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LOCAL GEOMETRY OF DEFORMABLE TEMPLATES*

ALAIN TROUVE! AND LAURENT YOUNESH

Abstract. In this paper, we discuss a geometrical model of a space of deformable images or
shapes, in which infinitesimal variations are combinations of elastic deformations (warping) and of
photometric variations. Geodesics in this space are related to velocity-based image warping methods,
which have proved to yield efficient and robust estimations of diffeomorphisms in the case of large
deformation. Here, we provide a rigorous and general construction of this infinite dimensional “shape
manifold” on which we place a Riemannian metric. We then obtain the geodesic equations, for which
we show the existence and uniqueness of solutions for all times. We finally use this to provide a
geometrically founded linear approximation of the deformations of shapes in the neighborhood of a
given template.
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1. Introduction. The theoretical developments which are addressed in this pa-
per are motivated by the theory of deformable templates, as it emerged from the work
of Grenander and his collaborators in the 1980’s [19, 21, 22, 20], to handle image pro-
cessing problems. This theory has an abstract formulation, in which the purpose is
to represent the variability within an object class by the variations in shape, or color,
etc., of a single object, submitted to the action of “deformations.” For instance, a
model designed to describe a picture of a human face should be able to explain inter-
individual variations but also variations caused by the change of expression of a given
individual, and by the changing of imaging conditions, such as lighting, occultations,
etc. The interesting feature in Grenander’s construction is that it assigns a large part,
sometimes all, of the variations to a fixed structure, describing the deformation, which
is independent of the particular instance of the observed image. This structure most
of the time belongs to a group, the group of deformations, which is acting on the set of
objects. The specific choice of the group depends on the application and on the type
of visual features which are modeled, like pixelized images [18] and discretized shapes
[20, 29, 23]. In such discrete settings, the group action is used to generate variations of
the constituting generators of the object (pixels for an image, segments for polygons)
and therefore are modeled as finite dimensional groups, generally products of linear
or affine groups. In the simple example of labeled collections of points (landmarks),
the deformation may simply correspond to independent translations of each point,
but when the question is raised of the similarity of two collections of landmarks, one
would like to figure out the amount of deformation which is required to transform
one of them into the other. When evaluating this deformation, it is clear that the
lengths of the induced translations should have some impact, but that this is not the
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only factor and often not even the main factor. One would also like to draw conclu-
sions on the smoothness of the deformation, based on the fact that, in the context
of large deformations of shapes, a lower similarity must be associated to a collection
of translations which point to erratic directions, compared to a more homogeneous
displacement. We see, in this case, that a global point of view on the displacements
is needed. Spline-based landmark matching [9, 26] specifically addresses this issue by
seeking the smoothest function which interpolates the considered displacements.

When dealing with image deformation, the need to pass to the continuum is
even more obvious. In this case, deformations, which should provide nonambiguous
point displacements, must be diffeomorphisms on the image support. This nonam-
biguity constraint, however, has been relaxed in most of the early attempts to deal
with this issue, working preferably with linear spaces of deformations [6, 7, 8, 2, 1, 14],
which can be seen as first order approximations. Dealing explicitly with true deforma-
tions, i.e., diffeomorphisms acting on the support of images, was rigorously formalized
by Riemannian metric arguments on the groups of diffeomorphisms in [32] for one-
dimensional problems, and in [31] in full generality (see also [30]). Stemming from the
simple representation of right invariant metrics on groups of diffeomorphisms along a
path in this space, i.e., time-dependent deformations, in terms of the Eulerian velocity,
this last reference built diffeomorphisms as flows associated to ODEs (a construction
which was already present in [3]) and transferred the modeling effort to the linear
space of velocities, i.e., of vector fields defined on the image support. Under suitable
Banach space structures on these linear spaces, the extension of the ODE solutions for
infinite time and the existence of minimizers to general variational problems in this
space can be ensured, providing rigorous sufficient conditions for the well-posedness
of many practical problems in template matching. This analysis rejoined the line of
work of Miller and his collaborators on the estimation of large deformation diffeomor-
phisms [13, 26], in which velocity-based models have been introduced, and variational
properties studied in [16]. In [27], the interest in considering a lifted group action,
on the cross product of the group itself and of the image space, was demonstrated in
a wide variety of applications. The final metric on the image space was obtained by
projecting a right-invariant Riemannian distance designed on the product space.

The approach we follow in this paper addresses the same kind of construction
as in [27], which focused on the metric aspects, but from a different point of view.
Our purpose is to start from the infinitesimal analysis of small deformations of im-
ages in order to model and measure image variations and define differentiable and
geodesic curves in the image space. We shall accept conditions which ensure enough
smoothness on the diffeomorphisms but try whenever possible to avoid placing such
smoothness assumptions on the images themselves. Such a choice, which is very im-
portant given the discontinuous nature of images, is made at the cost of increasing
technicalities and notation, as will be seen in section 3, in which the basic geometry of
the model is presented. Here, we define the tangent space at a given square integrable
image ¢ as an equivalent class for all possible variations resulting from an infinitesimal
combination of a deformation (geometry) and of the addition of a square integrable
function (photometry), yielding what can be called a morphometrical variation. We
then equip it with an inner product and define from it lengths and energies of curves.
This metric is based on the best tradeoff between geometrical and photometrical vari-
ations. Still, in this general setting, we show the existence of minimizing geodesics
(curves of minimal energy) between any two images.

The rest of the paper is devoted to the study of geodesics and their generation
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from initial conditions. The motivation in this study is the possibilities it offers for
prototype-based image representation and the generation of image variations and de-
formations from initial conditions belonging to a vector space. In this context, the
geodesic equations are derived under the assumption that the deformed prototype is
smooth (H'), but with no restriction on the other endpoint. This is done in sec-
tion 5.2.2. The obtained evolution equations are then generalized to a form which
does not require the smoothness of the initial position and that we conjecture to rep-
resent a comprehensive class of image evolutions. The equations, under this form, are
studied in section 7, where we prove that they have a unique solution over arbitrary
finite time intervals. Our last result shows the local nonambiguity of this represen-
tation, at least in the smooth case: from a smooth prototype, the solutions of the
geodesic equations in small time cannot coincide if they have been generated from
distinct smooth initial conditions. This is done in section 9. The last section, 10,
presents numerical experiments, which illustrate the feasibility of retrieving a target
from the initial conditions associated to the minimizing geodesic starting from the
template.

2. Notation. For further reference, we present in a single definition some of the
main functional spaces we use throughout the paper.
DEFINITION 1. Let k,p € N,, [ € N, and Q be a bounded domain of R* with C!
boundary.
(1) We denote C(2,RP) the space of smooth compactly supported RP-valued
functions on €.
(2) We denote C'(Q, RP) the set of the restrictions to Q of the | times continuously
differentiable RP-valued functions on R,
Let f € C1(Q,RP). We define the norm | f|i.« by

flo 2 3 sup ‘%
,00 — ar |, g

a, 0<|a|<1¥€? Oz} Ozy
where for any a = (aq,. .., aq) € N® we denote |a| = a;.

(3) We denote C}(2,RP) the completion of C°(Q,RP) for the norm | |1 co-
(4) We denote L?(Q,RP) the Hilbert space of square integrable functions in RP
with dot product defined for f,g € L?(2,RP) by

<f79>2é/9<f(:€),g(x)>mdx

(5) We denote HY(Q,RP) the Hilbert space of square integrable RP-valued func-
tions with square integrable first partial (generalized) derivatives. The dot
product is defined for any f,g € H'(Q,RP) by

R osaf o
o g)m 2 <f7g>2+2<aj, ajl>2.
i—1 7 i

3. Measuring distances on the image space.

3.1. In['initesimal transformations. Let us consider a space Jy of functions
defined on €, and taking values on R?, which will be explicitly defined later. To
somewhat fix the ideas, we shall speak of elements of Jy as “images” and use the
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corresponding photometric vocabulary, although our constructions apply to generic
graphs of vector-valued functions.

We want to build a distance, denoted hereafter dy,,, on gy through a Riemannian
analysis. Let j € Jy and h € R, and consider a small perturbation j; of j such that

Jn(@) = j(x — ho(x)) + ho®z(x) + o(h),

where v is a displacement field and z is an R%valued function on . Here and in
the following, o2 is a fixed positive parameter. The transformation from j to jj
is therefore divided in two complementary processes. The first, which we call the
“geometric transformation,” is a pure deformation of the support for which a point
located at z in the first image is pushed to location x + hv(z). The second process,
called the “photometric transformation,” is the residual, obtained by the addition
of 02hz. Both transformations are the main ingredients of any morphing process
between two images. When j is smooth, we have

a] YN jh_j_ 2 .
(1) i i A

The usual geometric interpretation is that v £ %I h_o 1S an element of the tangent

space T;Jw, and, given our representation, it is sensible to let the length |y|; depend
on w £ (z,v) and to let w vary in some chosen vector space W. The solution cannot
merely be to set |y|; = |w|w, where | |y is a norm on W, because the representation
(z,v) + «y is not one-to-one: if w’ = (v’, 2’) is such that

(2) 0?2 —2) —dj(v' —v) =0,

then the transformations along w and w’ of j are infinitesimally equivalent. Hence,
looking for the best tradeoff between geometric and photometric transformations, we
can choose for the metric on the tangent space T;Jw

(3) V15 :inf{|w|w | w = (v,2), v=0%2 — dj(v) }

Now, we can define formally

(4) dye (o j1) 2 in { /

3.2. Differentiable structure. The previous construction is now made rigor-
ous for Jy = L2(9,RY).

Remark 1. Since L?(£2, R%) is a Hilbert space, it has a natural structure of smooth
infinite dimensional manifold. However, the differential structure we need to consider
here is different from the standard L? structure. To see this, consider the following
example: =)0, 1[%, and jj,(z) £ jo(z — hv(z)), where

o jo(z) £ 1,519,
e v € CX(Q,R¥) is such that the first coordinate, vy, of v is strictly positive at
the center ¢ 2 (1/2,...,1/2) of Q.
Then, |jn — jol2/h — 400 so that jj, is not differentiable at h = 0 for the usual L?
differentiable structure, whereas, by the construction above, it will be so for the dif-
ferential structure on Jy (this is a justification for keeping the nonstandard notation
dw for the image space).

Our construction starts with the definition of C'' paths on Jy. We first need to

specify the allowed geometric as well as grey-level infinitesimal transformations.

9j

ot

, j path from jg to jl} )
Jt
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3.2.1. Infinitesimal transformation spaces.

Geometric transformation. We denote B the space of the displacement fields
underlying the infinitesimal geometric transformation. We assume that B is a Hilbert
space with dot product denoted by {, ) and norm denoted by | |g. We assume
throughout this paper that B is continuously embedded in C} (€2, R¥), where p = 1 at
least but may be larger if specified. As a reminder, we recall that B is continuously
embedded in some Banach space B’ (with norm | |g,) of functions if and only if each
element v of B can be considered as an element of B’ and there exists a constant C
such that, for all v € B,

vlg < Clv]g-

Moreover, B is compactly embedded in B’ if it is continuously embedded and any
bounded set for the norm on B is relatively compact in the B’-topology.
We shall also assume that C°(Q, R¥) is dense in B.

Photometric transformation. Grey-level transformations are assumed to be-
long to the space L?(Q, R%).

Finally, we denote W = B x L2(2,R?) on which we place the dot product defined
for w = (v,2) and W' = (V', 2’) by

(w,w)w £ (v,0")p + 0?(2,2)s.

3.2.2. Differentiable curves and tangent space. For any smooth image j,
we have, for any u € C°(2,R?) and any w = (v, 2) € W,

(5) (022 — dj(v),u)s = 0 (z,u)s + (j,div(u ® v))a,

where div(u®wv) € Co(,R?) is defined by div(u®v); = div(u;v). The right-hand side
of the equality is well defined for arbitrary j € Ju -, which leads us to the following
definition.

DEFINITION 2 (C' curves in Jw). Let I be an interval in R. We say that
j: I — 3w is a continuously differentiable curve if there exists w = (v,z) € C(I,W)
such that

(1) j € C(I, L3, R%)) for the usual L?-topology,

(2) for anyu € C(Q,RY), t — (j¢, u)2 is a continuously differentiable real-valued

function and %(jt,uh = 02(z¢,u)2 + (ji, div(u @ v¢))o.

If we define as usual tangent vectors via classes of first order equivalent curves,
we can identify the tangent bundle of Jy from the definition of C' path on Jy as
follows.

DEFINITION 3.

(1) For any j € Jw and any u € C°(Q,R?), we denote L, the continuous linear

form on W (the continuily stems from the continuous embedding of B in
C3(Q,R¥)) defined for any w = (v,2) € W by

(6) iw(w) 2 0 (z,u)s + (4, div(u @ v))s.
(2) We define
(7) E;2{weW |lj.(w)=0, Yuec C=(Q,RY) },
and
®) Tydw £ {j} x W/E;,

where W/ Ej; is the quotient space, the elements of which are denoted .
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Remark 2. The use of a quotient space is a consequence of the nonuniqueness of
the representation of the derivative by an element w € W as explained by (2).

We consider T;Jw as a vector space where for any v = (j,w) and 7' = (j/,@’) €
T;dw, we have v + X'v' £ (j,w + M\w’). Now, if we define

Tw = U T;dw,

JEIw

TJw plays the role of the tangent bundle of the manifold Jyy .
DEFINITION 4.
(1) We denote w : Tdw — Jw the canonical projection defined by w(v) = j for
any v = (j,w) € T;dw .
(2) Let v £ (j,w) € Tdw and w = (z,v) € W. For any u € CZ(Q,RY), we
denote

[I>

(v, u) 2 0?(z,u)s + {j,div(u @ v))s.

(Note that the right-hand side does not depend on the choice of w € W).
(3) For any function v : I — TJw where I is a real interval, we say that 7y is
measurable if ™ o~y is measurable from I to Jw and for any u € C(,RY),
(ve, uy is measurable from I to R.
Returning to Definition 2, we see that C'! curves j admit a lifting ¢ — v = (j;, W)
to Tdw such that for all u € C°(, RY)

d

%(jtv u)y = (e, u)

so that it is natural to define % £ v, € T, dw leading to the formula

d djt
9 —{j =(— .
(9) i, u), <dt,u>
The next step, for our Riemannian construction, is to place a metric on T;dw for all
JEIw.

3.3. Riemannian structure.
DEFINITION 5. For any j € Jw, we define on T;Jw the norm

[Vl = inf{ fwlw | (,w) €7 }.

The infimum is attained at a unique point, as stated in the following proposition.

PROPOSITION 1. For any j € dw and any v = (§,W) € T;dw, since W is a closed
subspace of W, there exists a unique w € W denoted p(y) such that
p(v) £ Argmin w|y.

wew
Hence, |y|; £ [(y)|w. Moreover, b is linear from T;dw to W.

Proof. Since w is a close subspace of W it is sufficient to note that if p is the
orthogonal projection from W to Ej-, then p(w) = 0 for any w € Ej; so that p can be
factorized as a linear map p from W/E; to Ej‘ Now, one easily checks that p(y) € @
and that p(y) minimizes the norm. O
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We can now define the geodesic distance between arbitrary points jg, j1 in Jw by

4
dt

o . 'd . . . .
(10)  dgy (jo, 1) = lﬂf{ / dt | j € Cpy([0,1],dw), jo = jo, j1 =141 ¢
0

Jt

where C1([0,1],dw) is the set of piecewise C! curves in gy which are straightfor-
wardly defined from the definition of C! curves. This definition is the usual definition
for finite dimensional Riemannian manifolds. There is, however, a measurability is-
sue, since it is not obvious from our definition of a measurable path in TJy that
t +— |Vt|r(y,) is measurable. This issue is addressed in Proposition 2, the proof of
which is provided in Appendix A.

PROPOSITION 2. Let v :[0,1] — Tdw be a measurable path in Tdw . Then, po-y
is a measurable path in W and |y|xoy s a measurable real-valued function.

4. Groups of diffeomorphisms. Curves in W naturally generate diffeomor-
phisms on €2 by integration of their first component, which is a time-dependent vector
field on Q which vanishes at 0€2. The relations between the Hilbert structure on B
and the class of diffeomorphisms which can be generated in that way have been in-
vestigated, in particular, in [30] and [16], in which sufficient smoothness conditions
on the vector field are derived to ensure existence, uniqueness, and smoothness of the
flow for all time.

For T > 0, define the set L'([0, 7], B) as the Banach space of measurable functions
v :[0,T] — B such that

T
Vi 2 [ s dt < oo

Similarly, L?([0,T],B) denotes the Hilbert space of square integrable functions
defined on [0, 7] and taking values in B, with the norm

T
qué(A M%ﬁ>

For v € L([0,T)], B), consider the ODE

1/2

d
(11) = =viy).
A global flow solution of this equation is a time-dependent family of functions t — ¢y
such that, for all z € €, po(x) = z and

t
cpt:/ Vs 0 g ds.
0

When the dependence of this flow on v must be emphasized, it is denoted by ¢".
Results in [30, 16] essentially relate the existence and smoothness of such flows
to embedding conditions of B into standard sets of continuous functions. We quote
these results in the following theorem.
THEOREM 1 (Trouvé). If B is continuously embedded in C§ (2, R¥), then for all
T > 0 and all v € LY([0,T],B), the ODE (11) can be integrated over [0,T], and its
associated flow ¢ is such that at all times x — ¢} is a homeomorphism of ).
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NOTATION 1. Assume that B is continuously embedded in C&(Q,R¥), and intro-
duce the map

Ar: Ll([O,T],ﬁ C(Q,Rk),

—
v
Vo= o,

Then, the set A1(L*([0,1],B)) will be denoted Gp.

The fact that G is a group is proved in [30]. Further results on these groups
and on A7 can be found in Appendix C.

The relation between algebraic and metric properties of groups of diffeomorphisms
and some of the fundamental equations of fluid mechanics has been the subject of
several studies, starting with [5], in which the Euler equation is related to the geodesic
equations of groups of diffeomorphisms with an L? metric on its Lie algebra (see also
[3, 4, 24]). Another important equation, the Camassa—Holm equation, which describes
the motion of the waves in shallow water, can be interpreted along the same lines with
an H! metric on the Lie algebra [11, 17]. Here, since the energy derives from both
geometric and photometric variations, the geodesic equations that we derive can be
formally interpreted as conservation of momentum on a semidirect product of the
group of diffeomorphisms and the space of images, as studied in [25]. However, our
point of view of smooth deformations acting on nonsmooth images requires a specific
approach. This is also related to developments in optimal design [28].

5. Geodesics on Jw .

5.1. Minimizing geodesics. The space of C' curves is not well suited to deal
with proofs of the existence of curves of minimal length between two images jo and
j1, i-e., minimizing geodesics. We introduce below the more tractable space of curves
with square integrable speed.

We need first a preliminary proposition saying that square integrable paths in
TJw are uniquely identified by their trace on smooth space-time vector fields in R?.
The proof of this proposition is postponed to Appendix A.

PROPOSITION 3. Let v : [0,1] — Tdw be a measurable path in TJw . Then, if
fol [Ve|2(,ydt < +oo and, for any u € C(2x]0,1[,R?), we have fol (v, ug)dt = 0,
then v =0 a.e.

We can now introduce the space H'([0,1],dw ) of regular curves.

DEFINITION 6. We say that a pathj € C([0,1], L?(2, R%)) is reqular if there exists
a measurable path v : [0,1] — Tdw such that w(y) =j, fol |v¢|2dt < oo, and, for any
u € C2(]0,1[xQ,RY), we have — f01<jt, %hdt = fol (vt , ug)dt. From Proposition 3,
the path v is uniquely defined; using the notation % £ ~,, we get the integration by
parts formula

! ou )
12 jt, — =— == .
" I R KL
We denote H*([0,1],dw) as the set of all the regular paths in C([0,1], L?(2,R%)).
~ PROPOSITION 4. We have C*([0,1],dw) € H'([0,1],dw) and both definitions of
9% coincide.

ot
Proof. Let j € C*(]0,1],dw). There exists w = (v,z) € C([0,1], W) such that for
any u € C°(Q,R?), t — (j;,u)e is C! and

0

ot <jt7u>2 = J2<Zta u>2 + <jt7div(u ® Vt)>2'
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Certainly, w € L2(]0, 1], W). Moreover, for any u € C’g"(Q R?) and any f € C2°(]0,1[,R),
we have by integration by parts (we denote f’(t) £ ar o)

/1 (Je, ['()u)2 —/ f(t) (e, u / f() dt (Je, u)2dt

so that (12) is true for u® f € C2°(]0,1[x 2, R%). The complete proof follows by usual
density arguments. O
We carry on with an important result which characterizes regular paths in Jy .
For a path v in L'([0,1], B), we define for any s,t € [0, 1]
rs = wio (o))

THEOREM 2. A path j:[0,1] — dw is reqular (resp., is in C1([0,1],dw)) if and
only if there exists w = (v,z) € L?([0,1], W) (resp., € C([0,1], W)) such that
t
jt=Joowiy+ 02/ Zs 0 (ds.
0

Proof. The proof is postponed to Appendix B. 1]
THEOREM 3. Let jo and j1 be in Jw. Then we have

(13) de(jOajl) = ll'lf{ /0

Proof. Let j € H ([0, 1} dw) be a regular path from jy to j; and let w €
L?([0,1], W) such that w; = = D, (gt) for any t. There exists a sequence (w" =

(v*,z") € C(|0,1], W), n € N) such that fo |wi — wi|%,dt — 0. Define

a—Jt dt | je H'([0,1],dw). jo = jo. j 1—]1}
Jt

¢
mo__ V” 2 n V”
it =Joopioto / Zg o (pt’sds.
0

A

We get from Theorem 2 that j* € C1([0,1],Jw). Now, considering w" £ (¥",7")
with 727" £ 27 + (j; —j7) o gp‘s’,nl and ¥" £ v" we get from Theorem 9 (see Appendix C)
that w" € C([0,1],W). Using Theorem 2, we deduce that if j* is defined by
n t n
5 = ooy +o [ o glids
0

then 7" € C1([0,1],dw) and j} = j1. However,

/ dt </ |~7"Wdt—>/ |Wt|Wdt
0 i

when n — oo. Therefore, we deduce that dy,, (jo, j1) f \ | j,dt for any regular path
from jg to j;. Finally, since Cl([() 1],dw) C H([0, 1] EJW) we get the result. O

DEFINITION 7. Let jo,51 € Jw. We say that j € C([0,1], L2(Q,RY)) is a mini-
mizing geodesic path from jo to j1 if j is regular and

(]

We denote Gy, (jo,j1) as the set of the minimizing geodesic paths from jo to j;.

a"

@2

Jt
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5.2. Characterization of geodesics.

5.2.1. Photometric optimality.

THEOREM 4. Let jo,j1 € dw and j € Gy, (jo,j1) be a minimizing geodesic path
from jo to ji. Letw = (v,z) € L?([0,1],W) be defined by w; = ﬁ(%) foranyt € [0,1].
Then z € C([0,1], L?(Q,R%)) and for any t € [0, 1] we have

(14) 20 =120 0 ¢} |d o] -

Proof. Let j € H'([0,1],dw) be a minimizing geodesic from jy to ji, and let
w = (v,z) € L*([0,1],W) such that for any t € [0,1], w; = ﬁ(%). For any u €
C>(]0,1[x2,R9) and any € € R, define

ou

t
Jt =Joowio+ ‘72/ (Zs + 587; o WZ,l) 0 pt,sds.
0

Since t — (vi,z¢ + e o ©y1) € L*([0,1],W), we get from Theorem 2 that j €
H([0,1],dw). Moreover, j, = jo and j; = j; so that

1 2 1 1
/ dt = / (|vt|% + 02 |zt|§) dt < /
0 0 0

Jt

2

-
'l dt

dt

dj
dt

Jt
1
ou
S/ velg + 02 |z + e 0 0)4
; ot

2
dt.
2

Since € is arbitrary, we get

1 1
ou v v . | Ou
0:/0 <Ztaatt°%,1>2dt_/0 <Zt0801,t|d901,t|;6tt>2dt~

Choosing arbitrary u € C°(]0,1[xQ,R%), we get that there exists z; € L?(Q,R%)
such that t-a.e. we have z; o ¢y, |d<,0‘1”t’ = z1. Hence, if Z; = z1 0 ¢} 4 |dg02”1 , we have
z€ C([0,1),L2([0,1],R%)) and z; = 7 t-a.e. Note that Z o @Y o |deY o] = 21 so that

7 = (50 © ﬂ,o ’d90‘1]70‘) © <P¥,1 ‘d¢¥,1| =12po0 SOZ,O ’d@:o

)

and the proof is ended. ]

This leads to the following definition.

DEFINITION 8. A regular path j € H'([0,1],dw) is called a pregeodesic path if
and only if the following equations are satisfied almost everywhere in t:

t
Jt=lJoopio+ 02/ zs 0 @y (s,
0

(15) 20 =120 0 ¢y |deY o],

(Ve,z1) =D (2) .
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5.2.2. Study of the geodesic equation.

Directional derivatives in L2. In this section, we try to clarify the last equa-
tion of system (15), at least in some situations of interest. The difficulty comes from
the fact that, unless j; is smooth enough, this equation does not, in general, specify a
unique correspondence z; — V.

To be more precise, let us analyze the condition that, for all ¢,

(Vi,21) =D <£) .

For this purpose, we first introduce a weak version of the directional derivative dj.v
when j € Jy and v € B.

DEFINITION 9. Let j € Jw .

(1) We define the operator Dj : D; — L?(,R?) by

D; 2 {veB|3IC, st. Yue CX(Q,RY), (4, diviu@v)),| < Clul, },
and for any v € D;, Dj.v is the unique element in L*(Q,RY) such that
(Djow, )y =~ div(u @),

for any u € C(Q,RY).
(2) We define the adjoint operator Dj* : D — B, where

D £ {uwe L (QRY) | 3C, s.t. Yo € D; |(Djv, u)y| < Clolp },

and, for any u € D}, Dj* is the unique element in fj (closure of D;) such
that

(16) (Dj*u, v)g = (u, Djuv),

for any v € D;.

Remark 3. The existence of Dj.v comes from the extension of the linear form
u — (j, div(u®v)) for smooth u into a continuous linear form on L2?(2,RY) for
v € D;. For the definition of the adjoint Dj*, the adjoint is uniquely defined as an
element of D; by (16) (D, is not necessarily dense in B).

Fix j € Jw. We may characterize elements v € D; as follows. (We denote
hereafter ¢V as the flow associated with the constant speed v, = v for any ¢ € [0, 1].)

THEOREM 5. The vector field v € B belongs to D; if and only if there exists a
square integrable function € : Q — R such that
-1

ds.

t
. v . v -1 v v
(17) Jowt(x) =j(x) |dut,|  + /0 §0pg(x) ’dgag:s(z)sos,t

We have in such a case Djv = £ — jdiv(v).
Proof. We first notice that, if v € B,

~G . div(w o)), = [ (5e) o elo@) ldoptol do = 1 [ (o wteta). uta))do.

Assuming that (17) holds, the last expression yields

-1

d
dx

. v |1 d c v v
= [ @ w@ s ot 2 [ [0t u@)]dg wete

= —/ (4(z), u(x)>diV(U)dx+/ (€(@), u(z))de = (§ — jdiv(v), u)y,
Q

Q
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which implies that v € D; and Djv = £ — jdiv(v).

Conversely, let v € D; and & = Djv + jdiv(v). Fix u € C1(Q,R?). Consider
the function f, defined on [0,1] by f(t) = (j o ¢, , u>2. Denote by j(t) the left-hand
term of (17), and g(t) = (,, u),. We have

gt = —<j s udivgy ()v |dx<p8,t‘71>2 + (0w, u),

/Ot<50<p8,s

-1

doy Poi| udiv@g7tv> ds
2
= <§ ° V0.1 —jtdngog'tU, u>2.
Since f(t+¢) = <j 0Py e, O P ’d(pf’ODQ, we have
f'(t) = (Djv, uogio|dpiol), = (Djv) o vy, u),.
Therefore, computing the integral of the difference and using the definition of &,

t t
<] ° wg,t - jta U>2 = / <] © ()08,8 7557 Udivtp&tv>2d$ < |U|2 |v"B/ |j © 50873 7js|2 ds.
0 0

Taking the supremum of the left-hand term over continuously differentiable u with
L?-norm equal to 1 yields

t
Fobu =il <Pola | lioebe =5, ds
which implies ’j °ophL— jt|2 =0 for all ¢. ]

An interesting consequence of this is the following lemma.
LEMMA 1. For any j € L?(Q,RY), one has j € D7 and, forv € Dy,

1
(Djv. )y = =5 (14, divo)
Proof. Indeed, let v € D;. Consider the function
L 2
10 = [ lio gl de

Since f(t) = (|j*, |dgiol),, we have f/(0) = —(|4)*, divv),. Using, on the other
hand, expression (17) yields f'(0) = 2(Djv, j),. d

Interpretation of the pregeodesic equations. The property that w = (v, z) €
W belongs to E;, which states that, for all u € C2°(Q, R%),

o?(z,u)g + (j,div(u @ v))s = 0
is equivalent to v € D; and 0%z — Djw = 0. Consider now some tangent vector
v € T;dw, and study the property that, for some w = (v,z) € W, one has p(vy) = w.

This implies, in particular, that, for all (v',2’) € Ej,

o+ 0|5 + 0% |z + 2|3 > [v|3 + o2 |23,
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which is in turn equivalent to the following: for allv’ € Dj, (v, v')z+(z, Djv’)y = 0.
This implies that z € D} and that (v, v')5+(Dj*z, v')5 = 0,50 that v = —Dj* 2+,
where 7, is the projection of v onto Dﬁ-. Note that this orthogonal component does
not depend on the choice of (v, z) from the equivalence class defining ~ (hence the
notation). We thus may conclude that (v, z) = p(7) if and only if 2 € D} and

v=—-Dj*z4+~v,.

The first conclusion we may draw from this is that, whenever D; is dense in B,
v; is uniquely determined by z; and the condition (v¢,z;) = }3(%). It is given by
vy = —Dj;z;. This is true, for example, when j; € Hl(Q,Rd) at all times, since, in
this case D;, = B (notice that, by Theorem 4, this is true along a geodesic as soon as
jo and j; belong to H(Q,R?)).

However, this is not the general situation. As an example, consider the case when
7 is the indicator function of a subdomain €2y of €2 with smooth boundary. If v is a
vector field on €2 and w is a smooth function on 2, we have

(4, divuw) :/ uw(v, v1)gedor,
o

where v is the outward normal to 9€; and oy is the surface measure on 9€Q;. This
implies that djv may be identified to a singular measure supported to 921, which
does not belong to L? unless it vanishes. Thus, D, consists exactly of vector fields on
Q) which belong to B and have vanishing normal components on 9€2;. For a € RF and
x € R, denote by K,a the element of B such that (K,a, u)y = (u(z), a)g.. Then,
K,v(z) belongs to Djl for any = € 012, and so does any linear combination of these
vector fields. We see that in this case Dj- is nontrivial.

This discussion implies that the pregeodesic condition for a path may be written

t

jt=Joowio+ 02/ zs 0y (ds,

0

Zty = Zg O 90:5/,0 ‘d¢Z,0| )

7 € D;f, and v¢ — Djfz; € Dth.
These equations are not complete yet (in the sense that they cannot be solved
from the initial values (jo, vo, 20)) since they provide no information on the choice of
vy — Djfz, at time t (unless of course Dth = {0}). We need to specify the mode of
propagation of this singular component along a geodesic. The following computation

provides a hint on possible ways to achieve this. Assume that j is pregeodesic and
(v, 2¢) = ﬁ(%). In such a case, we have

2 _
jaaf2 = /Q 1200 0% o Pl of2d = /Q 20l ldit |~y

and

L. v : ! Vo=
20(e) = 301 o eta(@) —do(o) [l | s
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Thus

! 2 |Jl ° Qi1 _JO|
al3 ds = oL
0 fo |d(p0 s| dS

Making the change of variables y = ¢ 1 () yields

[l [ b
s12 )
0 fo |dtp1 o(@) 90 5| THdeY o(x)|~tds

ie.,

1 ; ; v |2
[t L [ el
s12 - 4 1 v =1 b

0 fO |d¢15‘ ds

and the geodesic energy is given by

1 — Jp9 O
(19) / |Vs|'B ds+— |]1 Joowy 0|
0 @ [y ldgy | "tds

We can obtain more precise information on the geodesic by studying variations of
this expression with respect to v. This will be handled below, under a smoothness
assumption on jo. Before this, we need some notation for the reproducing kernel on
B. They will be useful throughout the paper.

Kernels for the inner-product on B.

PROPOSITION 5. There exists a continuous operator K (resp., Kv ) on L'(Q,R¥)
(resp., L*(,R)) with values in B such that, for all u € L*(Q,R¥) (resp., u €
LY(Q,R)), for all v € B,

(Ku, v)p = (u,v)2,
and
(Kvu, v)g = —(u,divo)s.

Proof of Proposition 5. Let u € L' (€2, R¥). Since we assume that B is continuously
embedded in C}, the linear form defined on B by v +— (u,v)s is continuous because
|(u, v)2| < |ul; |v|,, - Therefore, there exists a unique element in B, denoted Ku, such
that, for all v € B, (Ku, v)y = (u,v)2 and continuity comes from the inequality
(K, v}y < July [o], < cst ful, o],

The same proof holds for Ky, since |divo| is also controlled by [v]. a

It can be remarked that, for smooth u, Kyu = K(Vu).

Remark 4. When j is smooth (e.g., j € H'(€2,R?)), the operator Dj* introduced
in the previous paragraph is given by Dj*z = K(dj*.z), in which dj* is the standard
matrix adjoint of dj. Indeed, we have in this case

(2, Djw)y = (2, djv)y, = (dj".z, v)y = (K(dj*.2), v)g.
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Characterization with a smooth endpoint. We study the effect of small
variations in v on the geodesic energy (19), under the additional hypothesis that
jo € HY(Q,R%). Thus, fix h € L?([0,1],B), and consider a perturbation v + ch of v.
We compute the corresponding variation of the geodesic energy. The variation of the
first term being 2 fol (ve, hi)gdt, we can focus on the second term, namely,

. v+eh .
ca b ooeit =

o Jo |1yt —1ds

}2

The variations of U¢ are given in Lemma 2, which is proved in Appendix E.
LEMMA 2. We have, at ¢ =0,

(20)

d(]‘E ! v 2 2 v v o1k -k
=0 | ((otal il + Kl Val)) + 2K (Aol d s ), .

with qf = fot |dey |~ 'ds.
We can deduce from this our additional condition for a regular path to be a
minimizing geodesic: for almost all ¢ € [0, 1],

v + % (KD} + KvCy)g =0,
where
DY 252 |5* Vg + 2[dpt o] dyy ,Jo%t,
and
CY 2 oq) |z

It may be interesting to check that this condition boils down to the one we have
obtained before for smooth trajectories, namely,

vi + K(djfz:) = 0.

It suffices to notice that, for pregeodesic trajectories, j: = jo o ¢y o+ 02%z;q) and that,
when z; is smooth,

KDY + KyCY = K(DY + VCY).

We now define geodesic paths (not necessarily minimizing).

DEFINITION 10. Let jo € HY(Q,R%). A regular path j € H'([0,1],dw) starting
at jo is called a geodesic path if and only if there exists w = (v,z) € L*([0,1], W) such
that the following equations are satisfied almost everywhere in t:

¢
jt=Jjoowio+ o? / Zs 0 ¢y 5ds,
0

(21) Zt = 70 O 90;5/,0 ‘d@z’,o

)

* -k 02 v v
vi o+ K (o} ol dyy i) + 5 (Kw @) () + Kl V) ) = 0,
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with g} = fot \d(p}’,srlds.

These equations are complete; it will be shown in section 7 that initial conditions
(jo, 20) uniquely specify the solutions. It is interesting to check that geodesics as
defined in (21) also are pregeodesics. For this, we first show that, for all times ¢,
z € D7,. Noting that the first equation in (21) may also be written

jt =lo o wlg + o2y

it is clear that D;, = D.,, and 2; € D}, is proved in Lemma 1. The same lemma also
provides the fact that, for w € D,

. . o? .
(20 Djew)y = (=1 dlio o ¢lo)w), +0* (|l Vae, w) = (|l divigiw)),

and this is equal to —(v¢, w)4 by definition of K and Ky. We thus obtain the fact
that v, + Dj;z € Dj, as required.

We shall prove existence of solutions for a broader class of evolution equations,
extending the range of initial values vo. Consider the term u; = K ([dapg’yo]*dwvo Jozo o

@Yo |deyo|) which appears in the third equation of (21). We have, letting wy =
—djg %0, and, for w € B,
(W, wyz = <[d9027,0]*d<p§,0j020 o 90;,,0 }dLPZ,0| ) w>L2
= <dsa¥,‘oj020 S ’d<PZ,0| ) d¢Z70w>L2

= <w0 ) (d‘PB,t)_lw o ‘PB,t>L2'

We know, by Appendix C, that ¢g, belongs to C? () as soon as B is continuously
embedded in C} (€2, R¥), which implies in this case (with p > 1) that

\(d%,t)_lw © @8,t|p_1m < Const |w|'B )

the constant depending on |v|1793. But this implies in turn that, if the L? inner product

is replaced by the action of any continuous functional, wg, on C¥ -t (€2, R*), which will
be denoted

(wo, (deg ) w o gy ),

there exists an element of B that we shall still denote u; such that

<ut ) w>'B = (w()v (dwg,t)_lw o @g,t)'

With this notation, we may formulate the following definition.

DEFINITION 11. Let jo € L?(2,R%). Let wy be a continuous linear functional on
CP~YHQ,R*) and zy € L*(Q,R?). A regular path j € HY([0,1],dw) starting at jo with
ingtial direction (wo, o) is called a generalized geodesic if and only if, for allu € Dj,,
one has

(WO,U) + <207 Dj0u> = 07
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and there exists w = (v,z) € L*([0,1], W) such that the following equations are satis-
fied almost everywhere in t:

t
. . 2
Jt:JOO@X,o"‘U / ZSOSOEJ,st»
0

Zt = 70 O 902],() ‘d@z,o )
(22)
v 02 v 2 2 v
= + 5 (Ko @) ) + K (1> Vo)) = 0,

Vw e B <u¥’ w>'B = (wOv (d%,t)_lw o ‘pg,t)
vt -
with qf = [, |dey .|~ ds.

Recall that when jy is smooth, the only choice is wy = djjzo, and if 2y is also
smooth, the system may be written under the simple form

t
jt=loopio+ ‘72/ zs 0 py (ds,
0

9

Zy =70 O <P¥,0 ‘d%/,o
vi + 02K (dj; z) = 0.

As an example of the nonsmooth applications we have in mind, assume that jj is a
binary, plane image, which is the indicator function of the interior of a connected open
subset §2; of 2 with smooth boundary 0€2;. We have seen that any element w € D,
should be tangent to 9§y and that in this case Djow = 0 and D} = L?(Q,R). We
therefore may choose zy arbitrarily in L?, and (wg,w) should vanish for w € Dj,,
which is true, for example, when wy is defined by

(wo, w) :/ (w, vy)doy,
o0

where v is the outward normal to 9 and o is the surface measure on 9.

6. Existence of minimizing geodesics. The next theorem states that mini-
mizing geodesics always exist between two elements of Jyy .

THEOREM 6. Assume that B is compactly embedded in CL(Q,R?), and let jo, j1 €
dw. Then Gy, (Jo,J1) is nonempty.

Proof. Let (j")nen be a minimizing family of paths in H([0, 1], dw ) from jo to j1;
for any n € N, let wp £ ﬁ(%) so that (w"),en is a bounded sequence in L2([0, 1], W).
Up to the extraction of a subsequence, we can assume that w” converges weakly to a
w* in L%([0,1], W). By lower semicontinuity, we have

1
/ Wi By dt < gy (o 1)-
0

By a time change argument, which is classical in the proof that minimizing
geodesics travel at constant speed (see [12]), we may furthermore assume that [w}'|},
is uniformly bounded by, say, dg,, (jo,71) + 1. Denoting w™ = (v™,z"), consider

it & joo o7 + o fg 73 0 pi%ds, where p™ is the flow associated to v*°. Since j’
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is a regular path, it is sufficient to prove that j; = j;. However, if ©™ denotes the
flow associated with v™, we know, from Theorem 9, that ¢, converges uniformly
to p9% so that jo o ¢y — jo o P in L2(Q,RY). Now, let u € CX(Q,R%). We
have f01<zg QY 55 Uy2ds = fol (28, uo ¢t |de?|)2ods. Since u has bounded derivatives
and using Theorem 9 implies the uniform convergence of ¢7; to ¢27 and the pointwise
convergence of the derivatives (because of the uniform boundedness of |v'|4 ), we have

1 1
(24) jﬁ @z,u<>¢zl»dwzlbzds——j€ (00 0%, |dg2 |)ads — 0.

Moreover, from the weak convergence of z" to z°°, we get

1 1
(25) /0 <ZgaU°<P§?1 }d§0:?1|>2d5 _>/0 <Z§ovuo<ﬂ§?1 |d@§?1’>2d57

so that finally (j; — j},u)2 = 0 for any u € C°(Q,R%). Hence j’ € H*([0,1],dw) and
the result is proved. 0

7. Initial value problem for the geodesic equation. We have the following
theorem.

THEOREM 7. Assume that B is continuously embedded in C§(2,RP) for p > 3.
Then, for all T > 0, there exists a unique solution (v,j,z) of (21) over [0,T], with
initial values jo € HY(Q,R?), 29 € L*(Q,R?), and wy € CP~L([0,1],R¥)" (where
CP~1([0,1],R*)" denotes the topological dual of CP~1([0, 1], R¥) with the norm |w| =
SUP|y|,_, . <1(w,v)) which continuously depends on these initial conditions.

Continuity of the solution (v,j,z) as a function of (jo, z9) is meant according to
HY(Q,RY) x L?(Q,R%)-norms for the initial conditions, L?([0,T], W)-norm for (v, z),
and C([0,1], L?(€2,R%))-norm for j.

8. Proof of Theorem 7. To prove Theorem 7, we show the existence of so-

lutions for short time and then extend them to all time. Fix T' > 0. For a given
v € L?([0,T),B), let ¥(v) € L([0,T],B) be defined by

0,2

o) =) - 5 (Ko@) 15 ) + K(2* Va))

2y =700 @Yo |deYo|
(uf, w>93 = (Wo» (d‘:pg,t)flw © ‘Pg,t)-

To estimate the Lipschitz coefficient of ¥, we introduce v,v’ € L*([0,T],B) and
compute the variation of each term in ¥(v), — ¥(v'),. Fix w € B with |w|z = 1. We
have

o 2 v g 2 v vy v
W), w)g =517, qrdiviw)) = (1P dafw) + (wo, (des ) w o)

v o\— v g 2 v |—1 v v . v
(27) (w0, (dp3.) " wo i) + (Lol Jdigh | a0 b udiv(w) o )
2

2 2
7 {laol?
- —(|z
2 o »

-1
v v v
d%"o,t’ dwg,ﬂtw © ‘Po,t>2-
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We have
- |dac§00t|
doe yots| ds = Aoy 2%, :
= [ o e [ oo~ [ 2
and letting &5, = #Z::Z f|| and \} (w) = (dgpb”t>—1w ° Py 45
(28)
@)y =G [ (lal (g aiviw) o o~ agil ™ (VL A @) s

+(wo, Af (w)-

This implies
2 t
! g 2 v o|—1 5. v
) = Wl < G ol { [ (gt ™ div(w) o
0
—1 ,
div(w) o <p\67t> ds: |wly = 1}
O'2 2
+ ?|Z0|2Sup 0 ’dSOo t‘ < st7 t(w)>
(Ve A W) ) ds fuly —1

Nw) =N )| i fwly = 1}.
p—1,00

- ‘d(PB75

- ’d‘Pg,t

+|w0|sup{

The problem is thus reduced to the estimation of variations, with respect to v, of
A (w), V&, and of |dg05’)8’_1 div(w) o ¢f ;- They involve differentials of ¢V, ¢, and
w up to the second degree. The inclusion of B in C3([0,1],R*) and an application of
Lemmas 7 and 11 in the appendix directly lead to the estimate

(29) 18— Uil < C (02 203 + fol ) [v = V'], e )
and finally

[B(0) = U ) < OVT (0 205 + o) [v = V'] 7 e ™ r I )

C'VT max(|v|y p,|v’

(30) < OT (0% 2of3 + ol ) Iv = V'] e r),

Therefore, ¥ is g-Lipschitz with ¢ < 1 for T small enough, and its unique fixed
point yields a unique solution of (21). This is stated below.

LEMMA 3. There exists a time T > 0 depending only on |zo|ly, and |jo|gy. such
that a unique solution of (21) exists on [0,T].

We now show that this solution can be extended to all times. For this, we prove
that there exists a unique fixed point for ¥ at all times. Denote by ¥ this mapping
when defined on L?([0,T],B). Clearly, if v is a fixed point of Wr, its restriction to
[0,5] is a fixed point of Wg. Thus, if Ty is the largest T such that Ug has a unique
fixed point v* in L2([0, 5], B) for any S < T, then each vT for T < Tj is an extension
of v¥ whenever S < T. We can show that T = oo by showing that, if Ty < oo, then
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there exists € > 0 (depending only on Ty and the initial conditions) such that, for all
T < Ty, there exists a unique extension of vI" to [T, T + ¢]. Fix such a T’; the issue of
extending a fixed point of Ut on [T, T + ¢] can be rephrased as a fixed point problem
for small time with the following notation. For v € L?([0,T],B) and v/ € L?([0,¢], B),
define vV v’ € L2([0,T + €], B), equal to v on [0,7T] and equal to (t — v/(t —T)) on
[T, T + ¢]. Introduce the function ¢ : L2([0,¢], B) — L*([0,¢], B) defined by

T (V)(t) = Uy e (vF V)(E - T).

Fort > T,
¢ =q +a
7y = 71 O cp‘ft|d<p‘7’1t|_1, and
(0, (WOv dSOOt wo@o t)

(w07 d@o T 1(dw3 T@Tt)_lw 0 Iy © 808,7“)
(wTa doiry)” 'wo SDTt)

with (wp,w) = (wo, (dgy ) 'wo @y ). It is clear that the study of W€ can follow
exactly the lines of the study of ¥, yielding a unique fixed point if € is small enough,
the size of admissible ¢ being controlled by the L?-norms of z7 and the norm of wr
as a linear form on CP~'(Q,R¥). These norms can in turn be bounded by the L3-
norms of zy and the norm of wy, respectively, multiplied by a continuous function
of max(|<p‘o’7TT|1700, |cp}?0|1700). Proving that this is uniformly bounded for T' < Tj is
therefore sufficient to get the contradiction we aim for, that is, that the solution can
be uniquely extended beyond Tj.

So, everything relies on proving the uniform boundedness of @5’2«, w}fo, and their
derivatives over 2. By Lemmas 7 and 9, these quantities are bounded by functions of
|vT |17 so that we have to prove that these can be bounded uniformly in 7". However,
it suffices to use the facts that v7 satisfies a geodesic equation and that geodesics
travel at constant speed. More precisely, defining, for ¢t < T < Tj,

=[vi ’93 +0% [zl
we have (recall that this does not depend on T as soon as T' > t) ¥y = ¥(0) so that
Vil < TW(0)

for all T. It is well known that minimizing geodesics have constant speed, but we must
check that this property remains true for all the solutions of (22). This is proved in
the appendix and is stated, for further reference, in the next lemma.

LEMMA 4. If (4,v,2) is a solution of system (22) on [0, T, then |vt|§5 + o2 |zt|§
is constant with respect to time.

To prove the continuity of the solution, let (v, j,2) and (v/,j’, 2') be two solutions
of system (22) with initial conditions (wo,zo) and (wy, z}), respectively. Using, in
particular, the computation leading from (28) to (29), it is not to difficult to obtain
the estimate

2
o 2
oy — vyl < C <|w0 —wy| + 5 ‘|Zo\2 — |25 D eCIVli T

C|v/|
1,7,

+ C (o2 2l + lwhl) Iv = V'], e
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As we just have shown, |v|, ; = T'|vo|g, and this is smaller (up to a universal multi-
plicative constant) than |wg| so that

2
% ‘ZO|2 B |Zé|2’) eC’T|w0|

+C (02l + bl ) Iv = ']y g eCTI5.

lop — vyl < C <w0 —wy| +

Gronwall’s lemma now allows us to conclude that, for some constant C' which may
/ !/
now depend on T, [wo|, |wyl, |20]y, and |2f]y,

0'2 2
(31) ot = ol < € (Joo = whl + G [lol - 4P

9. Normal coordinates in H'. We now consider the question, which moti-
vated this paper, of whether the previous construction could be used as an indexing
device for characterizing the deformations and variations of an object relative to a
prototype.

Fix an image jo € H'(Q,R?%). The computationally simplest way to describe an
image j in a neighborhood of jy is by the difference j — jo. However, one cannot
be satisfied with this representation which takes no account of the metric we have
placed on Jy. Among local charts related to the metric, normal coordinates on a
Riemannian manifold are radial flattenings of this manifold onto its tangent space
in the sense that radial lines in this space correspond to geodesics on the manifold.
They provide a very efficient linear representation of the manifold and of its metric.
Existence of such coordinates is a standard theorem in finite dimensions, and our
purpose is to check how much of this result remains valid in our infinite dimensional
framework.

In the previous sections, another candidate for local coordinates has emerged,
which turns out to be closely related (it is in fact dual) to normal coordinates. We
have proved that, for a fixed jo € H' (€2, R%), one can associate to any zg € L?(Q, R?)
a unique solution of system (21). We introduce the function Mj, : L?* — L2, which
assigns to zg € L? the “image” j;, where j; is the solution of (21) at time ¢.

The following theorem shows that M, shares some features of local coordinates
on 5W

THEOREM 8. Let By1(0,€) denote the open ball in H'(,RY) containing all
zo € HY(Q,R?) such that |2| 1 < €. Then, for all jo € H*(Q,R?), there exists e > 0
such that M, restricted to By1(0,€) is continuous and one-to-one onto its image,
equipped with the L?-topology.

Proof of Theorem 8. Continuity of M;, : L*(Q,R%) — L2%(Q,R%) is a con-
sequence of Theorem 7, and it trivially implies the continuity of the restriction
Mj, : HY(Q,RY) — L?(, R?) for the H'(Q,R%)-topology. We show that this map is
one-to-one in a neighborhood of 0. We first have the following lemma.

LEMMA 5. Let jo, 20, 20 € HY(, R?), with max(|20| 41 , |Z0] ;1) < 1. Denote ¥ the
time-dependent vector field along the solution of (21) with initial condition (jo, Zo)-
Then, there exist a constant C and a function € which depend only on jo such that,
fort >0,

(M, (t20) — Mj, (t20)) © @5, — tlo? (20 — 20) + djo K (djg (20 — 20))]],
< Ctlz0 — 205 €(t),



38 ALAIN TROUVE AND LAURENT YOUNES

and lim;_,g e(t) = 0.
The proof of Lemma 5 is given in Appendix G. To prove Theorem 8, we first
remark that

’0'2(2() — Zo) + d]oK(djS(go - Z()))’2 > a? |50 — Z()|2

so that
5 5 20 c .
| (M, (t20) — M, (t20)) 0 @5 4|, > to? |20 — 20l [ 1 — —=¢<liost) )

and the lower bound is nonvanishing as soon as t is small enough. 0
Remark that we have, for j1,j> € H'(Q, R?), the inequality

. 1. .
d(j1,J2) < p l71 — j2ls

since the right-hand side is an upper bound of the length of the curve j; = (1—t)j1+tj2
(since choosing v = 0 and 02z = j — ji, we have w; £ (v;, 2) € % and o fol |23 =
|72 — jl\g /o?). So continuity of M;, for the d-topology on its image is also true.
According to Lemma 5, normal coordinates (which are time derivatives at ¢ = 0 of
geodesics) are related to M by the relation (we use the standard exponential notation)

eijO(Szo) = M;,(20),
where S is defined by
Sz 2 0?2 + DjoK(Djg 2).

This indicates that a good approximation of the metric in terms of the z-coordinate
would be

|21 — Z2|§(J = (21 — 22, S(21 — 22)>2a

which satisfies

|Z1‘j0 = d(jo, M;, (21))
in a neighborhood of 0.

10. Experiments. In this section, we propose a preliminary set of experiments
to illustrate the information contained in the z-coordinate described above. Experi-
ments in Figures 1, 2, and 3 were conducted in two steps: given two images jo and
j1, we first computed the minimizing geodesic between them, yielding a trajectory
(jt,zt,v¢) and the corresponding flow ¢y. Then, using jo again, and the obtained
value 7y on the minimizing geodesic, we computed the solution of (21) until time
t = 1. The obtained values (j}, 2, v;) could then be compared with those which have
been computed along the geodesics. In Figure 4, the initial jy is the same as in Fig-
ures 2 and 3, but the 2 is the average of the two so that it does not correspond to
any precomputed geodesic in the image space. The result is quite interesting, because
it still possesses characteristics of a human face and can be compared to the result of
a simple linear combination of the target images in Figures 2 and 3.

The numerical implementation of both operations (minimization of the geodesic
energy and integration of (21)) must be done with some care in order, in particular, to
avoid instabilities due to the conservation part of the energy. Details will be provided
in a forthcoming paper.
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1

.

Fic. 1. From top to bottom and from left to right: Initial image, target image, z-coordinate,
reconstructed target image.
Appendix A. Proofs of Propositions 2 and 3.

A.1. Proof of Proposition 2. The proof relies on a sequence of standard mea-
surability arguments, of which we sketch only the main steps. First let (wy,)nen be a
Hilbert basis of W. Since, for any u € C2°(Q,R?) and w = (v,2) € W, j — lj,(w)
(which has been defined in (6) by o%(z,u)2 + (j,div(u ® v))2) is continuous from
L?(9,R?) to R, the map

. A
J = Wi = E :ljﬂt(wn)wn
n>0

is measurable from L2?(2,RY) to W. By construction, we have, for w € W,

<w7 wju>w = Z lj,u(wn)<wa wn>W = l]?,u(w)'

n>0

Thus, for v € T;dw, we have
p(y) = Argmin {|wly, : (w, wj) = (v, u) for all u € C’E’O(Q,Rd)} .

Introducing a family (u,)nen in C2°(Q, R?) which is dense in H} (2, RY), the previous
expression may be replaced by

p(v) = Argmin {|w|yy, : (w, wju,) = (v, up) for all n > 0}.
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i
‘

. .
R

Fi1G. 2. From top to bottom and from left to right: Initial image, target image, z-coordinate,
reconstructed target image.

For N € N and A > 0, we define
a 2
(32) 7" () = Argmin {|WI3V A ((w, Wi,y — (75 un)) } '
n=0
Clearly, we must have p™V'* (y) = Zfil T;Wju,, Where
2 N

N 2
+ )\Z (Z x:'L,<wj’un/ ) w.]aun>W - <,Y7 u1>>
w n=0

n’=1

x = Argmin
x! ERNJrl

N
/ .
xnw]sun
n=0

1 712
+ 5l

For A > 0, the optimal x is given by x = (A + I/\)~'y, where y € R¥*! is such
that y; = (v, u;) and A is an (N 4+ 1) x (N + 1) matrix with coefficients given
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Fic. 3. From top to bottom and from left to right: Initial image, target image, z-coordinate,
reconstructed target image.

by ann = (Wju, > Wi, )y~ This implies that, if 4; is a measurable path, the
function ¢ +— p™*(v,) is measurable. The measurability of B(y;) is a consequence
of the pointwise convergence of ™'V (v;) to p(v;), which comes from the following
argument: for all N and A, we have [p""*(7) |W < [P(7)]yy» since the last term in (32)
vanishes for w = p(7). For the same reason,

> () ) — s )’ < 5 Bl

n=0

which implies that for all n, <ﬁN Ny, ijun> — (v, up) when N tends to in-

finity. Moreover, for any weakly converging subsequence extracted from p™V(y)
(which forms a weakly compact set in W), we have, and denoting w* its limit,
|lw*|, < liminf |ﬁN’N(7)‘W < [Pyl and, for all n, (w*, wj.,) = (v, u,) by
weak convergence, which is only possible when w* = p(7).

Hence t — P(y:) is measurable if 7; is measurable, and the proof of Proposition 2
is ended.
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FiG. 4. From top to bottom and from left to right: Initial image, target image, z-coordinate,
obtained by averaging the z-coordinate in Figures 2 and 3, and obtained target image.

A.2. Proof of Proposition 3. We deduce from Proposition 2 that it is sufficient
to prove the next proposition.

PROPOSITION 6. Let w € L%([0,1], W) such that for any u € C(2x]0, 1[,R%)
we have

(33) | @+ Grndivtus @ w0)e) de =0,

Then almost everywhere in t, w; € Ej,.

Proof. Let (u)nen be a family in C2° (€2, R?) dense in C2°(Q, R?) for the H!(Q, RY)-
norm. If we prove that for any n € N, the function ¢, defined by ¢, (t) £ 02 (2, uy,)2 +
(jt, div(u, ® v¢))o is vanishing almost everywhere, then by density, there exists a
negligible set N such that for any ¢ € [0,1] \ N and any u € C°(Q, R9)

o2 (z,u)a + (g, div(u @ v;))e = 0,
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which implies Proposition 6. Hence, let us consider n € N. For any f € C¢°([0,1],R),
if u(t,x) = f(t)u,(x), we have from (33) that

1
| entorrae=o
0
so that, by standard arguments, we get ¢, = 0 almost everywhere. O

Appendix B. Proof of Theorem 2. We start the (<) part in the case
L2([0,1], W).
LEMMA 6. Let w = (z,v) € L2([0,1],W). Let us define for any t € [0, 1]

t
Jt £ Joo pt,0 + 02/ Zs O (pt,sd&
0

where @, is the flow at time t associated with v. Then j is regqular.
Proof. Let us notice first that

t+h
(34) jt4h =Jt 0 Qrans + 07 / Zs O Qpyh,sdl.
t

From equality (34), the continuity in Jy of j is straightforward.
It is sufficient to prove that for any u € C2°(2x]0, 1[, R?), we have

(35) _ /01 <jt, ‘?;>2 it = /01 (0 (2, wa)a + (o, div(uy ® vo))s) dt.

Indeed, if (35) is proved, if for any ¢t € [0,1] we denote v; = (j;, W;), we have for
any u € C®(Q,RY), t — (v, u) = 0%(z¢,u)2 + (jt,div(u ® v¢))2 measurable, and
[Vels, < |wi|w so that fol |ve|2dt < fol |we¢|3,dt < +o0, and the lemma is proved.

We have

1 1 1 . .
0 — _ —
-/ <jt,“> dt =t [ <jt,“t u h> dt = lim <Jt+h Jt,ut> dt
0 ot /, h—0 Jo h 9 h—0 /g h 5

so that

1 ' ou ' 1 1 ' . ) t+h
_/o <Jt, é)t>2 = }ILI_T%E/O (jt © Pt — jtsus)odt + 0 /t (Zs © Qiyh,s, Ur)2ds | dt.

. . . .
However, (jt © priht — jis Ut)2 = f:+ (jt © st div(ug @ vs))ads so that

L oy . 1 t+h . ,
[ G =g [ ([ e pdivtu @ va)a + 0200 g whads ) af
2 t

h—0

1 t+h

. 1 ..

= Am% 7 (/ (e, div(uy @ V) 0 @ s|dpy s|)o + 0% (25, Ut © s 141 |dps en|)2ds | dt.
—vJo t

Since j; is uniformly bounded on L? and |¢; s — I|; ., = €(|t — s|) (since B is contin-
uously embedded in C!(Q, R¥)), there exists C' > 0 such that

(36)

11 t+h 1
[ i [ tedivtu ov) o (pualdpne] — Dadsdt| < Ceh) [l de
0 t 0

1/2

(37) <can (| 1 wify )
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Now, using again the fact that j; is uniformly bounded in L? and fact that C([0, 1], L?(Q, R¥))
is dense in L2([0, 1], L2(Q2, R¥)), we get

1 1 t+h
(38) / - / (o, div(ug @ va) — div(uy  vi))adsdt
0 t

1 pt+h
< C/ 7 / |div(us ® vs) — div(us @ vi)|2dsdt
0 ¢

— 0 when h — 0.
At this point we have proved that

1
(39) lim

1 1
- / (jt © it — Jerug)2dt = / (jt, div(u; @ vy))odt.
h=0h Jo 0

Still using the fact that |¢r s — 1|, . = €(|t —s[) and the fact that [u];  is uniformly
bounded, we have

1 1 t+h 1
(40) o2 / - / 2yt © (95 4nldpspin] — I))s dsdt < Co2e(h) / 174 ]ads
0 t 0

(41) < Coe(h) (/01 |Wt|§)

Finally, since |u;| is uniformly bounded, we get

1 gtth 1 ptth
/ E/ (zs — z¢, ug)odsdt| < lim C/ / |zs — 7¢]2 dsdt = 0.
0 t o Jt

h—0
Hence the proof of the lemma is ended. a
Let us consider the (=) part of Theorem 2 for H*([0,1],dw ). Let j € H*([0,1],dw)
be a regular path, and let w; = T)(%) for any ¢t € [0,1]. We get from Proposition 2
that w € L2([0,1], W). Hence, let us define the new path j’ by

1/2

lim
h—0

t
‘]:t = jO © @t,0 + 02/ Zs O (Pt,sdsa
0

where ¢ is the flow associated with v. From the (<) part, we get that j’ is regular

and that %jtl = %. Now let ug € C°(Q,R?). For any f € C(]0,1[,R) if u(t,x) =
ug(x) f(t) for any x € @ and ¢ € [0, 1], we have from the integration by parts formula

for a regular path

where 7(t) = (j,u)2 — (j}, u)2. Since r is continuous and r(0) = 0, we get r = 0.
Considering arbitrary ug, we get finally j; = j}; for any ¢ € [0, 1].

Since the (=) part for C'([0,1],dw) is a straightforward consequence of the
definition of C! curves and of the (=) part for H([0,1],Jw ), we consider the (<)
part for w € C([0,1],W). We get from the corresponding part for L?([0,1], W) that
(35) is still true. For any f € C2°(]0,1],R) and any u € C°(2,R%) we have

—/ f/(t)<J't7U>2dt=/ F@t) (0(ze, us)2 + (jo, div(u @ v¢))2) dt.
0 0
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One easily checks that ¢t — 02(zs,us)a + (i, div(u ® v¢))o is continuous as well as
t — (js,u)2 so that, considering smooth approximates of step functions, we deduce
that

etz = (o, s + / (P u)a + (i, div(u @ v0))o) dt,

and the result is proved.

Appendix C. Regularity results for Ar. In this section, we collect a few
useful results on how the regularity of the diffecomorphism Ar(v) = ¢¥% may be
related to the norm on B, provided this norm can in turn control a sufficient number
of derivatives; the first result deals with boundedness. In the following, we assume at
least that B is continuously embedded in Cg(Q, R¥) so that At is well defined for all
T. In this case,

T
or(z) =+ /0 v, (el (x))ds.

If v5 had p space derivatives for all s, a formal differentiation of this equality
yields

T
(42) dP i = dPid +/ dP(vs o py)ds.
0

This can be proved rigorously from rather standard arguments in the study of ODEs
and is stated in the next lemma, for which we provide a proof for completeness,
because of the small complication due to the fact that we have only an L' control
with respect to the t variable, instead of the usual uniform one.

LEMMA 7. Ifp > 1 and B is embedded in C§ (2, R¥), then, for allv € L*([0,T7],),
is p times differentiable and, for all ¢ < p,

v

¥

8 v v
adqut =d(viopy).

Moreover, there exist constants C,C’ such that, for all v € L'([0,T],€),

(43) sup |¢Z|poo < C@Cllvll'T'
s€[0,T) ’

Proof. For further reference, we first state Gronwall’s lemma.
LEMMA 8 (Gronwall). Asume that o and 3 are two positive, continuous functions
on the interval [0, c] and that

w(t) < at) +/O B(s)w(s)ds.
Then,

w(t) < aft) —l—/o a(s)ﬁ(s)ef: Aluydu g,
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The continuity of = — g ,(x) is a direct consequence of this lemma since, for
z,y €L,

g+ () — o (y)| =

T—y+ /0 (Vs(ds(x) — vs(ey s (y))) ds

t
s|w—y|+/ vl
0

and Gronwall’s lemma implies

(44) le0,e(7) — 90+ (Y)| < |z — ylexp(C[v], 7).

Assume p = 1 and pass now to the differential of ¢f ;. Fix x €  and introduce the
linear differential equation, formally obtained in (42) for p =1,

1,00 |(p(\)],s(‘r) - (pg,s(y) |d87

oW,

= dyy @) Vel

with initial condition W (0) = § € R¥. We skip the argument ensuring the existence
and uniqueness of a solution of this equation on [0, 1] and proceed to identifying it as
W, = dzgog,té. Denote

ac(t) = (pg,(x +8) — ¢y 4(2)) Je = Wi
For a > 0, introduce
pi(a) = max {|dve — dyve| t 2,y € Q| —y| < a}.

The function d,v; € C3(£) being uniformly continuous on the compact set Q, we
have lim, o () = 0. We may write

1t t
a(t) = g/0 (vs(go&s(a: +¢edb)) — Vs(<p\67s($))) ds — /0 d%ys(m)vsWsds
t
= /0 d@87l§(r)vsa6(s)ds
1 t
2 [ 0l 20) = a8 ) — e oo+ 26) = 3 0.

Since for all y,y’ €

Ve(y') = vi(y) — dyvi(y — )| < sy =y 1y — vl

we may write

a:(t)] < / [Val oo [ac(5)] ds + C(v) 3] / e (C(v) 6])ds

for some constant C(v) which depends only on v. The fact that a.(t) tends to 0 when
€ — 0 now is a direct consequence of Gronwall’s lemma and of the fact that

1

lim [ ps(a)ds =0,
a—0 Jq
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which is true by the dominated convergence theorem, since us pointwise converges to
0 and ps(c) < 2|v|; . This proves Lemma 7 in the case p = 1. The rest of the proof
is by induction: let gy < p, o > 1, and assume that the result is proved for all ¢ < qq:

8 \% \%
adq@t =di(viopy).
This implies that for 6;,...,04 € RF, we may write
0 d ! l
o701 (B 0g) = diy VedT} (81, 6,) + S dvie,. 8,

=2

each vector 5,(!) being a linear combination (with universal coefficients) of terms of
the kind dl/go(‘)’,t(ém ooy 04,) with I” < g+ 1 — 1 (this result on the differentials of
the composition of two functions can be easily proved by induction). This is a linear
equation in d?%py (61, . .., 64), which is valid for ¢ = go — 1, and the proof of its validity
for q¢ follows exactly the same lines as for p = 1.

This expression also shows (using Gronwall’s lemma) that |d?¢} | may be bounded
by an expression of the kind

VI C (lde} o -0 A7 oY | ) exp (C|V|LT) :
where C' is a polynomial, which in turn implies (43). d

The same estimate is true for (¢¥)~1.

LEMMA 9. Ifp > 1 and B is continuously embedded in Cg(Q,Rk), there exist
constants C,C" such that, for all v € L*([0,T],8),

sup |(90‘5])_1’p00 S Cec’|V|1,T.
s€[0,T7 ’

Lemma 9 is a consequence of Lemma 7 and of the fact that (¢})~!

ws = —vi_g on [0, t].

We now pass to sufficient conditions for Lipschitz continuity of Ap. For this, let
v,v/ € L*([0,T],B). For ¢ € [0,1], denote v& = (1 — &)v+ &v/ and ¢f = @¥°.

LEMMA 10.

= ¢} with

0 e k : vé
(46) 875905,15(33) = ~/5 dwgfu(x)sput (V; - Vu) © Qos,u(x)du
Proof. Let us first start with a formal differentiation of

€
890;’,t — oo W
at t s,t

with respect to &, which yields

0 0 v vé d v
aafg%s,t = (v —v)ow + d@livfdig(ps’t’

which naturally leads us to introduce the solution of the differential equation

0

vé
Wy = (v; —v) oy + d¢vgtv§Wt
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with initial condition W = 0. Noting that we have already encountered this equation
without the constant term in (45), the solution of which is of the form dwapb’ié, a
standard argument by variation of the constant shows that the solution of (47) is
given by the right-hand term of (46). Therefore, the proof boils down to show that
the interversion of derivatives underlying the formal argument above can be made
rigorous.

For this, it clearly suffices to consider the problem in the vicinity of £ = 0. The
proof in fact follows the same lines as the proof of Lemma 7: letting W; be the solution
of (47), we let

Vg v
ag(t) = (13(@) - 91, (@)) /€~ W
and express it under the form, letting h, = v], — v,,
t t P
0c(t) = [ doy vaac(idu+ [ (o2i0) = bl (o)
1 ! V£ v V£ v
1 [ (bl = vhal@) = oy v (920) ~ @2(@)) ) du

The proof can proceed exactly as that of Lemma 7, provided it has been shown that

|g0;’7£u (7) — ¢y . (z)] tends to 0 with &, which is again a direct consequence of Gronwall’s
lemma and of the inequality

t t
VE v V£ A\
@) = 2@ < [ vl [eS@) - @] dur e [ Ibuldu D

This lemma implies, in particular, that

1 t
V/ v Vg VE
(49) @) = @) = [ [ e el = v o (@) dude,
0 s ’

which almost immediately leads to the following result (by computing differentials
and applying Lemma 7).

LEMMA 11. Assume that B is continuously embedded in CF(Q). If v,v' €
LY([0,T),B), we have, fort < T,

S C;D |V — V/|1’t €Cp(|v‘1’t+|v,|1,t)

o —of

p—1,00

for some constant C, which depends only on p.
The same results apply on L2([0,1],B), since Vi < \/T|V|2’T, but, in this
space, weak continuity is true under more general conditions.
THEOREM 9 (Trouvé, Dupuis, et al). Assume that B is continuously embedded
in CF(Q,RF). Then the map
Ar: L*([0,7],B

v

—  CP([0,T] x Q,RF),

= ()

is continuous for the weak topology on L?([0, 1], B) and the norm 71,00 00 CP([0, T]x
Q,R*) defined by 1@l 51,00 = esssup(|el, o »t €[0,T7).
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Moreover, assume that the embedding is compact, that v" converges weakly to
v, and that there exists a constant A such that, for all n and almost all s € [0,1],
|0 < A. Then, for allz € Q and t € [0,T],

diof — dipy.

Recall that v,, converges to v in the weak topology on L?([0, 1], B) if and only if,
for all w € L2([0, 1], B),

i [ sy v = [ [ w0, w0

Proof. The proof of this theorem, which is sketched here for completeness, relies
on the remark that, since v,, weakly converges, it is bounded in L?([0,1],B), and
Lemma 7 readily implies that (¢'") and their space derivatives up to order p — 1
are equicontinuous sequences in space. Equicontinuity in time comes by applying the
Cauchy—Schwarz inequality to

t
digy — iy = / d(v, 0 p%)du.

Ascoli’s theorem implies compactness of (¢'") for the |.| ,; . -topology, and it re-
mains to identify a limit of any converging subsequence as @Y. Denoting this limit by
1, one deduces from

t
e = [ iy @)as
and the convergence of %’; to ¢ the fact that
t
(o) = [ Viu@))ds + o).
0

and the conclusion comes after the remark that w +— fot ws(¢s(x))ds is a continuous
linear functional on L?([0, 1], B) so that the weak convergence of v" to v implies that

e(z) = / va(Whs(2))ds

and wt = gpb’,t.
We now prove the pointwise convergence of the pth derivative. We know that
d D,V D,V v
%dag@t = dsa;’VdgcQOt + Q) (),

where Q7 (x) depends on the derivatives of v evaluated at ¢y (x) and on the p — 1 first
space derivatives of ¢y. We may therefore write

t t
oy — Ay = /0 Ay v(dl — Y )ds + /O (dpgv — djunv™)dB Y ds

+ / Q) — QY (x))ds.
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The first integral may be bounded by C(|v"[; 1) fot |dby — dpoy” | ds, and the result
will be a consequence of Gronwall’s lemma, provided we show that the remaining
terms tend to 0. Consider the second integral, which may be written

t t
/ (dpyv — dpev™)dbpyds —|—/ (dgvev" = d v v™)dy g ds.
0 0

The first term tends to 0 because
w / dyy (@ wdhypyds

is a continuous linear functional on L2([0,¢], B) and v" weakly converges to v in this
space. To estimate the second one, introduce, for A,e > 0, the number

C(A,e) = max {|d,w — dyw| : z,,y € Q, |z —y| < e, |w|y < A}.

The compact embedding assumption implies that, A being fixed, C(4,¢) tends to 0
when ¢ tends to 0. Using this notation, we have

t
[t = demiigias < [ € it lor - ot a2l s
0

SACMM&wMQMM&

where A = ess.sup {|v}|5,n > 0,s € [0,1]}. The last upper bound now tends to 0, by
dominated convergence.
Finally, a generic term of @)} being

k i1, AV B AV
d@(w)vt(d 1(,075 gee ey d ktpt),
we can use the same argument to prove its pointwise convergence. 1]

Appendix D. Action of diffeomorphisms on images. The next theorem pro-
vides results concerning the regularity of the action of diffeomorphisms on L?(Q2, R%)
and H'(Q,R%).

THEOREM 10.

(i) Let ¢ be a diffeomorphism of  such that ¢ and ¢~* have uniformly bounded
first derivatives on Q. Then, if i € L?>(Q,R?) (resp., i € H'(Q,R?)), also
iop e LY(QRY) (resp., iop € HY(Q,R?) and dy(i 0 ) = dy()i-detp).

(ii) Moreover, for all M > 0 and for all i € L*(2,R?), there exists a function
em(i,n) such that, for all ¢, ¢’ such that

B ~1
max <<P|1,ooa|‘P 1|1,oc’|90,|1,<><>’ v ‘1 oo) =M,

we have
liow —ioply <emlile — ¢l o)

and epr(i,n) — 0 whenn — 0. The same statement is true fori € H'(Q,R%),
the L?(Q,R%)-norm being replaced by the H' (2, RY)-norm.
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Proof. We start with (i) and give the proof for H'(Q,R%), since it contains
exactly the arguments which are valid for L?(£2, R?). Fix ¢ and let L, be defined by
Ly (i) = io0 ¢. The vector space C® = C°°(Q,R%) of restrictions to 2 of infinitely
differentiable functions on R¥ taking values in R? is dense in H'(Q,R?) [10]. The
linear map L, is continuous from C$° (with the topology induced by H*(Q,R%)) to
HY(Q,R%); indeed, for i € C3°,

N2 . . . — . — .2
Lo ()3 = lio@l3 + ldpidpl3 < [il3 [de™"|  + |di3|de[3|de™ oo < C il

since the first derivatives of ¢ and ¢! are bounded. Thus, L, restricted to C'°
can be extended to a continuous function L, on H*(Q,R%). If i € H'(Q,R%) and i,
is a sequence of elements of C'3° which converges to ¢ when n tends to infinity (so
that i, o ¢ — L, (i) in H'(Q,R%)), then, because convergence in H' (€2, R?) implies
convergence in L?(£2, R%), a subsequence of 7,, can be extracted which converges almost
everywhere to 7 and such that i, o ¢ converges almost everywhere to L, (i). If N C Q
has null Lebesgue measure, then it is also the case for ¢~ !(N) (by boundedness of
|dgo’1 |), so that i,, o ¢ also converges almost everywhere to ¢ o ¢, yielding fw = L.
Now, since the map i — di is obviously continuous from H' to L?, so is i — d(L(4)).
But, since this map coincides with i — d,idy on C3°, and this last map is also
continuous on H'(Q,R%) (by the previous computation), we get equality over all
H'(Q,R%), again by density of C5°.

For (ii), we first consider the L?(Q,R%) case. Let i,¢’,p, and M be as in the
theorem, and fix s € C*>(Q, R?%); we have

liog' —ioply <liog —so¢ly+lsop—sogy+licp—sopl,.

First notice that

|iogol—sogp/|§:/ ’dap/il‘|i—s|2dm§0
Q

—1 . 2
® ’1’00 i — s[5
for some constant C. For the middle term, we have

1
509 =509l < [ doriomanle’ =)l
1

<l - ‘p|oo/0 ’dWrt(W*@)S’z dt

< C(M) |dsly |¢" — ¢l -
We thus get

io@ —iopl, < C(M)(|i—sly + ldsl, ¢ — ¢l) -

Letting

n) 2 C(M) inf (|i— d
em(i,m) = C( )Seggo(m(Il sly + |dsly m)

yields the conclusion of the theorem in the L2(Q, R?) case, the H' (2, R?%) case being
handled similarly. 1]
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Appendix E. Proof of Lemma 2. We must compute the derivative at € = 0

of
.1 |j00@¥$5h—j1}2
o Jyldg i s
First, we notice the equation
(49) o2z (z) = Jiowii—Joowio

T, -
Jo ldei |~ 1ds
which implies that (differentiating at ¢ = 0)

dUE . d v+eh 2 ! 2 d v+eh -1
de = 2<Zl ) dsﬁ]',O]OESDLOE >2 -0 0 |Zl| ) % |d901,ss st'

Starting with the first term and using Lemma 10, we have

o d ! " v v
1
== [ {dag o o0ty il detohe)
0
1
= —/ <(d(p;0)*d¢z‘oj82’t, ht>2dt
0

- —/01 <K ((de,o)*dwz,ojSZt> ’ ht>93dt

because of the identity z; = z1 o }; |dp}; |.
We now pass to the second term, for which we use the equality

t
—1
i = | [ divtv - chayo i)
S

which is a consequence of Lemma 7 and standard computations on the derivative of
the determinant. This implies that

d v+eh |1 v |—1 ‘ . v
e (|dcpt,s | ) = }dcptﬁs| / div(hy) o ¢}, du

i u
+ ‘d(pi\tl,s‘_l/ dﬂazudiv(vu)/ le}’ (p;]'uhT OQOZTdeu
: \ -
71 St
= }d(pz7s| / div(hy) o @Z,udu
1 t T
— |dey | / / doy div(vy)dey @Y, hr o @) dudr.
S S
We may notice that

(Vidgz ™€) =ldet ™" [ dpy, @ivon)det, (€)du

S
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to identify the last term as
et ™ [l ol (Ve 12l beo gl )dr
so that
d v -1 v |—1 ¢ . v
- (’d%,?h ) = |dey | / div(hy) o ¢y, du

t
— [ agr ™ (Vo et e ot Y

Therefore,

/1 |z ‘2 i’d v+eh| ™1 ds—/l /1<z |2 |d v |—1 div(h )o@ > duds
0 1 " de P1,s ) - o /. 1l 5 |0P1s u) © Py, ,
1,1
2 v |—1 v |—1 v
_ /0 / (Joal® gt (T, ldghl ™ b0 o3, duds

1,1
A v -1 ..
:/0 / <|Zu|2,|dspu1| 1|d%1<p15} le(hu)>2duds
Introducing

this may be written

1
2 d +eh |1

dpiTe d

/0 <|Zl| ,d8| (pl,s | )
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Now, defining functions

(50) Cy 2o |af
and
(51) DY £ 0% |2|* Vi + 2[de} o) doy 62,

Proposition 5 implies

dU¢
de

1
:/ (he, K.DY + KvCy) g,
0
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which is the conclusion of Lemma 2.

Appendix F. Proof of Lemma 4. We prove that solutions of system (22)
travel at constant speed and therefore compute the derivative of |vt|% + 02 |zt|§ for
such a solution. Starting with the second term, we have z; = 29 0 ¢} }d<p2’70|, which
implies, after a change of variables,

= [ Jeol3 et | do
Q
Using the identity
t
(52) ’d<p‘s’7t‘ = exp (/ div(vy) o <p‘s’7udu> ,
S
we obtain

d
(53) el == [ Jeol3 gt | divio) o .

To study the variation of |vt|23, we start with the computation of the derivative
of (v, w) for a fixed w € B. Applying formula (28) for a solution of (22) yields

verutn =G [ (P Qagt, ] v o i, — g | (Ve At s
+ (0 37 ()

with &, = |dey |/ |del 5| and A} (w) = (dey )~ 'w o ¢y ;. From formula (52), we

have
t
&5t = exp </ (divwy,) o <p‘0’udu> ,

t
dey, = €7, / Ay (divo,)digtydu

which implies that

so that

0'2 ¢ -1 ;.
<vt,w>3:<wo,A:<w>>+7 / <|Zo|27|d908,s| diviw) o g, )ds

ST

= (w0 A (w >>+7/ <|zO| dgh | ™ diviw) o g, Vs

S IEC

We now compute the time differential of each term which appears in this expres-
sion. Denote A, (w) = £} (w). We have

’ dyy (divey, ) deg, A (w )>duds

| oy, (divoy )dpg, A (w )>dsdu.

3V d v o\ — v o\—
N (w) = 2 (s )™ w o por) = —(dis )y oo 0 o + (dof,) ~ digy, woe o o,
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Next, we have

d . v v
dt/ <|ZO| 7|ds005} lle(w)o‘Po,t>d5:<|ZO| ‘d‘POt| div( )0900.,15>

k 2
+/ <|ZO| 5
0

// \zo| |d<p08| (dlvvu)dgo()u)\v( )>d5du
0

v ‘_1

Vy  (div(w))v, <P5,t>d5

and

_ / (laol?, [dil | " dy, (divvt)dcpg’tA;’(w)>dsdu

// |lz0]%, }d<p05|_1 dlvvu)dngu)\( )>dsdu.

Putting everything together, we have

L v )y = (w0 K w0)) + (ol | vy o )

o -1 .
+ ?/ |zo|2 , |d<p2)’7s| d%_’t(dlvw)vt o @87t>dsdu

o / |20
- — z
2 0| »

- —/ / <\zo|2, ’d(p&srl d%ru(divvu)dgoguXZ(w)>dsdu.
2 Jo Jo

o d%t(divvt)d@‘é’t)\y(w)>dsdu

A little care must be taken in writing, as we did above, 4 (wp, A} (w)) = (wo; (w)),
since this requires proving that (A}, . (w) — A/ (w))/e converges to X, (w) for the (p —
1, 00)-norm. This is indeed true in our case, because of the fact that w € B allows us
to control the uniform norm of its differentials up to order p, and the differentials of
®; up to the same order are solutions of a linear differential equation which ensures
their uniform continuity.

We now use the identity (which is justified below)
d 2 .
(54) 7 Vilp = 2Hm (vere —ve, Vo) /e,

which implies that, to compute the time differential of |Vt|33, it suffices to use the
obtained expression for the derivative of (v;, w)y with w = v; and multiply it by
2. Since A, (v;) = 0, and because of (53), we see that all terms cancel, yielding
d 2 2 2
a1 ([velg + 0% |z]3) = 0.
To show (54), one writes
([Vel = [vels = (Vere = Ve, vi))/e = [Vere — Vil e
B tlp t+e ty Vt)p t4e tlg /€

and the result is obtained by proving that, for w € B,

|(Vite — Ve, w>3| =0(e) \'w|73 )

which can be done by a direct estimation of %(v;, w)g.
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Appendix G. Proof of Lemma 5. It suffices to prove this result for smooth
20, 20, jo. It is straightforward that M;,(tzo) = ji, where j is the solution of (21) with
initial conditions (jo,20). Let j, = Mj,(tZo). Introduce also the corresponding (v, z;)
and (V¢,7¢).

Introduce the notation n =j—j, { = z—z, and o« = v —v. Since we have assumed
smooth trajectories, we may write

dj .

% = 0224 — djsvy
and

% = —div(z ® v¢)

and similar equations for the trajectory with initial condition (jg, Zp). Computing the
differences along both trajectories yields

% +dne¥y = 0%( — dijra,
(55)

% 1 div(( ® V) = —div(ze ® au).
Since

N R
|d‘ﬁ07t’ <6tf + le(Ct ® Vt)) °©y4

9 v ¥
ot [|d<ﬂo,t| Gto QDO,J
== ‘d%@g,t’ div(z; ® ay) o ‘Pg,tv
the second term yields
7 v o171z NPT 7 %
Cs °¥o,s = |d500,s| (ZO - ZU) - (/ }dcps,u| le(Zu ® au) © (ps,udu) ©©o,s»
0
and the first one implies
~ t ~ t ~
N0 Yot = 02/ Cs 0 g ods — / [djsas] o ©0.5ds.
0 0
Replacing ¢ in the last equation gives

(56)
o @y = to?(Zo(.) — 20(.)) — djo(To — vo)]

t s
— 2 / (/ ‘d@iu‘ div(zy ® o) © ap‘;udu) o (pg’sds
0 0
t 3 t o
_ / {[djsas] o 902)/,3 — djo(’ﬁo — Uo)} ds +/ (’d(p&s‘ - 1) (20 — Zo)ds
0 0

so that Lemma 5 reduces to evaluating the L?-norm of the last three integrals. We
shall use the fact that, for a function f € L2([0,1] x Q,R%),

t t
’/ fsds S/ | fsly ds.
0 2 0
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For t € [0,1], we also have, from (31), with wg = djizo and w{, = djiz{ (here and in
the following, we denote by const any quantity which depends only on jo, 2o and Zp),

(57) |at| 5 < const |z — Zol, -

This implies that
t s
(] et aivten @ @ o i) o s
0 0
t s
</
0o Jo
t S
I
t s
§const// |div(z,, @ )], duds
o Jo

t s
< const / / |Zu| 1 |0 | duds.
o Jo

The relation z; = 29 0 ¢} |dg02’70| implies that |z, |z < const |zg|y. so that

t s
/ (/ |d<p(‘;’7u| div(z, ® ay,) © cpi%du) ) gp&sds
0 0

A similar estimate is valid for the last integral in (56), since ||dy
We finally consider the second integral in this equation.
Since

2

div(z, ® ay,) o ‘Pg,u

dwg,s‘Ps,u , duds

ds

‘dgpgysrl div(zy, ® aw,) ,

< const t* |y — 2o, -
2

|71 —1| < conmst s.

S
js=Joowio+ 0’20095, / |dpiol © o5 udu,
0
we have, letting v = ¢ ;0 @8,87
dgpgvsjs o 902),,3 = d’Yst dwg,g/’;o Qo 908,8 + R;,

and it is easy to check that |R;|, < const ¢ 20|z |20 — 20|, We need to estimate
t ~
(58) / (d%jo dgpg g(p‘;o Qs 0 Qg 5 — djoa()) ds
o

t t
= / (dwsjo(dwg Pu0 Qs O Pg s — ao)) ds + / (dy, jo a0 — djo o) ds.
0 ’ 0

Start with the first term, for which we must bound, for the L°°-norm, the difference
dwg’gpg’o a oy o — ap or, equivalently,
d@;/,oas —Qpo 50270.

It is simple to check, from (57) and estimates we have used several times on the
variations of the diffeomorphisms, that (d¢y o — I)as and ag o go‘;O — o are bounded
by const s|Zy — 29|, We now proceed to an upper bound for a, — a, for which we
need to return to the expression obtained in (28), which yields

2 s
(v =vorwn = G [ (ol (s, 7 divt) o
— [t | (VEL s X)) dut (20, dio(NY () = w))y
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so that
2

(s —ap, w)g = %/0 <|Zo|2, (|dg08u|_1 div(w) o gog’s - ’d@&s‘_l (ves,, )\g(w)>)>du
2 s
=5 | (ol g div(a o, — [dg] (e A

+ (%0, djo(A{(w) — w)), — (20, djo(AY(w) — w)),.

The difference of the first two integrals takes the form

(59) T (o QL) - o, QL(w) du

with QU (w) = ldgf, |~ div(w) o @, — |de,| ™ (V&L . XY(w)). From Lemmas 7

and 11, and from (57), we obtain the fact that |Qf, (w) — Q},(w)| < const |Zy — 2o, w4

us

so that the quantity in (59) is bounded by const s |Zy — 2o|,. Writing

’—1

(20, djo(AY(w) —w)), — (20, djo(AY(w) —w))y = (Z0 — 20, djo( A (w) — w)),
+ (20, djo( Ay (w) =AY (w))),
and using |[AY(w) — w|OO < const s (which is deduced from Lemma 7 and a com-

putation of the differential of AY(w) with respect to s) and |AJ(w) — AY(w)|_ <
const s|Zy — zg|, (from Lemma 11 and (57)), we finally conclude that

v v z
’d(pg Pe 0O Wy faol < const s |2y — 20y,
)8 [ee)

which implies that the first integral in the right-hand term of (58) is bounded by
const t2 |Zg — 20]y-
Consider now the last term of (58), namely,

t
/ (djo 0 vs — djo) cvods.
0

Since |ag|,, < C'|Z — 20|, we must estimate |d,, jo — djol,. By Theorem 10, this is
a function of the kind
enr(djo, Ivs = 1d] ) = enr(djo, [#7 (s) — " (5)] ),

where M depends only on [jol 1, |20l ,|20l,- Since |@f , — ¢§ sl = O(s), we get
(with another function ¢)

¢
/ (djo 0 vs — djo) cods < e(jo, 1)t |20 — 20, -
0

We need finally to consider the last line of (56) which can be easily bounded from
above by €(jo,t)t |20 — 20|, We now can collect the estimates we have obtained to
conclude the proof of Lemma 5.
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