from
figures in [20].)

fashion, the factorization of z¢'7 gives the n corresponding
points z in the third view, and the factorization of Z¢"7T
gives the n corresponding points z/ in the second view.

In some cases, one may be interested in transferring two
corresponding lines ¢ and ¢ to their corresponding line £
according to, say, the ith motion. Notice that this cannot be
done from the multibody trifocal tensor 7 alone, which
encodes information about the n motions. As discussed
earlier, the factorization of £¢"T will give n lines {¢;}! ;.
Since the line associated with the ith motion must pass
through a corresponding point z in the first view, given the
n lines {¢;}!_,, we can identify ¢; as the one that minimizes
(ZATx)Z fork=1,...,n.

There is, however, a simpler and more elegant way of
computing the line ¢ associated with a point-line-line
correspondence, which is by looking at the derivatives of
the multibody trilinear constraint, thus avoiding polyno-
mial factorization.” We begin by considering the derivative
of the multibody trilinear constraint with respect to its first
argument

o o o n
—(zl0'T)=—1|(20'T) = 00T, 0 0'Ty,).
e EEET) =g [Twee'n) =3 ee'm) [Twee'ny
We notice that if we evaluate this derivative at a correspon-
dence z < ¢ — ¢" associated with the ith motion, that is, the
correspondence is such that z£'¢"T; = 0, then all the terms in
the above summation but the ith vanish. Thus, we obtain

3(5@’6”7) = (0T [[(=0€'T:) ~ (£0'T)),

Oz zl'0"T;=0 ki

which from the properties of the trifocal tensor 7T; gives a
line £ in the first view. Notice that this line £ in the first view
is transferred from the two lines in the second and third
views according to the unknown ith trifocal tensor 7T;. That
is, the multibody trifocal tensor enables us to transfer
corresponding lines according to their own motion, without
having to know the motion with which the correspondence
is associated. We therefore have the following result.

Theorem 1 (Line transfer from corresponding lines in the
second and third views to the first). The derivative of the
multibody trilinear constraint with respect to its first

2. Note that polynomial factorization may fail when 7 is computed from
noisy correspondences, because the polynomial g¢,(z) will not perfectly
factor as a product of linear forms.
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argument evaluated at a correspondence (x, €', £") gives a line
£ in the first view passing though x, that is,

0= %(527[“7) and €'z = 0. (10)

0
Different choices for € and £" will give different lines £.

In a similar fashion, if we now consider the derivative of
the multibody trilinear constraint with respect to its second
argument and evaluate it at a correspondence (z,¢,¢")
associated with the 7th motion, then we obtain

% @l0'T) = (a0'Ty) [[(a'¢'T}) ~ (20'Ts).
0 0'T,=0 ki

From the properties of T}, this gives a corresponding point z’
in the second view. Similarly, the derivative with respect to
the third argument gives the corresponding point in the third
view z”. We therefore have the following result.

Theorem 2 (Point transfer from the first to the second and
third views). The derivative of the multibody trilinear
constraint with respect to its second and third arquments
evaluated at a correspondence (xz, €', £") gives the corresponding
point in the second and third views x' and x”, respectively, that is,

i(’iZ’Z'T) ~ ' and 9 (iZ'fNHT) ~ .

8(/ az// (11)

3 MuLtiBODY MOTION ESTIMATION AND
SEGMENTATION FROM THREE PERSPECTIVE
VIEWS

In this section, we present a linear algorithm for segmenting a
scene consisting of multiple rigid motions. More specifically,
we assume that we are given a set of point correspondences
{zj & 2 < 2] }IVZ1 and show how to estimate the number of
independent motions n, the individual trifocal tensors
{T;}!,, and the clustering of the correspondences. Our
algorithm proceeds as follows: In Section 3.1, we show how to
compute the number of motions n and the multibody trifocal
tensor 7 from a rank constraint on the embedded correspon-
dences. In Section 3.2, we show how to estimate the epipolar
lines in the second and third views, Z; and Zg, respectively,
associated with each point z in the first view by solving for the
common root of a set of univariate polynomials. In Section 3.3,
we show how to estimate the epipoles in the second and third
views, {e/};" | and {e/}] ,, respectively, by solving a plane
clustering problem. Given epipolar lines and epipoles, one
may immediately cluster the correspondences into n groups
and then estimate individual trifocal tensors and camera
matrices from the data associated with each group. Alter-
natively, one may recover the individual trifocal tensors
directly from the second-order derivatives of the multibody
trilinear constraint, as we show in Section 3.4. Once the
trifocal tensors have been computed, one can easily obtain the
camera and fundamental matrices, as shown in Section 3.5. In
Section 3.6, we show how to refine the estimates of the linear
algorithm by extending the K-Means algorithm [4] to a
mixture of trifocal tensors.
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3.1 Computing the Multibody Trifocal Tensor 7 and

the Number of Independent Motions n

Recall from [14] that the trifocal tensor T associated with a
single rigid-body motion can be computed linearly from the
trilinear constraint (4) given at least 26 point-line-line
correspondences z < ¢ < ¢" in general configuration. If
instead we are given point-point-point correspondences
z — z’ « z’, then for each point 2’ in the second view, we
can obtain two lines ¢, and ¢, passing through z’ and,
similarly, for the third view. Therefore, each correspondence
gives in general four independent equations on 7', and we
only need seven point-point-point correspondences to
linearly estimate 7" [14].

In the case of n rigid-body motions, the multibody
trilinear constraint (7) is also linear in the multibody trifocal
tensor 7. In fact, we may rewrite it as

@l ol t=0,
where t € IR is the stack of all the entries in T ,and ® is the
Kronecker product. Thus, if we are given N > M3 — 1 point-
line-line correspondences {z; < £; < £] };.V:l,we cansolve for
T linearly from (12), provided that the number of motions n is
known. However, this requires a rather large number of
correspondences: 26 correspondences for one motion, 215 for
two motions, 999 for three motions, and so forth.

Fortunately, as in the case of a single rigid-body motion,
we cansignificantly reduce the data requirements by working
with point-point-point correspondences z < z' < z”. Since
each point in the second view z’ gives two lines £; and £, and
each point in the third view z” gives two lines ¢/ and £}, a
naive calculation would give 2% = 4 linear equations in 7 per
correspondence. However, due to the algebraic properties of
the Veronese map, each correspondence provides in general
(n +1)* independent constraints on 7.

To see this, remember that the multibody trilinear
constraint is satisfied by all lines ¢ = of) + ¢, and ¢' =
B¢ + €5 passing through =’ and z”, respectively. Therefore,
for all @ € IR and 3 € IR, we must have

(12)

G (ol + &) (B + €)'t =0.

This equation, viewed as a function of «, is a polynomial of
degree n; hence, its n + 1 coefficients must be zero. Each one
of its coefficients is in turn a polynomial of degree n in 3,
whose n + 1 coefficients must be zero. Therefore, each
point-point-point correspondence gives (n + 1)* constraints
on the multibody trifocal tensor 7. We do not present an
analytical proof that these (n + 1)* constraints are in fact
linearly independent. However, numerical examples show
that this is indeed true for generic data. Exhibiting a single
example for which the constraints are indeed linearly
independent is enough to show that this is generically the
case (that is, for almost all sets of input data).

In order to compute the multibody trifocal tensor, notice
that_after expanding (af) +£;) as .7 ;a/Cj(¢;,¢,) and
(B€) + £3) as -1, B*Cr(€], £), where Cj(£y,£y) € R™, and
substituting these expressions in (13), the (n+1)° con-
straints can be written explicitly as

(13)

(@@ Ci(l,6) 2 Crll] N t=04,k=0,....,n.  (14)

Therefore, if we are given a set of N > (M2 —1)/(n+ 1)?

. . . N
point-point-point correspondences {z; < z, < z/},_,, we

TABLE 1
Minimum Number of Point-Point-Point Correspondences
as a Function of the Number of Motion Models

n 1 2 3 4 5

Multibody fundamental matrix 8 35 99 224 440
Multibody trifocal tensor 7 24 63 135 258

may generate a set of N line pairs (£;,£,) and (£}, £5)
passing through z and z/, respectively, and solve for the
multibody trifocal tensor 7 from the system of linear
equations:

(21 @ Co(£y,£15) © Co(£]}, [1/2))T

(%1 @ Cu(l,,£1) @ Co(8], 8)) "
Vat= :
(@x @ Co(lyy, Lys) ® Co(, 83)) "

| (2N ® Cu(Elyy, Lyy) @ Cullyy, £3)) " |

Note that we need only (M? —1)/(n+ 1) point-point-
point correspondences to linearly estimate 7. That is, 7, 24,
and 63 correspondences for one, two, and three motions,
respectively. This represents a significant improvement not
only with respect to the case of point-line-line correspon-
dences but also with respect to the case of two perspective
views, which requires M? — 1 point-point correspondences
to linearly estimate the multibody fundamental matrix [32],
that is, 8, 35, and 99 correspondences for one, two, and three
motions, respectively. Table 1 gives the minimum number
of point correspondences as a function of the number of
motions. Of course, with noisy data, it is better to use many
more correspondences than the minimum required.

Although the multibody trilinear constraint is linear in
the multibody trifocal tensor 7, we cannot solve for 7
without knowing the number of motions in advance,
because (15) depends explicitly on n. However, in order
for this linear system to have a unique solution, we must
have rank(V,) = M,f — 1. As it turns out, this rank con-
straint provides us with a method for computing the
number of independent motions. This is because the
multibody trilinear constraint of degree n is the polynomial
of minimal degree that fits the given data. This implies that
(15) has no solution if n is less than the true number of
motions, a unique solution if n equals the true number of
motions, and more than one solution otherwise, that is

> M -1,
=M}—1, ifi=n
<M1, ifi>n.

ifi<n

rank(V;) (16)

Therefore, the number of independent motions is given by

n=min{i : rank(V;) = M} — 1}. (17)

Clearly, this formula for the number of motions is useful
only if the correspondences are noiseless, because with
noisy image measurements the matrix V; may be full rank
for all i. An extremely simple way for computing the
number of motions n from a noisy matrix V; is
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. U?wf(vi) A3 18
n = argmin + U, (18)
> or(Vi)
k=1

where 04(V;) is the kth singular value of V;, and p is a
parameter. The formula in (18) for estimating » is motivated
by model selection techniques [16] in which one minimizes
a cost function that consists of a data fitting term and a
model complexity term. The data fitting term measures how
well the data is approximated by the model—in this case,
how close the matrix V; is to dropping rank by one. The
model complexity term penalizes choosing models of high
complexity—in this case, choosing a large rank.

We summarize the results so far with the following linear
algorithm for estimating the multibody trifocal tensor.

Algorithm 1. (Computing the multibody trifocal tensor 7)
Given N > (M? —1)/(n+1)* point-point-point correspon-
dences {z; — z, < z/}", in general configuration, com-
pute 7 as follows:

1. For i=1,...,N, generate line pairs (£,,¢,) and
(€, £) passing through z/ and z/, respectively.

2. For n=1,2,..., form the matrix V, € IRN(nH)zXM?
whose rows are & ® Cj(£,,£,) @ Cp(€!),€}) € RM:
foralli=1,...,Nand j,k=0,...,n and determine
the number of motions as in (18).

3. Compute 7, interpreted as a vector in R, as the
singular vector of V, associated with its smallest
singular value.

Notice that Algorithm 1 is the same as the well-known
linear seven-point algorithm for estimating the trifocal tensor 7'
[14]. The only difference is that we need to generate more than
two equations per point in the second and third views z’ and
2" in order to build the data matrix, whose null space is the
multibody trifocal tensor.

3.2 Computing Epipolar Lines

Given the trifocal tensor 7', it is well known how to compute
the epipolar lines in the second and third views of a point z in
the first view [14]. Specifically, notice from (3) that the matrix

M, = (zT) = (R'ze"" —

e/zTR//T) c IRSXS (19)

has rank 2. In fact, its left null space is £, = €’ x (R'z) and its
rightnullspaceis ] = ¢’ x (R"z), thatis, the epipolar lines of
z in the second and third views, respectively. In brief

Lemma 1. The epipolar line €., in the second view corresponding
to a point x in the first view is the line such that z€, T = 0.
Similarly, the epipolar line £, in the third view is the line
satisfying xlo T = 0. Therefore, rank(zT) = 2.

In the case of multiple motions, we are faced with the more
challenging problem of computing the epipolar lines ¢, and
¢! without knowing the individual trifocal tensors {T}}'_; or
the clustering of the correspondences. The question is then
how to compute such epipolar lines from the multibody
trifocal tensor 7. To this end, we notice that with each pointin
the first view z, we can associate n epipolar lines {£,, }!"_ |, each
one of them corresponding to one of the n motions between
the first and second views (see Fig. 4). We thus have
zf., T; = 0, which implies that for any line ¢” in the third
view, z¢ ¢"T; = 0. Now, since the span of £’ for all £’ € IR? is
IRM», we have that foralli = 1,...,n
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Fig. 4. The multibody trifocal tensor 7 maps each point z in the first
image to n epipolar lines ¢y,,...,¢,, that pass through the n epipoles
€},..., e, respectively. One of these epipolar lines passes through z'.
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Since the vectors 1?’; are linearly independent when ¢, are
pairwise different in IP? (see [32]), the matrix 7 has in
general at least n vectors in its left null space. Therefore,

Theorem 3. If £, and ¢! are the epipolar lines in the second and
third views corresponding under the ith motion to a point x in
the first view, then zf, T =2l T =0¢c RM. Thus,
rank(z7) < M, — n if the epipolar lines are different.

This result alone does not help us to find £, according to

a given motion, since any one of the n epipolar lines £, will

satisfy the conditions of Theorem 3. In fact, this question of

determining the epipolar line £, corresponding to a point z

is not well posed as such, since the epipolar line ¢, depends

on which of the n motions the point = belongs to, which
cannot be determined without additional information. We
therefore pose the question a little differently and suppose
that we know the point z’ in the second view corresponding
to = and wish to find the epipolar line £, also in the second

view. This epipolar line must of course pass through z’.

To solve for E;, notice that Z; can be parameterized as

0 =al, 1+ 0, (20)

where, as before, £] and £, are two different lines passing
through z’. From Theorem 3, we have that for some a € R

(21)

Each of the M,, components of this vector is a polynomial of
degree n in o. These polynomials must have a common root
a* for which all the polynomials (and, hence, the vector)
vanish. The epipolar line of z in the second view is then
¢ = ol + £,. We thus have the following algorithm for
computing epipolar lines from the multibody fundamental
tensor.

#(al + €)T = 0.

Algorithm 2. (Computing epipolar lines from 7)
Given a point-point-point correspondence = < z’' < z”

1. Choose two different lines ¢; and ¢, passing through
z'. Build the polynomial vector ¢ (a) = Z(af] + €,)7T.
Compute the common root o of these M, poly-
nomials as the real root of the derivative of f'(a) =
Sl ¢ (@)? that minimizes f'(). The epipolar line
of z in the second view is given by £, = a*¢; + £,.

2. Given a correspondence z < z”, determine the
epipolar line of z in the third view, ¢, in an
analogous way.
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Fig. 5. When n objects move independently, the epipolar lines in the
second and third views associated with each image point in the first view
form n groups and intersect, respectively, at n epipoles in the second
and third views.

We may apply Algorithm 2 to all point correspon-
dences {z; < 7 < $;’}§\;1 and obtain the set of all
N epipolar lines in the second and third views according
to the motion associated with each correspondence. Notice
again that these epipolar lines are obtained from the
multibody trifocal tensor only, without yet knowing the
individual trifocal tensors or the clustering of the given
correspondences.

It is also useful to note that the only property of ¢; and ¢,
that we used in Algorithm 2 was that the desired epipolar
line £/, could be expressed as a linear combination of ¢; and .
If instead we knew the epipole corresponding to the required
motion, then we could choose £, and £, to be any two lines
passing through the epipole and apply Algorithm 2 to
determine the epipolar line £, .

Once the epipoles and epipolar lines are known, we may
segment the data into multiple groups and subsequently
determine the fundamental matrices and trifocal tensors for
each group (see Section 3.4). Before proceeding, we need to
show how to determine the epipoles, which we do in the next
section.

3.3 Computing Epipoles
In the case of one rigid-body motion, the epipoles in the
second and third views e’ and e” must lie in the epipolar
lines in the second and third views, {£, }jvzl and {égj}ﬁ.\;l,
respectively. Thus, we can obtain the epipoles from

e’ [[' l } =0" and e’ [Z’I'] ool

x0 o Yy Yoy

} —0. (22)

Clearly, we only need two epipolar lines to determine the
epipoles; hence, we do not need to compute the epipolar
lines for all points in the first view. However, it is better to
use more than two lines in the presence of noise.

In the case of n motions, there exist n epipole pairs
{(e}, )}, where ¢} and ¢/ are epipoles in the second and
third views corresponding to the ith motion. Given a set of
point correspondences, we may compute the multibody
trifocal tensor 7 and determine the epipolar lines £, and ¢,
associated with each correspondence {z; < =’ < 2} using
Algorithms 1 and 2. Then, for each pair of epipolar lines

(¢, . ), there exists an epipole pair (e}, e/) such that

xj’ T (2

e;Tlf;j =0 and e;’TZg/ =0 (23)
as illustrated in Fig. 5. Our task is twofold: First, we need to
find the set of epipole pairs {(e}, e/)}"" ;. Second, we need to
determine which pair of epipoles lie in the epipolar lines
(¢, ¢! ) derived from a given point correspondence.

zj? T

7

If two point correspondences z; < ) < 2 and z), <
z), < zj both belong to the same motion, then the pair of
epipoles can be determined easily by intersecting the epipolar
lines. If the two motions are different, then the intersection
points of the epipolar lines will have no geometric meaning
and will be essentially arbitrary. This suggests an approach to
determining the epipoles based on RANSAC [7] in which we
intersect pairs of epipolar lines to find candidate epipoles and
determine their degree of support among the other point
correspondences. This method is expected to be effective with
small numbers of motions.

In reality, we used a different method based on the idea
of multibody epipoles proposed in [32] for the case of two
views, which we now extend and modify for the case of
three views. Notice from (23) that regardless of the motion
associated with each pair of epipolar lines, we must have

| (CHARERARI | (CRARENANE

i=1 i=1

(24)

where the multibody epipoles ¢ € R and ¢’ € RM are the
coefficients of the homogeneous polynomials of degree n

pL,) = c’T[’z and p"(€)) = c”leZ7 (25)

respectively.® Similar to (22), we may obtain the multibody
epipoles from
c/T [Z/v

Il,...,ff;]:OTandc/’T[EZ,... ﬁ]:OT.

sty

(26)

Clearly, we only need M, — 1 epipolar lines to determine
the multibody epipoles. However, it is better to use more
than M, — 1 epipolar lines in the presence of noise.

In order to estimate the epipoles, we notice that if a pair
of epipolar lines (£, £)) corresponds to the ith motion, then
the derivatives of p' and p” at the pair (£,,£,) give the
epipoles e} and e, that is,

0

o (27)

(c’TKZ) ~ €, and i(c”TEZ) ~el.

! o)
Therefore, in order to estimate the n epipole pairs from the
multibody epipoles, we only need to find n pairs of epipolar
lines, one per motion class, and then evaluate the derivatives
of p’ and p” at those pairs of epipolar lines. The first pair can be
chosen to minimize the sum of squared distances to the
epipoles. From [31], we know that the distance from a point
toaline b/ z = Ois givenby [p(2)|/|| Vp(x)|| + O(|lz|*), where
p(xz) = (b/x)--- (b x). Thus, we choose the pair of lines
(¢,,.¢;,) that minimizes

P )P
AT A

j=1,...,N.  (28)

Theremaining n — 1 pairs of epipolarlines canbe chosen inan
analogous fashion, except that we need to penalize choosing
pairs from the motion groups that have already been chosen.
For i =n —1:1, this can be done by choosing the pair of
epipolar lines (¢, ,£.),j=1,..., N, that minimizes

zj’ T

3. More specifically, ¢ and ¢” are a vector representation of the symmetric
tensor product of the epipoles {€}}; | and {e/'}!",, as shown in [31].
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2

\p’(f;/)\z " (€;)l
Vo' (e, I Vo' (e, P (29)
n )
I1 lefe, 1 ey
k=i+1 k=i+1

where the epipoles pairs (e, e]) are computed as in (27).
We therefore have the following algorithm for comput-

ing the epipoles from a set of epipolar lines.

Algorithm 3. (Computing eplpoles from )

Given a set of epipolar lines {(¢, , ¢! )} :

.’L".’L'

1. Compute the multibody epipoles ¢ and ¢” from (26).
2. Compute the epipole pairs {(e},e/)}, as

e ~ Vp’((’%) and e ~ Vp”(ﬁ’zlh ),
where p/(¢) = ¢T¢, p"(¢") = ¢"T¢", and for i = n: 1
(€, )P " (€;)F
— argmin Ivp/( l’ I NZCOTR
Ji j=1,..N k . |ek ‘ Hk i %TZZJ‘Z'

Remark 1 (Computing derivatives). Note that given c, the
computation of the derivatives of p(¢) = ¢"€ can be done
algebraically, that s, it does not involve taking derivatives
of the (possibly noisy) data. For instance, one may compute
ag—éf) as ¢ B 0", where E,; € RM M1 ig a constant
matrix that depends on the exponents of £, and £"~' ¢
IR+ is a vector containing all monomials of degree n — 1
in 4.

3.4 Computing Individual Trifocal Tensors

Given epipolar lines and epipoles, we can immediately
segment the point correspondences {z; < z
n groups using the distance from epipoles to epipolar lines
as a criterion. We simply assign point j to motion ¢ if

mN
<z}, into

i = arg eg%ﬂ(ef&y )+ (e ). (30)
Once the correspondences have been segmented, we can
compute the individual trifocal tensors {7;}!_; by applying
the seven-point algorithm to the point correspondences
associated with each one of the n motion groups.

In this section, we demonstrate that one can estimate the
individual trifocal tensors without first clustering the image
correspondences. The key is to look at the second-order
derivatives of the multibody trilinear constraint. Therefore,
we contend that all the geometric information about the
multiple motionsis already encoded in the multibody trifocal
tensor.

Let z be an arbitrary point in IP? (not necessarily a point
in the first view). Since the ith epipole €} is known, we can
compute two lines £, and £,, passing through e/ and apply
Algorithm 2 to compute the epipolar line of z in the second
view £, according to the ith motion. In a completely
analogous fashion, we can compute the epipolar line of z in
the third view £, from two lines passing through e/. Given
(€., 2! ), the slices of the trifocal tensor 7; can be expressed

in terms of the second derivative of the multibody epipolar
constraint, as stated by the following theorem.

Theorem 4 (Slices of the trifocal tensors from the second-
order derivatives of the multibody trilinear constraint).
The second-order derivative of the multibody trilinear constraint
with respect to the second and third arquments evaluated at
(z,€,,0!) gives the matrix M, ~ xT; € IR**?, that is,

YT T

Pzl 0'T)

R = M, ~ xT; € R¥3,

(z,0,.0")

iz iz

1)

Proof. A simple calculation shows that

82 5??’7 n
) | CIER
Jj=1 k#j

n

> (@lT) > (xl'Ty) [ [(=€€'T)).

=1 kZj Uk

Since £, and ¢;, are epipolar lines associated with the
i = 0. Therefore,

ith motion, then z¢. T, = z¢!, T,

P @le'T
e~ [[eeen) ~

(@.6,.8,) i#i

ixviz

(=T)).

a

Thanks to (31), we can immediately outline an algorithm
for computing the individual trifocal tensors.

Algorithm 4. (Computing trifocal tensors from 7)
Let {€},e/}!_, be the set of epipoles in the second and third

views. Also, let {$]}§V:1 be a set of N > 4 randomly chosen
points. For ¢ = 1,...,n, do the following;:

i) 'I

1. Use Algorithm 2 to obtain the epipolar lines of z; in
the second and third views Z; and f . from the
epipoles €] and e/, respectively.

2. Use (31) to obtain M, the slice of 7T; along ;.

3. Solve for T; for i =1,...,n from the set of linear
equations

]\/[iIJN.’I:jﬂ ]21,,N
Once the individual trifocal tensors have been computed,

one may cluster the correspondences by assigning point j to
the trifocal tensor 7; that minimizes the algebraic error, thatis,

2:2: /o
z-arg mln T il jm

=1 m=

(32)

3.5 Computing Fundamental and Camera Matrices
Given the epipoles €, and e and the trifocal tensor T;, the
computation of fundamental and camera matrices proceeds
as follows [14]. We notice that for all z € IP?:

(€] Mige] = [e]], (Rize]" — ez R )e] (33)
~ [ef] Riz = Fiz. (34)

Therefore, we can obtain the fundamental matrices as
Fior = [6} [M“det Mt(zeil ]\/Ittxei,] (35)



VIDAL AND HARTLEY: THREE-VIEW MULTIBODY STRUCTURE FROM MOTION

Fiz = [€]], {MT e; My, e; My e z:|’ (36)
where ¢, for k = 1,2, 3 are the standard basis for IR*. Then,
one can obtain the camera matrices up to a common
projective transformation of the 3D space as

P| = (M€ Micse] Micie]], (37)
P = [e]12 [ Mo Myl M el (38)
L 3

Once the camera matrices have been computed, one may
cluster the correspondences using more sophisticated errors
than the sum of distances to epipolar lines (30) or the algebraic
distance to a trifocal tensor (32). For example, one may first
reconstruct the 3D point X; € IP? associated with z; < T <
!/ by triangulation [14], project X ; onto the three views using
the camera matrices P;, P, and P/, and then assign point j to

the motion ¢ that minimizes the reprojection error

P, X, P/ X, o P’/X,- )
. 2T 12, (39

3.6 Ilterative Refinement

The motion segmentation algorithm we have proposed so far
is purely geometric and provably correct in the absence of
noise. Since most of the steps of the algorithm involve solving
linear systems, the algorithm will also work with a moderate
level of noise (as we will show in the experiments) provided
that one solves each step in a least squares fashion. However,
the results may be improved significantly by following the
algebraic approach with an iterative refinement stage. In this
section, we propose to refine the estimates of the trifocal
tensors and the clustering of the correspondences by
extending the classical K-Means algorithm [4] to a mixture
of trifocal tensors model. We call the new algorithm K-trifocal.

Let w;; € {0,1} represent the assignment of the jth
correspondence to the ith motion model, that is, w;; =1 if
the jth point belongs to the ith motion and w;; = 0 otherwise.
We can solve for the trifocal tensors 7; and the segmentation
of the correspondences {w;; } by minimizing the cost function

ZZUJUEU, (40)

j=1 i=

where ¢;; measures the error of point j to motion model :.

One possible choice for the ¢;; is the algebraic error
€= an:l(x] 0T T;)?. In this case, we can minimize
(40) following a coordlnate descent algorithm that alternates
between computing (linearly) the trifocal tensors for each
motion class and clustering the correspondences. More
specifically, given an initial estimate for the segmentation
of the correspondences, we alternate between the following
two steps:

1. Given the segmentation of the correspondences
{w;;}, we compute the optimal solution for the
trifocal tensors as the least squares solution of the set
of linear equations:

mjl'/kl;'m =0 je{jwy; =1}, k,m=1,2.
(41)

2. Given the trifocal tensors {I;}, we compute the
optimal solution for the segmentation of the corre-
spondences as

1 ifi=arg min e,
wi; = { k=l (42)

0 otherwise.

As the iterations proceed, the cost function does not increase;
hence, the algorithm converges to a local minimum of (40).

An alternative choice for ¢;; is the reprojection error (39).
Given {7}, the computation of the optimal segmentation is
as in (42), except that the calculation of ¢; requires
computing the camera matrices and triangulating the
correspondences. However, given {w;;}, the computation
of the optimal trifocal tensors requires nonlinear optimiza-
tion. For ease of computation, we still compute the trifocal
tensors linearly as in (41).

3.7 Three-View Multibody Structure from Motion
Algorithm

Algorithm 5 summarizes the main steps of the algorithm for

segmenting trifocal tensors described in this section.

Algorithm 5. (Segmentation of trifocal tensors)

Given a set of points {(w],wj,z])}N , corresponding to N
3D points undergoing n different rigid-body motions
relative to a moving perspective camera, recover the number
of independent motions n, the trifocal tensors {7;}!,
associated with each motion, and the motion associated
with each correspondence as follows:

1. Number of motions. Compute two lines (EJI,Z;Q)
passing through ) and two lines (¢}, ¢),) passing
through z . Form the embedded data matrix of
degree i = 1 ,n, V; € RNEHD XM‘, as defined in
(15). Compute the number of independent motions n
from a rank constraint on V; as in (18).

2. Multibody trifocal tensor. Compute the multibody
trifocal tensor 7 from the null space of V, using
least squares.

3. Epipolar lines. For all ¢ =1,...,N, compute the
epipolar lines of z; in the second and third views, £,
and ¢/ , from the common root of a set of univariate
polynormals, as described in Algorithm 2.

4. Epipoles. Use the epipolar lines {(EI Jg)}N to
compute the multibody epipoles ¢ and ¢’ from the
linear systems in (26). Compute the epipole pairs
{(e,e!)}!, from the gradients of p/(¢') = ¢"¢ and
p"(¢") = ""¢" as shown in Section 3.3.

5. Feature clustering from epipoles and epipolar
lines. Assign point correspondence (z;,z,z}) to
motion ¢ according to (30).

6. Individual trifocal tensors and camera matrices.
Compute the individual trifocal tensors {T;}! ; by
applying the seven-point algorithm to the groups
obtained in Step 5. Compute the camera matrices P;,
P, and P/ from each T;, as shown in Section 3.5.

7. Feature clustering from trifocal tensors. Use trian-
gulation to find the 3D point X; associated with each
point (z;,z),z7). Assign (a:],m],:nj) to motion ¢
according to (39).
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Fig. 6. Motion segmentation and motion estimation errors as a function
of noise for 7 = 100 u.f.l. and § = 0 degree.
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Fig. 7. Motion segmentation and motion estimation errors as a function
of noise for 7 = 100 u.f.l. and § = 5 degrees.

8. Iterative refinement. Starting from the segmentation
in Step 7, alternate between computing (linearly) the
trifocal tensors for each motion class (41) and
clustering the correspondences according to (30), as
described in Section 3.6.

4 EXPERIMENTS

In this section, we present several experiments on various
synthetic and real sequences. The experiments compare our
three-view algorithm and variations of it against two-view
perspective and multiview affine algorithms. More specifi-
cally, we compare the following methods:

1. Two-view perspective algorithms

a. Algebraic (2-A). This algorithm parallels Steps 2-
5 of Algorithm 5 but uses fundamental matrices
instead of trifocal tensors. See [32] for details.

b. Algebraic+Sampson (2-A+S). This algorithm
parallels Steps 2-7 of Algorithm 5 but uses
fundamental matrices instead of trifocal tensors
and the Sampson error instead of the reprojec-
tion error in Step 7. See [32] for details.

2. Three-view perspective algorithms

a. Algebraic (3-A). This algorithm follows Steps 2-
5 of Algorithm 5.
b. Algebraic+Reprojection (3-A+R). This algo-
rithm follows Steps 2-7 of Algorithm 5.
c. Algebraic+Reprojection+Ktrifocal (3-A+R+T).
This algorithm follows Steps 2-8 of Algorithm 5.
3. Multiview affine algorithms

a. Algebraic (3-Aff). This algorithm assumes an
affine projection model. Under this model, the
trajectories of a point in F' views live in a
subspace of IR*"" of dimension d < 4. Motion
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Fig. 8. Motion segmentation and motion estimation errors as a function
of noise for 7 = 70 u.f.l. and # = 5 degrees.

segmentation is then equivalent to clustering the
motion subspaces. The algorithm uses GPCA to
segment the motion subspaces. See [27] for
details. In our experiments, we use F' = 3 views
to make the comparison fair.

4.1 Experiments on Synthetic Sequences

We first test our algorithm on synthetic data. We randomly
generate two groups of 100 3D points each with a depth
variation of 100-400 units of focal length (u.f..). These points
are rotated and translated according to two rigid-body
motions with a random axis of rotation and a random
direction of translation. The interframe rotation is 6 € {0,5}
degrees, and the interframe translation is 7 € {70,100} u.f1.
The third configuration of points is obtained by applying
another pair of rigid-body motions to the same 3D points. The
three views are obtained by perspective projection using an
imagesize of 1,000 x 1,000 pixels. Zero-mean Gaussian noise
with a standard deviation of ¢ € [0, 1] pixels is added to the
so-obtained point correspondences in three views.

Figs. 6, 7, and 8 show the performance of perspective
motion segmentation algorithms for (r,6) = (100,0),
(1,6) = (100,5), and (7,0) = (70,5), respectively, as a func-
tion of the level of noise ¢. The performance measures are the
percentage of misclassified correspondences and the error in
the estimation of the translation direction in degrees,
averaged over 1,000 trials. Two-view algorithms are applied
to views 1-2 and 1-3, and the errors are averaged. We notice
the following;:

1. The performance of all five algorithms deteriorates
with the amount of noise and with the amount of
rotation.

2. The algebraic algorithms 2-A and 3-A have a
comparable performance in terms of segmentation
error, but 3-A consistently gives better estimates of
the translation. Notice also that as the amount of
rotation increases, the relative performance of 3-A
versus 2-A improves.

3. Using the Sampson error (2-A+S) or the reprojection
error (3-A+R) instead of the algebraic distance from
epipoles to epipolar lines (2-A and 3-A) improves
the performance of the algebraic algorithms both in
terms of motion segmentation and motion estima-
tion errors.

4. Algorithm 3-A+R outperforms 2-A+S in terms of
segmentation error. As per the error in translation,
2-A+S outperforms 3-A+R for zero rotation, but
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Fig. 9. Motion segmentation and motion estimation errors as a function
of the number of outliers for = = 100 u.f.l. and # = 0 degree.
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Fig. 10. Motion segmentation and motion estimation errors as a function
of the number of outliers for 7 = 100 u.f.l. and # = 5 degrees.
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Fig. 11. Motion segmentation and motion estimation errors as a function
of the number of outliers for 7 = 100 u.f.l. and § = 10 degrees.

3-A+R outperforms 2-A+S as the amount of rotation
increases.

5. [Iterative refinement using the K-trifocal algorithm
gives the best performance, with a misclassification
ratio of less than 1.5 percent and a translation error
of less than 1.5 degrees.

6. The performance of all algorithms deteriorates as the
baseline 7 reduces. However, three-view algorithms
are in general less sensitive to the reduction of the
baseline.

7. It is reported in [13] that if one randomly chooses
two lines passing through each image point in
Algorithms 1 and 2, then algorithms 3-A, 3-A+R,
and 3-A+R+T give misclassification errors of 0-
20 percent, 0-9 percent, and 0-3 percent, respec-
tively, and translation errors of 0-22 degrees, 0-
12 degrees, and 0-3.7 degrees, respectively. There-
fore, choosing two canonical lines passing through
each image point in Algorithms 1 and 2, as we have
done in this paper, gives significantly better results
than choosing the lines at random.

Figs. 9, 10, and 11 show the performance of perspective
motion segmentation algorithms as a function of the
number of outliers. For each one of the three views, outliers
are drawn uniformly on the image domain. As expected,

Fig. 12. Top: frames 1, 6, and 12 of the cars2-06 sequence. Bottom: 2D
displacements of the 123 correspondences from the current view (“0”) to
the next (“—”). (a) Frame 1. (b) Frame 6. (c) Frame 12. (d) Two-
dimensional displacements from frames 1 to 6. (e) Two-dimensional
displacements from frames 6 to 12. (f) Two-dimensional displacements
from frames 12 to 1.

(d () (f)

Fig. 13. Top: frames 5, 9, and 13 of the cars2-07 sequence. Bottom: 2D
displacements of the 212 correspondences from the current view (“0”) to
the next (“— 7). (a) Frame 5. (b) Frame 9. (c) Frame 13. (d) Two-
dimensional displacements from frames 5 to 9. (e) Two-dimensional
displacements from frames 9 to 13. (f) Two-dimensional displacements
from frames 13 to 5.

the most robust algorithm is 3-A+R+T, followed by 3-A+R
and 2-A+S, because they use a more robust error for
clustering the correspondences. Notice, however, that 2-A is
more robust than 3-A, even though 3-A uses more views. At
a high level, the main difference between algorithms 2-A
and 3-A is the computation of epipolar lines (Step 3 of
Algorithm 5): 2-A computes the epipolar lines directly from
the derivatives of the multibody epipolar constraint [32],
whereas 3-A needs to solve for the common root of a set of
univariate polynomials. The robustness of the 3-A algo-
rithm would likely benefit by using a more robust algorithm
for computing the common root of a set of polynomials.

4.2 Experiments on Real Sequences

We now test the performance of all algorithms on several
frame triples from two traffic sequences: cars2-06 (Fig. 12) and
cars2-07 (Fig. 13). These sequences contain two cars translat-
ing and rotating (groups 1 and 2) and are taken with a moving
hand held camera (group 3). Point correspondences are
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TABLE 2
Misclassification Rates for Sequence Cars2-06-g12

2-A 2-A+S  3-A  3-A+R 3-A+R+T 3-Aff
0.2778 0.2917 0.2708 0.0208 0.0208 0.0000
0.1528 0.2222 0.2917 0.0208 0.0208 0.0000
0.2083 0.2847 0.1667 0.0625 0.0625 0.0000
0.2639 0.3333 0.1667 0.1667 0.1458 0.0000
2-5-8 0.2778 0.2569 0.3125 0.0208 0.0208 0.0000
3-6-11 0.3403 0.3403 0.0833 0.0417 0.0417 0.0000
3-10-11 0.2500 0.2292 0.4167 0.3542 0.1250 0.0000
5-8-12 0.3333 0.3611 0.1667 0.0208 0.0208 0.0000
6-7-10 0.2292 0.3403 0.2500 0.1250 0.0625 0.0000
8-9-10 0.4167 0.4583 0.0833 0.0208 0.0208 0.0000

Frames
1-3-6

1-6-12
2-3-5
2-4-5

TABLE 3
Misclassification Rates for Sequence Cars2-06-g23

Frames 2-A  2-A+S  3-A  3-A+R 3-A+R+T 3-Aff
1-9-14  0.3814 0.2788 0.2981 0.0673 0.0673 0.0481
2-11-12 0.3462 0.3173 0.2596 0.1538 0.0769 0.0096
5-13-15 0.2051 0.1795 0.2788 0.2788 0.0288 0.0385
11-13-15 0.3173 0.2821 0.2404 0.3558 0.0385 0.0673

TABLE 4
Misclassification Rates for Sequence Cars2-06-g13

2-A 2-A4S  3-A 3-A+R 3-A+R+T 3-Aff
0.2943 0.3440 0.3298 0.0426 0.0426 0.1170
0.3156 0.2943 0.3298 0.0106 0.0106 0.0000
2-3-6  0.2057 0.2624 0.2766 0.0745 0.0745 0.0106
2-5-7 0.2447 0.3546 0.1064 0.0106 0.0106 0.0532
7-9-12 0.2801 0.2801 0.3191 0.0106 0.0106 0.0106

Frames
1-3-15
1-7-14

TABLE 5
Misclassification Rates for Sequence Cars2-06-g123

Frames 2-A 2-A+S 3-A  3-A+R 3-A+R+T 3-Aff
1-7-11 0.5339 0.5176 0.4228 0.2358 0.0325 0.0000
2-12-15 0.4688 0.4851 0.5935 0.3171 0.0650 0.1951
2-3-13  0.4851 0.3740 0.5610 0.3659 0.1870 0.0000
3-13-14 0.4715 0.4092 0.5447 0.2114 0.0488 0.0163
4-9-13 0.4309 0.3930 0.4309 0.1220 0.0244 0.0732
5-6-8 0.4444 0.3740 0.2520 0.0813 0.0813 0.1870
6-9-12 0.4201 0.3875 0.3821 0.2114 0.0000 0.0488
7-9-12 0.4228 0.4092 0.5366 0.1220 0.0000 0.2358
8-10-15 0.4580 0.4661 0.4228 0.3171 0.0569 0.2114
9-12-15 0.4526 0.4878 0.4959 0.3984 0.0488 0.1951

extracted automatically using OpenCV, which is available at
http:/ /sourceforge.net/projects/opencvlibrary/. For the
purposes of ground truth comparison, the point trajectories
are manually segmented according to the three independent
motions in the scene. We use point correspondences from
groups 1-2, 1-3, and 2-3 for two-body motion segmentation
and 1-2-3 for three-body motion segmentation.

4.2.1 Results on the Cars-06 Sequence

Tables 2, 3, and 4 show segmentation results for point
correspondences associated with groups 1-2, 2-3, and 1-3,
respectively, of the cars2-06 sequence. With few exceptions,
2-A and 2-A+S give an error of about 20-40 percent, 3-A
gives an error of about 15-30 percent, 3-A+R gives an error of
about 0-15 percent, 3-A+R+T gives an error of about 0-
10 percent, and 3-Aff gives an error of about 0-5 percent.
However, there are triplets of frames for which the
misclassification error of perspective algorithms is high
(frames 2-4-5 in Table 2), 2-A and 2-A+S perform better than

TABLE 6
Misclassification Rates for Sequence Cars2-07-g12

Frames 2-A 2-A+S 3-A 3-A+R 3-A+R+T 3-Aff
1-5-20 0.3496 0.3496 0.1707 0.1707 0.0732 0.0732
1-6-19 0.3415 0.3415 0.1951 0.1463 0.0976 0.0000
1-10-12 0.2195 0.2846 0.2439 0.0244 0.0244 0.1463
2-7-15 0.2927 0.3496 0.1951 0.0244 0.0244 0.0000
3-8-17 0.2358 0.2195 0.2927 0.0732 0.0244 0.0244
3-10-14 0.0325 0.0650 0.1220 0.0488 0.0488 0.0488
7-10-20 0.1463 0.1463 0.2439 0.0976 0.0244 0.0488

TABLE 7
Misclassification Rates for Sequence Cars2-07-g23

2-A  2-A4S  3-A  3-A+R 3-A+R+T 3-Aff
0.3886 0.3264 0.0881 0.0777 0.0777 0.0363
0.4197 0.3541 0.0881 0.0052 0.0052 0.0725
0.4007 0.3834 0.0933 0.0052 0.0052 0.1295
2-11-15 0.4473 0.3541 0.0725 0.0052 0.0052 0.0415
5-9-13  0.4162 0.4093 0.0881 0.0155 0.0155 0.0933
10-17-18 0.3454 0.3143 0.0725 0.1088 0.1088 0.0259
12-15-19 0.4542 0.4646 0.1865 0.0466 0.0466 0.0415

Frames
1-11-15
2-9-12

2-10-14

TABLE 8
Misclassification Rates for Sequence Cars2-07-g13

2-A  2-A4S  3-A  3-A4R 3-A+R+T 3-Aff
0.3772 0.3140 0.3000 0.0947 0.0789 0.1526
0.3737 0.3491 0.1737 0.1105 0.0421 0.0053
0.4070 0.3053 0.3684 0.0842 0.0842 0.0684
4-9-10 0.3895 0.4246 0.2579 0.1368 0.1368 0.1895
5-6-19 0.4018 0.3982 0.2789 0.1000 0.0947 0.0053
6-10-20 0.4158 0.4368 0.2316 0.1053 0.1000 0.0000
7-9-17 0.4140 0.3825 0.1421 0.0737 0.0526 0.0158
8-12-20 0.4526 0.4123 0.1579 0.1000 0.0632 0.0000

Frames
1-2-9
2-3-19
3-6-8

3-A and 3-A+R (frames 3-10-11 in Table 2), or 3-A+R
initialized with 3-A works worse than 3-A (frames 11-13-15
in Table 3). Table 5 show segmentation results for point
correspondences associated with groups 1-2-3. In general,
algorithms 2-A, 2-A+S, 3-A, and 3-A+R have high errors,
whereas 3-A+R+T and 3-Aff give an error of about
0-19 percent.

Among the perspective algorithms, the one with the best
performance on this sequence is 3-A+R+T. However, the
affine algorithm 3-Aff performs well in most cases, particu-
larly for groups 1-2 where it gives perfect segmentation. This
is because groups 1-2 contain degenerate motions (two cars
moving on a straight line on the same plane) for which an
affine model may be more appropriate than a fundamental
matrix or a trifocal tensor. In fact, when group 3 (camera) is
present, the scene has more perspective effects, and 3-A+R+T
and 3-Aff perform similarly.

4.2.2 Results on the Cars-07 Sequence

Tables 6, 7, and 8 show segmentation results for point
correspondences associated with groups 1-2, 2-3, and 1-3,
respectively, of the cars2-07 sequence. In general, the
performance of the two-view algorithms is about the same
as for the cars2-06 sequence (20-40 percent), whereas the
performance of the three-view algorithms on this sequence is
a bit better, particularly for groups 2-3. However, there still
are triplets of frames for which the best misclassification error
is high (frames 4-9-10 in Table 8), 2-A and 2-A+S perform
better than 3-A (frames 7-10-20 in Table 6), or 3-A+R
initialized with 3-A works worse than 3-A (frames 10-17-18
in Table 7).
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TABLE 9
Misclassification Rates for Sequence Cars2-07-g123

Frames 2-A 2-A+S 3-A  3-A+R 3-A+R+T 3-Aff
8-12-19 0.5016 0.5283 0.4340 0.1981 0.0094 0.0519
8-15-20 0.4921 0.4450 0.5330 0.0189 0.0755 0.0896
9-16-20 0.5692 0.4308 0.5047 0.1085 0.0566 0.1085
10-14-19 0.5566 0.3758 0.4151 0.1604 0.0425 0.0896

Table 9 show segmentation results for point correspon-
dences associated with groups 1-2-3. In general, algorithms
2-A, 2-A+S, and 3-A have high errors (40-50 percent), 3-A+R
gives an error of about 10-20 percent, 3-A+R+T gives an
error of about 0-8 percent and 3-Aff gives an error of about
5-10 percent.

5 DISCUSSION

The fact that the relative performance of the algorithms is not
always as expected should come at no surprise, because the
quality of the segmentation of a given scene depends on
whether the model (mixture of trifocal tensors) is appropriate
to describe the 3D motion of the scene. Often, 3D scenes
contain planar structures, two objects whose motion is similar
in a few frames, objects moving approximately on a straight
line or in the same plane, and so forth. All these degenerate
situations affect the quality of the motion estimates and, thus,
the quality of the segmentation.

The overall findings of our experiments were that the
multibody trifocal tensor methods described in this paper
generally outperform the comparable two-view methods
based on the multibody fundamental matrix [34], [32].
Although this was true most of the time, there were
occasional instances in which the fundamental matrix
algorithm worked better. The advantage of using the
trifocal-tensor method is that critical configurations (often
fatal to success) are less likely to occur.

The iterative methods to refine the results were generally
essential for acceptable results. They were not always
successful, however, and would sometimes even lead to a
deterioration of the results. The lesson to be learned from
this is that the success in motion segmentation is very
dependent on the particulars of the dynamics of the scene. It
occurs not infrequently that the dynamics of the scene or
the camera motion is so constrained that it is not possible to
distinguish separate motions based only on multiple-
motion epipolar geometry, as investigated in this paper.
In such cases, results tend to be more aleatoric.

The present algorithm is mainly recommended for cases
in which only three views are available or affine geometry is
not a good approximation for the geometry of the scene.
The advantage of using many views such as a complete
video sequence is a much greater ability to distinguish
different motions. We have found that the affine-motion
multiple-view algorithm described in [27] gives more
reliable results in cases where it may be applied. We expect
(and demonstrate with our synthetic results) that the
present algorithm will work more reliably when there are
strong perspective effects (which make the affine approx-
imation nonviable).

For this reason, the trifocal algorithm performs better on
synthetic data. However, for real-world scenes, the advan-
tage seems to lie with the affine multiple-view algorithm in
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[27]. In most real scenes, the affine approximation is
reasonable, and we often have many more than three views.

6 CONCLUSIONS AND FUTURE WORK

The multibody trifocal tensor is effective in the analysis of
dynamic scenes involving several moving objects. The
algebraic method of motion classification involves compu-
tation of the multibody tensor, computation of the epipoles
for different motions, and classification of the points
according to the compatibility of epipolar lines with the
different epipoles. Our reported implementation of this
algorithm was sufficiently good to provide an initial
classification of points into different motion classes. This
classification can be refined using an iterative algorithm
with excellent results. It is likely that more careful methods
of computing the tensor (analogous with the best methods
for the single-body trifocal tensor) could give a better
initialization, as could a classification method that pro-
ceeded by algebraically extracting the single-body tensors
from the multibody trifocal tensor. These methods have not
yet been tried. The algebraic properties of the multibody
trifocal tensor are in many respects analogous to those of
the single-body tensor but provide many surprises and
avenues of research that we have not yet exhausted.
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