QUARTERLY OF APPLIED MATHEMATICS
VOLUME , NUMBER 0

XXXX XXXX, PAGES 000{000

S 0033-569X(XX)0000-0

JACOBI FIELDS IN GROUPS OF DIFFEOMORPHISMS AND
APPLICATIONS.

By
LAURENT YOUNES

Department of Applied Mathematics and Statistics and Cente r for Imaging Science
Johns Hopkins University
3400 N. Charles St.
Baltimore MD 21218

Abstract. This paper presents a series of applications of the Jacobi elution equa-
tions along geodesics in groups of di eomorphisms. We desitre, in particular, how they
can be used to perform implementable gradient descent algdhms for image matching,
in several situations, and illustrate this with 2D and 3D experiments. We also discuss
parallel translation in the group, and its projection on shape manifolds, and focus in
particular on an implementation of these equations using ierated Jacobi elds.

1. Introduction.  This paper derives new algorithms for the analysis of image efor-
mations generated by geodesics in groups of di eomorphismsThe general framework is
the one oflarge deformation di eomorphisms, developed in particular in [10, 25, 6, 4].
A primary application of this framework is the research of carespondences between two
images. Matching in this context is parametrized by a di eomorphism, say' , and the
optimal ' is given by the minimizer of an energy of the form [10, 25, 6] @tting id be
the identity function)

E( )= D(d; )%+ izklo gk (1)

In this energy, | o and | ; are the images being comparedl !is the image deformed
by the di eomorphism ' , which is therefore required to be close td ;. The closeness is
measured by the squared.? norm between functions, that we have denotedk:k3, and
weighted by the parameter = 2. All images and di eomorphisms are assumed to be
de ned on an open subset of RY, and space integrals are taken over . The rst
term, D(id ;' )?, is a squared distance between the identity transformationand ' . This
distance is obtained by placing a Riemannian structure on tle group of di eomorphisms
[24, 19, 17, 18, 26]. This will be summarized later in this seion.
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Such an approach has the big advantage to always provide di emorphic (non-ambiguous)
correspondences, while conserving a notable degree of snttmeess, even for very large de-
formations. The counterpart is an increase of the computatbnal complexity compared to
other \static" methods used in this context [5, 22, 23]. The framework is also somewhat
more demanding mathematically. We now take a little time introducing it.

As introduced by [9], we build di eomorphisms as ows assocated to non-homogeneous
ordinary di erential equations (ODE's), of the form y; = v(t;y). (Here and in the rest
of the paper derivatives and partial derivatives are indicaed by subscripts: y; = dy=dt)
The function v is a time dependent vector eld which becomes an auxilliary \ariable for
the matching problem. It is assumed to vanish on the boundaryof (or at in nity if

is not bounded). It generates a time-dependent di eomorphism (the associated ow),
de ned by
"L x) = v(tx); " Y(0;x) = x
(again, ' { is the partial derivative of ' ¥ with respect to time). Di eomorphisms gener-
ated in this way have been shown to form a group that we shall deote Gy . This leads
to formulate the inexact matching problemas the search for the minimum of the energy
z 1
E(V) = kv(t)kE + i2|<|O V) Y 14K )
0

where v(t) and ' (t) are the function x 7! v(t;x) and x 7! ' (t;x) and kik,, refers to a
norm over vector elds that will be discussed later. This problem, formulated in [10, 25],
has been numerically solved in [6], with an alternative proedure provided in [4].

This problem is equivalent to (1) if the minimum there is searched over' in Gy. This

is because 8s 9

< z 1 =
D(; ™ :=min kv(t)kZdt:'~="v(@1) "
: o ;
is a distance between di eomorphisms, and mig E(v) = min - E(* ) with
E()= min E(v)=D(d;" )%+ izklo ol ke

v V()="

The distance D is in fact a Riemannian metric on Gy . Metrics that are written
under this form are such that the optimal v satis es an evolution equation, which has
been described in abstract form by Arnold [3, 2]. This equatdbn also derives from an
application of the Euler-Poincae principle, as describal in [12, 15], and has been called
EPDi. It coincides with the Euler equation for compressibl e uids in the case when
kv(t)ky = kv(t)kz, the L2 norm. Another type of norm on V (called the H! norm)
relates to models of waves in shallow water, and provides th€amassa-Holm equation
[7]. A discussion of EPDi in the particular case of template matching is provided in [18],
and a parallel with the soliton emerging from the Camassa-Hbm equation is discussed in
[13]. For us, the interest of this equation is that it makes pcssible specifying the optimal
v by the initial condition v(0); therefore minimizing E can be rewritten in a problem
involving v(0) only. However, because the dependency dfY in v(0) is quite complex,
the algorithms provided in [6, 4] do not use this property, ard instead directly minimize
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E in terms of the time-dependent vector eld v(t). One of the goals of this paper is to
provide an alternative procedure addressing the problem uiguely in terms of v(0).

The main ingredient for this purpose is the computation of the di erential of ' v with
respect to the initial condition v(0). That such a computation is relevant is clear from the
dependency ofE on' Y(1). These derivatives correspond to a well known geometriobject
for the underlying Riemannian structure, the Jacobi elds [8, 14]. After introducing these
elds, and in particular, the evolution equations they sati sfy, we will be able to provide
a new matching algorithm for images. We will also describe hw Jacobi elds can also
be used to implement parallel translation in Gy .

In the following, will be an open subset of RY, assumed to be bounded for simplicity;
V will be a Hilbert space of square integrable vector elds on . Elements of V will be
assumed to have enough partial derivatives, and to vanish or@. We will denote the
dot product on V by (v;w) 7! hv j wi,, and the value of a linear formm 2 V atv2V
by (mj v). The duality operators K :V ! VandL=K ':V ! V aredened by
(mjv)=Km jvi, and hv jwi,, = (Lv j w). They are symmetric in the sense that
(mjKp)=(pjKm)and (Lv jw)=(Lw jv).

If A'is alinear operator fromV to V,itsdual, A :V ! V ,isdenedby(A mjv)=
(mj Av).

2. Jacobi Fields for di eomorphisms. The group of di eomorphisms Gy is equipped
with a right invariant metric coinciding with hji, at the identity, as described in
[2, 25, 12, 18] for example. A geodesic in this group (startig from the identity in the
direction v(0)) is given by the equation' ; = v(t;' ) where v satis es the conservation of
momentum: for all w 2 V

(Lv(t);w) = (Lv(0);(d' (1)) *w " (1))

This equation uniquely speci esLv (t) as a linear form onV, given the initial momentum
and the evolving di eomorphism * (t).

For a di eomorphism, ', the transformation w 7! (d' Hw 1 is called the
Adjoint of ' and denotedAd: w. The conservation of momentum can therefore be written
(Lv(t);w) = (Lv(0);Ad: ) :w) or Lv(t) = (Ad: () 1) %v(O)). When m(0) = Lv(0) is
a function (in which case (m(0); w) is simply given by ~ m(0) j wiz«dx), a change of
variables provides the expression ofAd ) m(0) which is

(Ad ) m@O)=(d )"m(0) jdetd j

where is a di eomorphism (note that Lv(0) being a function is a rather particular case;

in general, Lv(0) belongs to the dual, V , which contains functions, but also measures
and more general distributions). Under some assumptions othe operator L, the system

of equations

e= V()

Lv(t) = (Ad: () 1) (Lv(0))
has a unique solution over all times with the initial condition ' (0) = id, providing a
time-dependent di eomorphism that we will denote ' V© (t). A proof of this statement
is provided in [26], theorem 7 (which needs to be applied, usg notation of [26], in the
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particular case 2 = 0). This is the exponential map on Gy, for its right invariant
Riemannian structure.

A Jacobi eld (starting at 0) is a time-dependent vector- el d along this geodesic given
by the dierential at " =0 of " 7! ' VO* WO (t), for somew(0) in V. Our rst task
is to derive the equations that it satis es, in a form that wil | be useful for our further
computations.

2.1. Evolution equation for Jacobi elds. We consider a geodesic given by the initial
condition v(0) 2 V, and denote' (t)= ' VO (t), (t)="(t) L. Givenw(@0)2V, ' and

are the derivatives, with respect to" and at " = 0, of ' VO* WO and of its inverse.
We also introduce the vector elds and de ned by

The Lie group bracket on di eomorphisms is dened by ad, =[v; ]= dv dv.
The bracket is related to Ad by (Ad: (-yw)- = ad,Ad- W with v given by ' -(0) =
v "' (0).

We have the following result

Theorem 1. The time dependent vector elds and satisfy the equations
¢ = K(Ad. Lw(0)) K (ad Ad (Lv(0)))+ ad ; (3)
t= Ad KAd (Lw(0)+ ad (Lv(0))) 4)
with (0)= (0) =0.
Also, the variation of the momentum Lv is given by
Lv = Ad Lw(0) ad Ad (Lv(0))= Ad (Lw(0)+ ad (Lv(0))): (5)

Like the big adjoint, ad m can be computed, at least whenm is a C* function, and

is given by
ad m=(d "m+ dm + mdiv ):

Proof. This result is proved (in a dierent form) in [16]. We make only a formal
proof by identifying the equations satised by and . We therefore work under the
assumptions that the derivative in " exists.

The inverse di eomorphism, , is governed by the equation { = dv . Taking the
variation in " yields

t +d (dv)= d( Wwod (v)
which yields
t= d "(v) "= Ad(v) (6)
The expression of v in terms of can be computed from the conservation equation,
which yields
( (Lv);w) = ( (Lv(0));Ad w)+(Lvo; (Ad )w)
(Lw(0);Ad w) (Lv(0);ad Ad w)

so that
Lv

Ad Lw(0) Ad ad (Lv(0)):
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which is the second part of (5). Plugging this expression, vih v = K (Lv), into (6)
yields equation (4).

To prove (3), it su ces to notice that, since = d ,wehave = Ad sothat

t = ady Ad- . This directly yields (3), while the rst part of (5) comes fr om
ad = Ad ad Ad whichyieldsad Ad = Ad ad . u
3. Application: gradient descent in the group. We now consider, as a rst

application, the issue of minimizing with gradient descenta function that depends on
a di eomorphism ' in Gy. We will consider functions of the form D (id ;' )2+ E(' 1)
where D is the geodesic distance oGy . When' ="' V@ (1) for somev(0) 2 V, we have
D(id ;' )? = kv(0)kZ = (Lv(0) j v(0)). Since this representation can always be achieved
(geodesics exist between any pair of points Gy, [24]), there is no loss of generality in
working directly with v(0) and minimizing

J(v(0)) = (Lv(0) j v(O) + E( (1) *):

This is the problem we consider now.
3.1. Derivative of J. With our previous notation, the derivative of J(v(0) + "w(0))
(in " at " =0) is given by

2@ jwO)+ dEC () Hi @ @ *

where (1) is given by (4). We now assume thatdE(' (1) 1) can be expressed as a
function, which will be the case in the applications we are dscussing here. Making a
change of variable in the second term yields

2(Lv(0) jw(0)) + jdetd (I)jdE(' (1) 1) " ()] (D) (7)

Note that the assumption that dE is a function will not apply to situations like landmark,
curve or surface matching, for which it will typically be a measure. While computation
is still possible in such cases, the change of variable willeke another form.

We now want to express (7) in a \gradient form", (r J(v(0)) j w(0)). This will provide
a gradient descent algorithm forJ, under the form

vt ) = viM(©0) K r J(v{M(0)):

This requires the computation of the dual of the operationw(0) 7! (1), which is ad-
dressed in the next section.

3.2. Dual of the Jacobi evolution. Since (4) is linear in w(0) and , we introduce a
time-dependent operator, Q(t), such that

() = Q(t)w(0) (8)
We already now that Q(0) = 0, since (4) is initialized at = 0. Similarly, we let
() = R(t)w(0): 9)

We will prove the following theorem:
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Theorem 2. We have

z t
Q (t)w= LAd « KAd 4 H(s;t)ds (10)
0
with
Hs(s;t) = adyg o sKAd S)H(LV(O)): (11)
and H (0;t) = w. We also have
R(t) w= Q(t) Ad. w: (12)

Proof. Introduce the operatorsV(t)w = Ad ()KAd ,Lw and
ut) = (Ad yhKAd yad )(Lv(0)):

With this notation, Q is solution of the linear equation Q; = V + UQ with Q(0) = 0.
Let W (s;t) be the solution of the homogeneous equationW; = UW, with the initial
condition W (s;s) = Id. The solution of the general equation is then given by

Z
Q(t) = W (s;t)V(s)ds
0
so that Z,
Q)= V ()W (s;t)ds:

0
From W (s;t)W (t;s) = Id, we have
(SW(SW(ES)+ WS D(SW(65) = ( WS DIW(ES)+ WS DUSW (55) =0
so that (d=dgW (s;t) = W(s;t)U(s) and, passing to the dual :

dvien = o
d—SW(s,t) = U(s) W(s;t) :
To summarize Q (t) is given by

Q)= tV (t sS)W (t s;t)ds
0

with (d=dgW(t s;t) = U(t s) W(t s;t) : So, xing w and letting H(s;t) =
W (t s;t)w, we have
z 1
Q (Hw = V (t s)H(s;t)ds
0
with Hs(s;t) = U (t  s)H(s;t), H(O;t) = w. We now proceed to the computation of
U andV .
SinceV = Ad KAd L, we haveV = LAd KAd . Write
U (Ad KAd L)(Kad )(Lv(0)):
We rst compute B for B K(ad ) (Lv(0)). We have
(mjK(ad) (Lv(0)) = ((ad) (Lv(0) j Km)
(Lv(0) j adkm )
((adkm ) Lv(0)j )
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sothatB m= (adkm ) Lv(0). Finally,
Um= B (LAd KAd m)= adyy kag m(LV(0))

Putting everything together yields equation (10). Equation (12) is a consequence of
the identity = Ad- . u

3.3. Image matching. We illustrate this with an algorithm for image matching. Her e,
we assume thatl, and |1 are smooth images. We minimize:

(Lv(0);v(0) + (1= Pklo " (1) * 11k3
In this case,jdetd' jr E( ') ' =(2= ?)jdetd j(lo I1 ')r lo, and the gradient is
given by
J(v(0) =2Lv(0)+ (2= ?)Q (1)(jdetd j(lo 11 ")r lo): (13)
One can also add the constraint thatLv (0) = Zr I, for someZ (normality constraint,

see [18]) and write a gradient descent algorithm directly inZ. In this case, making
Z 7" Z + "z, the rst variation is

2(Lv(0) j K (zr 1o))+ (2= 2)(Q (1)(jdetd j(lo 11 ")rlo)jK(zr lo))

which can be written
2zj rlojv(0)+(2=?Q (1)(jdetd j(lo 11 ")r lo)
This gives the gradient descent algorithm onZ:
Z(n+1)= Z(n) rlojv(0)+(@2=2Q ()(jdetd j(lo 11 ")rio): (14)
Recall that ' = ' (1) itself is given by the evolution equations
"e=v(t) o with Lv(t) = Ad (,(Zr 1): (15)

3.4. Experiments. Before providing experimental results using this algorithm, we pro-
vide a few details on our implementation. The computation of the gradient requires
solving equation (14), together with (15) and (10). The gradent descent equation
(14) is combined with a line search procedure (Golden Sectio[21]). The vector eld
jdetd j(lo 11 ")r o is approximated by nite di erences.

Solving (15) is done with a standard Euler scheme:

)= () tv (T (1)

with linear interpolation for the last term. We also solve simultaneously for (t) ="' (t) !
using (t+ t)= (tid tv(t)). The time step t is taken proportional to the norm
of the initial momentum Lv(0) = Zr 1(0), i.e. proportional to (Lv(0) j v(0)) %2 The
solution of (10) proceeds similarly, combining a Euler schme with nite di erences and
linear interpolation.
An important issue concerns dealing with the kernel and its hverse. We use a censored

Gaussian kernel with null boundary conditions on the image @main . This kernel is
de ned, in the continuum, by

K(xy)= (x)ek x ¥<=@ 9 (y)
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Fig. 1. Function used for censored Gaussian kernels

where is a smooth function which is positive on , but vanishes in @ and has vanishing
derivatives there also. With rectangular images, we seleetd to be the function (de ned
on [0;1]%)

xd
o(X) = exp i@ x) *

i=1
rescaled to the image domain. A discrete version of this is mvided in gure 1. Inversion
of the kernel requires to solve the deconvolution problemKf = g, that can lead to
unstable procedures. This is stabilized in our algorithm bysolving Kf + "f = g, for a
small " > 0, using conjugate gradient. Note that no kernel inversion $ needed to solve
(15), and only one is required in (10).

Figure 2 Provides examples of non-rigid alignment obtainedwvith a small database of
shape images. Figure 3 provides results of the same algorithapplied to 3D data (from
the Biomedical Informatics Research Network { BIRN).

3.5. Remark: Newton algorithm. This section and the following describe other pos-
sible versions of this approach, and are invitations to futue works. We rst discuss a
possible implementation of the matching algorithm using Nevton's algorithm.

One can show that the optimal momentum must satisfy the equaton, proved in [6].

Lv(0) = izjdetd'j(lo I ')r 1o (16)

This can be deduced from our computations here using the fastthat the J(v(0)) =0 in
equation (13) and the identity Q (1)(Lv(0)) = Lv(0) that we justify for completeness.

This fact can be seen as a consquence of the identity, true omg Riemannian manifold
[14]:

hv j wi = h(dexp(Vv))v j (dexp(v))wi:

With our notation, this gives (Lv(0) j w) = (LR (1)v(0) j R(1)w). Using the fact that
R@)v(0) ' (1) =(@=@"** VO = y(1) ' (1), we ndthe identity R(1) Lv(1) = Lv(0).
Now, using (12), we haveR(1) Lv(l) = Q(1) Ad. ) Lv(1) = Q1) Lv(0) by the
conservation of momentum, which is the desired result.

Equation (16) can be seen as resulting from Pontryagin's prciple in optimal control.
In nite dimensions, a standard approach is to nd the contro| (here v(0)) by directly
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Fig. 2.  First column: template image; second column: target im-
age; third column: deformed template; fourth column: defor med
target; fth column: initial momentum ( Lv (0)). The initial momen-
tum encodes the target shape along the boundary of the templa te.
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Fig. 3. Comparison of two 3D hippocampi shapes from the BIRN
database. First row: Template, Target; second row: deforme d Tem-
plate and Momentum; third row: superimposed Template and Ta r-
get, and deformed Template and Target. The color code for the
Momentum is, from negative to positive: magenta, brown, whi te
green yellow, white being 0.

solving this equation once a gradient descent brought/(0) close enough to the solution
(this is shooting method). We now consider whether this is pagsible in our in nite
dimensional case, using, in particular Newton's method.
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This method requires to compute a small variation of (16). Teking v = v(0) + w(0),
a rst order expansion in w(0) is (with (1) = R(1)w(0) like in theorem 1)

Lv(0) + Lw/(0) = izjdetd' ilo 11 ')rlo

+i2jdetd'j((lo l1 ")div( 1)) * hr 12 " j (@) "i)rle:

Newton's method consists in solving this equation with resgct to w(0), then replacing
v(0) by v(0)+ w(0) and iterating. Obviously, the key problem is computing w(0) at each
step. Letting

Aw(0) = w(0) izK(jdetd'j(div( @) "Uo 1 ") hr Iy " j (@) "i)rlo)

andb= v(0)+ LK (jdetd j(lo 11 ')r lo), we need to solveAw(0) = b. Let AT be
deneby ATwjw®, =hwjAwd,, sothat AT = KA L. One possible approach is to
solve AT Aw(0) = ATb, which can be done by conjugate gradient, as soon a&" can be
computed, which may be done as follows. First, we have

(mjKjdetd j(div( (1)) "(lo 11 ")rlo)
=(jdetd jdiv( (1)) "(lo 12 ")rlojKm)

= (div( (Do l)rlo " jKm )

= (@ijrh(o lrlo " jKm i)
Similarly
(mjK(detd jhriy " j (@) "irlg) = (hrlyj Qirlg jKm )
= (Km jrilg irlij (1)
The di erence of the two expressions is
( @jhrig j Km ir (o )+(lo Iy)rhr 1o ' jKm i)
This implies that
Am=m R() (hrig j Km ir (o )+(lo Irhr 1o ' j Km i):

and AT = KA L.

3.6. Remark: Symmetrizing the alignment process.The matching function in (1) is
asymmetric in I and I 1: if ' is a minimizer of E in (1), then ' ! does not necessarily
minimize E with | and | ; interchanged. This asymmetry is due to the data attachment
term, since

klo o1 |1k26 kl]_ ' |0|(2;

the rst term, D(id ;') is symmetrical (D(id;' ) = D(id;' 1)) because of the right
invariance of the metric. This asymmetry can be justi ed by t he initial interpretation of

this energy in term of deformable template theory. In this cantext | is the template, and
d(id ;" ) is the deformation cost involved in the transformation 1! 1o ' !. The data



1&p LAURENT YOUNES

attachment term then can be interpreted as observation noig, explaining the di erence
between the ideal image (the deformed template) and the obseed one, | ;.

In situations when the asymetry template/target is not natu ral, it may be preferrable
to symmetrize the procedure. This can be easily done by sligly modifying the data
attachment terr? to be

Z
U(lo;l1;' )= jdetd ' 1 21, * 1 11)2dx= jdetd j¥?(l¢ 11)%dx:
with ="' 1 Indeed, with thiszchoice, we have
U(lo;l1;') = jdetd j*(lo I1)%dx
Z
= jdetd j*2(1¢ 11)2dx
Z
= jdetd ' j*?jdetd j(lo 11 ' )3dx
= U(lsslo )
With che previous notation @ = , we can compute the variation ofU to be
@uU = jdetd j*¥2(1, I1)br 1 i idx + % jdetd j¥2(l¢ l1)%(div ) dx
Z Z
. 1 .1:2 1 . . 1 . 1 .1:2 1 2 -
= jdetd" j*™“(lo 11 ")hrlgj idx+ > jdetd' j"™“(lo 11 ' )“div dx
Z 1Z D E
= jdetd j**2(1g 11 ')hrlgj idx > r (jdetd j*2(lg 11 ')?)j dx

Therefore, the new expression of the energy gradient (13) is
J(v(0)) =2Lv(0)+ (2= ?)Q (L)(jdetd j*2(lo 11 ")r lg)
(1= ?)Q (r (jdetd j*2(lo 11 ")%) (17)

Another way to enforce symmetry, which is generalizable to ther types of data at-
tachment terms, is to place the comparison at the midpoint ofthe geodesict 7! ' (t).
Indeed, consider the geodesic evolution iy starting at id with velocity v(0), and let
w(0) = v(1) wherev(1) is the nal velocity of the geodesic. Then, one can prove hat

PwO () VO (1) = VO (1 p)

and the nal velocity of the geodesic starting from id with in itial velocity w(0) is v(0)
(this is just traveling along the same geodesic ofsy in the reverse direction). Because
the velocities have constant norm along geodesics, we have

kv(O)kZ + klp  VYO@=2) 1, 'VO@) VvO@E=2)k2=
kw(O)kZ + kI  YO@@=2) 1, '"O@) YO @=2)k:

This argument shows the symmetry of the matching method with the data attachment
term replaced byU = klp  (1=2) 11 ' (1) (1=2)k3.
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In thi; case, the variation U is (after computation)
U=2 (lp 1 "@)jdetd (1=2)jthrlgj (1)i hr (11 '(@1)j (1=2) (@@)i)dx:
so that, the gradient is

2Q(1) ((To 11 " (@)jdetd (1=2)j(r lo+r (12 ' (1))
2Q(1=2) (1o 11 ' (1)jdetd (1=2)jr (I " (1)):

3.7. Remark: Image Metamorphoses.The previous results can be formally applied to
image metamorphoses ([19, 27]). Image metamorphoses can Hescribed via the action
of a larger group, which is the semidirect product of the grop Gy of di eomorphisms
and the spacelL 2. This is a special case. In general, metamorphoses (as de dén [27])
do not reduce to semi-direct products.

We consider the spaceGy n L? which consists of all elements th ) 2 Gy L2,
equipped with the product

Gh)Cs M= =R teh):
Gy n L2 is equipped with the right-invariant metric associated to the dot product on
voLE D E ,D E
(vi)j(w?) =hjviy+— 7
This product can also be vgritten .
V)i = Cvi)iw)

where ((v; ) = (Lv; = 2). In particular, K = [ 1is given by K(m; ) = (Km; 2).
The associated metric onGy n L2 induces a canonical metric on images via the projection
(';h ) 7! h. We associate curves irGy n L? to time dependent pairs (v(t); (t)) 2V L?
via the equations (which are a generalization of { = v ')

'v=v 5 h¢= hr hjvi (18)

L2’

The geodesic and Jacobi equations are formally the same dBy n L? as they were for
Gy . To explicit them, we only have to compute the adjoint maps ard their conjugate
for this larger structure. First, write

(;h)(Cs m(;h) 4 tehy(toh o)
= (| o l; h ' 1 ' 1 + h— ' 1 + h)

1
—~
..I.'

o

The Adjoint is obtained by taking (% f) = (id + "v;" ) in the previous formula and take
the derivative with respect to ", yielding (at " = 0):

Aden y(v; )=(Ad v; ' T+ hrhjAd vi)

where Ad: refers to the Adjoint in the group of di eomorphism as before. For the dual,

we have, form2V and 2LZ
(m; ) j Aden y(vs ) (mjAd-v)+ j ' l+hrhjAd vi

Ad. (m+ rh)jv +(jdetdj ' j )
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yielding
Adg, y(m; ) =(Ad (m+ 1 h)jdetd j ')

In particular, the conservation of momentum that characterizes geodesics (speci ed by
(18)) in Gn L2 is Ad.,, \(Lv; = 2) =cstor (Lv; = 2)= Ad(. p )(Lv(0); (0)= 2).
This gives

(sh)
1
Lv=Ad (Lv(0) — ©r (h "))
= jdetd j (0)
In the rst equation, we have
Ad ((©Or (h ")=jdetd j@© d "dT" 'rh= rh

Therefore we have
Lv = Ad. Lv(0)+ r h

= jdetd j (0) (19)

The expression ofad,. y(w; ) comes by di erentiating Ad., y(w; ) with respect to
", where' =id + "v.andh=" . This gives

ady; y(w; )=(adyw;hrhjwi hr jvi):
The same operation on the dual yields
ady. y(m; )=(adm+ r ;hr jvi+ divv):

This provides, for example, the Jacobi evolution for a varidion of the initial ( v; ) by
a perturbation in the direction of (w; ). Let, for example ( '; + hrh j vi) be
the perturbation of (;h ) 1. We have, appying (4)

(; )= Ad nKRAd  ((Lw(0); = ?)+ ad;; ((Lv(0); = ?))

Other quantities, including Q (1), adapt similarly. This opens the possibility of an
implementation of metamorphoses using Jacobi elds. Dendhg (* V@20 ; hv(®20)) the
solution of system (19), the problems consist in minimizing(Lv (0) j v(0)) + 2kz(0)k3
under the constraint that hV©:z©@ = |; |, (" v©@:z@) 1 This can be done by
minimizing

E(vi)= 11 lo (¥) ' hv}

using gradient descent. One can furthermore use the fact thaoptimal solutions satisfy
Lv(0) = r 19z(0) and work only with the initial z.

It is also possible (maybe not feasible) to try to solve the egation 1, 1o (" V) !
h¥* = 0 using Newton's algorithm, similarly to section 3.5.

Note that geodesic equations derived from the action of semilirect products is related
(with some important di erences) to evolution equations derived in nite and in nite
dimensional mechanics [12].
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4. Application: Parallel Translation. As a second application, we discuss an
implementation of parallel translation in the group of di e omorphism and between images
using Jacobi elds, with he following motivation.

There are situations when the objects of study are not a shapeor images, but the
relative positions of pairs (or m-tuples) of them. The usual point of view in computational
anatomy [11] (and many other approaches in shape analysisyitemplate-based: before
analysis, all the observations are placed in a \common coorlidate system" by registering
them to the template. This point of view is based on the expecation that objects with
di erent shapes will end up having di erent representations relative to the template, as
illustrated, for example, on our 2D simple shape database (lgure 2), where the target
shape could be read from its momentum representation in the dc-centered coordinate
system.

However, this representation is not adequate to easily addrss issues about the relative
positions of the shapes. For example, one would be willing tdecide whether a rectangle,
relative to a square, is in some way in the same relation as anllipse, relative to a disc.
The same is true for real applications, like studies of growh or other shape evolution.

A natural way to represent relative positions on a manifold is by using tangent vectors.
They are of course rst order approximations of a variation, but can also represent large
variations as initial velocities of geodesics, at least in lhe presence of a Riemannian
structure. It is therefore natural to consider the issue of dsplacing a tangent vector at a
given shape toward the tangent space at another shape. On Rieannian manifolds, this
can be done using parallel translation.

In the following sections, we discuss parallel translationin the group of di eomor-
phisms, then on shapes or images spaces, which are project®of the group obtained by
the action on a template.

We (formally) identify V to the set of right invariant vector elds on Gy, via the
relaton v2 V. $ XY :' 7! v:' = v '. The bracket on V is such that [v;w]' =

[XV; XW¥] where the last term is the Lie bracket between vector elds, K;Y ]= XY
Y X.

4.1. Parallel translation on G.

4.1.1. Covariant derivative. Parallel translation along a curve being characterized
by r X =0, we need the expression of the covariant derivative orGy . If X is a vector
eld on Gy, we let vk be the function' 7! X. ' 12 V. vx therefore is de ned on Gy
and takes values inV. We have the following proposition.

Proposition 1.
(rvX) =(Ayvx +(Yw))' (20)
with

1
AW = > adlw+ad]v adw (21)
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Proof. This is proved in [1], [16], and derives from an application dthe general formula
for the Levi-Civita connection on a Riemannian manifold, namely

2hryX jZi=XhY jZiy, + YK jZi, ZWXjYi,
+HY;X]jZi h Y jIX;Z]i h X j[Y;Z]i: (22)
and on the identity (with notation from the proposition) Vvix.y 1= Xvy YW +[Vx;Vvy].
u

4.1.2. Parallel translation. Let Y coincide with _along a curve . If v(t) = v ( (1))
and w(t) = vx ( (t)), we obtain the equation for the parallel translation along

dw
- + =
at Ayw=0

or

dw 1 T -0-
E+§ ad,w+ad,v adw =0:

(In particular, for v = w, one retrieves the geodesic equatiodv=dt+ad, v = 0.)

The parallel translation in cotangent space can also be exptited. Denote, as usual,
by L the duality operator L : V! V andlet K = L 1. Then, the covariant derivative
of 1-forms is characterized by:

YMJX)=(ryM jX)+(M jr vX)

For' 2G,Denem(")2V by(m()jv)=(M jVv'): we wilwrite M = m'. Then
one has M j X)=(m jvx). This yields

(Ymjv ) +(mjYw)=(ryMjX)+(mjYw + Ay, vx):
Therefore
(ryMjX)=(Ymjvx) (mjAy, vx):
We have (m j ad,w) = (ad ,m j w),
mjady,v = Kmjadyv , =hjwKmli= (adgy,Lvjw)
and mjadlw = hwjad,(Km)]i. This implies that
2(mj Ay vx)= ad,, mjvx hadg, (Lvy)jvxi+ had,, (Km)jvxi

which implies
(ryM)g= Ym+ %(adVY m+ady, (Lvy) Lad,, (Km)) g

The equation for parallel translation along therefore is

1
%—T+ i(adwp+ ad,m Ladw)=0 (23)
with the notation _=v ,v=Kp andw= Km.
Again, for v = w, we retrieve the conservation equation
dm +ad,m=0:

dt
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4.1.3. Parallel translation along geodesics and Jacobi elds.When is a geodesic on
G, parallel translation along can be related to Jacobi elds. We indeed have the relation,
in a Riemannian manifold, ( t) holding for parallel transport along the geodesic,

( HW() = J(t)=t+ o(t):

Since (2 t)w(0) = ( t) ( t)w(0), we see that we can implement parallel translation by
iterating the computation of normalized Jacobi elds over small periods of time. We
describe this in more details in the next section, rst for a general manifold, then in the
case of the groupG.

4.2. Discretization using Jacobi elds.

4.2.1. General algorithm. For a point ' on a Riemannian manifoldM and a tangent
vector X at ', denote (t;';X ) the geodesic starting at' in the direction X. If Y is
another vector tangent to M at ' , we want to compute the parallel translation of Y
along this geodesic. We will denote this byP (t;Y).

We consider the Jacobi eld measuring the variation of the g@desic when the initial
direction X is slightly perturbed by X 7! X + "Y , namely

J)y=J5XY )= di t5X +"Y):

Using
P(tY)= %J(t;g;X;Y)+ o(t);

we can use the following procedure to approximatd® (1;Y) [2]: let =1 =NandYp =Y,
then iterate

1
Yier = —3( 5"k Xk; Yk)

until k= N (' x and X, come from the discretization of the geodesic with stefk).

This algorithm is described in the appendix of [2]. One can eforce the conservation of
norm and angles as follows. LeX .1 be the velocity of the geodesic attim& = ( k+1) =N.
The value of Y41 previously obtained can be replaced by

Yier = X k1 + Y
D E
where and are computed by solving the equationk Y1 k2k+1 = kYkak and Yi+1 | X1
D E k+1
Vi | Xk
k

4.2.2. Groups of di eomorphisms. We now adapt this algorithm to groups of di eo-
morphisms, with our previously introduced notation. We consider a geodesic starting at
the identity, and a vector w(0) 2 V. The parallel translation along the geodesic starting
in the direction v(0) can be computed as follows. Let (t) = R(t;v(0))w(0) be such that
(d=d")' vO+* WO ty= (t) ' VO (t). Forasmall =1 =N, iterate

w(k+1)= R( ;v(k)) w(k)=

until k = N. The parallel translation of w(0) is w(N) ' (1).

Conservation of the norm and of the dot product with v can be enforced as before,

keeping in mind that the norm which is used iskvk? = (Lv j v).
4.3. Parallel translation in an orbit.
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4.3.1. General formulation. Objects of interest, like image and shapes, are not dif-
feomorphisms, but are acted upon by di eomorphisms. To addess this, we consider an
action (G;M) ! M and the induced metric. The action is assumed to be transitie (or
restricted to an orbit), and we X my, a reference element ifM (the template).

We de ne the projection :G! M by ()= "my Forv2V andm2 M, we
use the notation ,(v) = v:m for the in nitesimal action on m (vim 2 T,M), and let
Vm = fv:vim=0g.

Form2 M, we let G, = 1(m) be the ber over m. For' 2 Gn, T. G, is the
vertical space overm: it is equal to the right translation of V,,, denoted V,,' . The
horizontal space is orthogonal toVy,' in T, and equal toV,}' by right invariance.

Note that , restricted to V.’ is a bijection onto T,,M. We will denote v for the
inverse image (lifting) of 2 Ty M under this map: v 2 V. andv m = . The metric
on M is de ned by

kk,= v ,, =inf fkvk, :vm= g: (24)
A vector eld X on G is horizontal if Xg 2 Vg?:mog for all g. Given a vector eld on

M, there is a unique \basic" horizontal lift to a vector eld, d enoted " on G de ned by
"y=vmgform= (g).
It can easily be proved (cf. [20] or directly from the formula for the covariant deriva-

tive) than, when and are vector elds on M,
(r )=d (r":
This is therefore the projection of the covariant derivative of the lifted vector elds.
Letting v (" ) = v ¢) and similarly for v , we have
(r AA)- =("w + A, V)

Consider a curvet 7! m(t) on M: this can be lifted in a unique way as a horizontal
curve' (t) on G with

t = me (t)
In particular, m{ = ' ;mg = v™tm. Parallel translation along m is therefore characterized
by (using d (' )(v:') = vim)
Vi + Aymiv. m=0:

Since = v :m, we have { = v.:m+ v (v™tm). We therefore get the evolution equation
t+(Aymv)m=v (V'tm):

4.3.2. Discretization using Jacobi elds. When parallel translation is computed along
a geodesic, we can use again Jacobi elds. Because the metoo M is the projection
of the metric on G, the geodesic onM starting at m in the direction simply is the
projection of the geodesic onG starting at id in the direction v . In other terms, with
our previous notation:
(tm; )=", (t)m
From this comes the fact that

J(tm; ; )= di (tm; +" )=(R(tv )v )('m):
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In other terms, to compute the Jacobi eld J(t;m; ; ) it su ces to lift and into v
and v , then compute the corresponding Jacobi eldw on G, and nally, to reproject it
onM.

4.3.3. Application to parallel transport with images. Di eomorphisms act on images
by (;1 )! m ' 1. This implies that the in nitesimal action of a vector eld o n an
imagel isv:l = hr | jvi. If isascalar eld, its lift v is de ned by the constrained
minimization problem:

v =argmin(kvky :hrl jvi= ):

Introduce a space discretization by reducing the constraits to a nite grid constituted

by points x1;:::;Xm . In this approximation, we therefore only require that, for all j:
(x;) = r x;1 jv(x;) . Insuch a case, we know that the solution takes the form
v(X) = KGXj) jr x|
i=1
with ; 2 R. The coecients 1;:::; m will be determined by the constraints which

yield (assuming that the kernel is scalar)

W D E
(Xj0) = K(XjoiXj) Txol Jr 1 5 (%= 1500 M
j=1

This is an M dimensional linear system, which can be solved, for exampldoy conjugate
gradient.

Another approach is possible when is already given by w:l for some vector eld
w. In this case, the constraint can be written hv  wjr Ii = 0. De ne the vector
N, tober I=jr Ijwhenr | 6 0 and Oisr | = 0. The constraint can be rewritten
hv. wj N;i = 0. Dene the operator P, by (P, h)(x) = h(x) h h(x)j N;(x)iN;(x).
The problem we need to solve is equivalent to the minimizatio of jP; h  wj2 with respect
to h2 V. We have

1, S 1 . . o
SiPih wjg = S(LPIhjPh) - (Lw j Prh)+ wig

so that the problem is (formally) equivalent to minimizing ( 1=2)(h j Ah) (bj h) with

A = PLP, andb= P, Lw (using the fact that P; is self adjoint for the L2 inner product).
This can again be implemented using conjugate gradient. Tt second approach seemed
more robust in our experiments.

Figure 4 provides examples of transformations resulting fom parallel translation using
our basis of simple shapes. The experiment answers the folling question: given three
images,l1;12; 13, which image | 4 is in the same situation relative to |, as |3 relative to
I1. This is done by computing the initial momentum of the geodesc betweenl; and I3,
then parallel transporting it along the geodesic betweenl; and I,, and nally shooting
from |, with the obtained momentum.
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Fig. 4. Using parallel translation in the shape database. Image 4
is, relatively to Image 2, in the same position as Image 3 rela tively
to Image 1.
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