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Abstract— Many robot navigation tasks require the com-
putation of the motion of multiple objects moving in 3-D
spacefr om a collection of images taken by a moving robot.
In this paper we present a unifying theoretical framework
for both in�nitesimal and discrete 3-D motion segmentation
fr om optical �o w or point correspondencesin multiple af�ne,
perspective or central panoramic views. We exploit the
fact that for these motion and camera models, the image
measurements associatedwith a single object live in a low
dimensional subspaceof a high dimensional space, hence
motion segmentation is achieved by segmentingdata living
in multiple subspaces.We solve this problem in closedform
using a polynomial �tting and differ entiation techniquecalled
Generalized Principal Component Analysis. Unlik e previous
work, our method doesnot restrict the motion of the objects
to be full dimensional or fully independent. Instead, our
approach deals gracefully with all the spectrum of possible
motions: fr om low dimensionaland partially dependentto full
dimensional and fully independent.We test our algorithm on
various realand syntheticdynamic sceneswith linear motions,
planar and full motions, transparent motions, etc.

Index Terms— Motion segmentation,subspaceclustering,
Generalized Principal Component Analysis.

I . INTRODUCTION

Computervision is a very important sensorfor many
mobile robot applications,suchasautonomousnavigation,
localization,formationcontrol,pursuitevasiongames,etc.
A problemthatis fundamentalto mostof theseapplications
is multibody motion estimationand segmentation,which
refersto theproblemof estimatingthenumberof indepen-
dentlymoving objectsin thescene;themotionof eachone
of the objectsrelative to the camera;the cameramotion;
andthesegmentationof theimagemeasurementsaccording
to their associatedmotion.

The casein which the camerais static hasbeentradi-
tionally tackledusingbackgroundsubstractiontechniques.
However, such techniquesare not suitablefor the afore-
mentionedapplications,wherethecamerais mountedon a
moving robot. The casein which the camerais moving is
a very challengingproblem in motion analysis,because
it requires the simultaneousestimation of an unknown
numberof motion models,without knowing which pixels
move accordingto the samemodel.

� This work hasbeensupportedwith JohnsHopkins Whiting School
of Engineeringstartupfunds.

Becauseof thesesdif�culties, early studiesconcentrated
on simpli�ed motion modelssuchasmultiple pointsmov-
ing linearly with constantspeed[4], [11], multiple points
moving in a plane [12], and reconstructionof multiple
translatingplanes[20]. Thecaseof multiplemoving objects
seenby two perspective views wasrecentlystudiedin [21],
[17], [18], wherea generalizationof the 8-point algorithm
basedon the so-calledmultibody epipolar constraintand
its associatedmultibodyfundamentalmatrix wasproposed.
The methodsimultaneouslyrecoversmultiple fundamental
matricesusing multivariate polynomial factorization,and
can be extended to most two-view motion models in
computervision, such as af�ne, translationaland planar
homographies,by �tting anddifferentiatingcomplex poly-
nomials[14]. Extensionsof thesetwo-view algorithmsthat
deal with noisy data can be found in [18]. The caseof
multiple moving objectsseenby three perspective views
hasalso beenrecentlysolved by exploiting the algebraic
and geometricpropertiesof the multibody trifocal tensor
[5]. To the best of our knowledge, there is no work on
3-D motion segmentationfrom multiple (more than 3)
perspective views. The caseof multiple views has only
beenstudiedin the caseof af�ne cameras.For instance,
theworksof [1], [3] demonstratedthatwhenthemotionof
the objectsare independentandfully dimensional,motion
segmentationcan be achieved by thresholdingthe entries
of a certain matrix built from point correspondencesin
multiple af�ne views. A similar techniquecan be applied
in the caseof optical �o w in multiple frames,both in the
caseof perspective cameras[19] and central panoramic
cameras[10]. Unfortunately, thesemethodsarevery sensi-
tive to noise[7], [22] andfail with degenerateor partially
dependentmotions[23], [8].

In thispaperwepresentaunifying theoreticalframework
for bothin�nitesimal anddiscrete3-D motionsegmentation
from optical �o w or point correspondencesin multiple
af�ne, perspective or centralpanoramicviews. We exploit
the fact that for these motion and cameramodels, the
imagemeasurementsassociatedwith a singleobjectlive in
a low dimensionalsubspaceof a high dimensionalspace,
hencemotionsegmentationis achievedby segmentingdata
living in multiple subspaces.We solve this problem in
closed form using a polynomial �tting and differentia-
tion techniquefor subspaceclusteringcalled Generalized
PrincipalComponentAnalysis.Unlike previous work, our



methoddoesnot restrictthemotionof theobjectsto befull
dimensionalor fully independent.Instead,our approach
dealsgracefullywith all the spectrumof possiblemotions:
from low dimensionaland partially dependentto full di-
mensionaland fully independent.We test our algorithm
on variousreal and syntheticdynamicsceneswith linear,
planar, and full motions,transparentmotions,etc.

I I . MOTION SUBSPACES FOR AFFINE, PERSPECTIVE

AND CENTRAL PANORAMIC CAMERAS

In this section we describeclassesof cameramodels
whose associatedimage measurements(discrete or dif-
ferential) live in a low dimensionalsubspaceof a high
dimensionalspace.

A. DiscreteMotion in Multiple Af�ne Views

Let x f p 2 R2 be the imageof a point X p 2 P3, p =
1; : : : ; P , in framef = 1; : : : ; F . Let (Rf ; Tf ) 2 SO(3) be
theposeof oneof themoving objectsrelative to thecamera
in framef . Undertheaf�ne cameramodelthe imagepoint
x f p is obtainedby projecting the 3-D point [Rf Tf ]X p

orthographically. Thatis, theimagepoint is givenby x f p =

A f X p, whereA f =
�
1 0 0
0 1 0

�
[Rf Tf ] 2 R2� 4 is theso-

calledaf�ne camera matrix.
Therefore,if we are given a set of P point correspon-

dencesf x f pg in F frames,we can stack all the image
measurementsinto a 2F � P matrix W that satis�es
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whereM is called the motion matrix and S is called the
structure matrix. Sincethe �rst two rows of eachA f are
rows of a rotationmatrix, the above equationimplies that
2 � rank(W ) � 4. Therefore,theimagetrajectoriesof a 3-
D point associatedwith oneof themoving objectslive in a
subspaceof R2F of dimensiontwo, threeor four. This rank
constraintwasderivedin [13], andwasusedto proposethe
�rst multi-framealgorithmfor estimatingthe motion of an
af�ne cameraobservinga staticscene.

B. Differential Motion in Multiple PerspectiveViews

Let 
 f = (! 1f ; ! 2f ; ! 3f )T and Vf = (v1f ; v2f ; v3f )T

be, respectively, the rotationaland translationalvelocities
of oneof themoving objectsrelative to thecameraat frame
f = 1; : : : ; F . Underthe perspective projectionmodel,the
projection of point X p = (X p; Yp; Zp; 1)T 2 P3 on the
zerothframeis (xp; yp)T = (X p; Yp)T =Zp, and its optical
�o w u f p 2 R2 in the f th frame is:

u f p =
�

xpyp � (1 + x2
p) � yp 1=Zp 0 xp=Zp

(1 + y2
p) � xpyp xp 0 1=Zp yp=Zp

� �

 f

Vf

�
:

Given measurementsfor the optical �o w f u f pg of P
pixels in F frames,we can stackall the imagemeasure-
mentsinto a 2F � P matrix W
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that can be factoredinto its motion and structurecompo-
nentsasW = M ST , where
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Therefore,rank(W ) � 8, hencethe vector containingthe
optical �o w of a point betweenthe zeroth and the f th
frame for f = 1; : : : ; F lives in a subspaceof R2F of
dimensionat most 8. This rank constraint,amongothers,
was derived in [6] and was usedto derive a multi-frame
algorithmfor theestimationof theoptical�o w of a moving
cameraobservinga staticscene.

C. Differential Motion and Central Panoramic Cameras

A centralpanoramiccamerais acombinationof acurved
mirror anda lenswith a uniquefocal point.For a calibrated
camerawith parameter� 2 [0; 1], the projectionof a point
X p = (X p; Yp; Zp; 1)T 2 P3 is given by (xp; yp)T =

(X p; Yp)T =� p, where� p = � Zp + �
q

X 2
p + Y 2

p + Z 2
p .

As before,let 
 f andVf be, respectively, the rotational
and translationalvelocities of one of the moving objects
relative to the cameraat frame f . We showed in [9] that
for a centralpanoramiccamerathe optical �o w u f p 2 R2

of point X p = (X p; Yp; Zp; 1)T 2 P3 is given by:
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where� p = � 2=(1 + zp) and
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Given measurementsfor the optical �o w f u f pg of P
pixels in F frames,we can stackall the imagemeasure-
mentsinto a 2F � P matrix W
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that can be factoredinto its motion and structurecompo-
nentsasW = M ST , where
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Therefore,rank(W ) � 10, hencethe vector containing
the optical �o w of a point betweenthe zerothandthe f th
frame for f = 1; : : : ; F lives in a subspaceof R2F of
dimensionat most10.

I I I . SEGMENTATION OF THE MOTION SUBSPACES

Assumewe aregiven a matrix W 2 R2F � P containing
P image measurements(either point correspondencesor
optical �o w) in F frames.If the imagemeasurementsare
generatedby a singlemoving object, then the columnsof
W spana subspaceof R2F of dimensionat most 4, 8 or
10, dependingon whetherthecamerais af�ne, perspective,
or centralpanoramic.

Now, if the image measurementsare generatedby n
independentlymoving objects,thenthecolumnsof W must
live in a collectionof n subspacesf Si � R2F gn

i =1 . If the
motion subspacesare fully dimensional,i.e. dim(Si ) =
d = 4; 8 or 10, andfully independent,i.e. dim(Si [ Sj ) =
dim(Si ) + dim(Sj ) or equivalently Si \ Sj = f 0g, then
we musthave rank(W ) = nd, provided that 2F � nd and
P � nd. This is becauserank(W ) = rank([W1 � � � Wn ]),
whereWi is the matrix of imagemeasurementsassociated
with the i th motionsubspaceandsatis�esWi = M i ST

i , so
that

[W1 � � � Wn ] = [M 1 � � � M n ]

2

6
4

ST
1 0

...
0 ST

n

3

7
5 : (5)

The rank constraintrank(W ) = nd allows us to determine
the number of independentmotions directly from the
measurementsas

n =
rank(W )

d
(6)

In many applications,however, the motionsneednot be
fully dimensional.In groundrobotnavigation,for example,
the motion of each robot relative to the camerais con-
strainedto be planar, which reducesthe dimensionof the
motion subspacesto d = 4, d = 4 and d = 5 for af�ne,
perspective andcentalpanoramiccameras,respectively. In
addition,themotionsubspacesmaybepartially dependent,
i.e. maxf dim(Si ); dim(Sj )g < dim(Si [ Sj ) < dim(Si ) +
dim(Sj ) or equivalently Si \ Sj 6= f 0g, Si \ Sj 6= Si

and Si \ Sj 6= Sj , which happensfor instancewhen
two objects move with the same rotation but different
translationrelative to the camera.

In orderto dealbothwith fully independentandpartially
dependentmotions, as well as full dimensionaland de-
generatemotions,we needa subspaceclusteringalgorithm
that assumesonly that the motion subspacesaredifferent,
i.e. Si 6= Sj for all i 6= j = 1; : : : ; n.1 We solve this
problem by �tting and differentiating polynomials using
the GeneralizedPrincipal ComponentAnalysis (GPCA)
algorithm [16], [15], which consistsof the following two
steps:

1) Project the image measurementsonto a (d + 1)-
dimensionalsubspaceof R2F .

2) Estimateall themotionsubspacesby �tting a homo-
geneouspolynomial to the projecteddata.Segment
themotionsubspacesby takingthederivativesof this
polynomial.

We discussthesestepsin the following two sections.

A. Projectiononto a Low DimensionalSubspace

The �rst stepof the algorithm is dimensionalityreduc-
tion, which we do via a linear projectiononto a (d + 1)-
dimensionalsubspaceof R2F . We usea linear projection,
becausethe clustering of data lying on a collection of
subspacesis preserved by a genericlinear projection.For
instance,if one is given data lying on two lines in R3

passingthroughtheorigin, thenonecan�rst projectthetwo
lines onto a planein generalposition2 andthenclusterthe
datainsidethatplane.More generallytheprinciple is [15]:

Theorem1 (Cluster-PreservingProjections): If a setof
vectors f x j g all lie in n linear subspaceof dimensions
f di gn

i =1 in RD , and if � P representsa linear projection
onto a subspaceP of dimension D 0, then the points
f � P (x j )g lie in at mostn linearsubspacesof P of dimen-
sionsf d0

i � di gn
i =1 . Furthermore,if D > D 0 > maxf di g,

then there is an open and denseset of projectionsthat
preserve the separationanddimensionsof the subspaces.

Since in the caseof motion subspacesthe maximum
dimensionsared = 4, 8 and10, dependingon the camera
models,we canprojectthecolumnsof W ontoa subspace
of dimension(d+ 1) = 5; 9 or 11. In choosinga projection,
it makes senseto lose as little information as possibleby

1Notice that this is equivalent to requiring that dim( Si [ Sj ) >
maxf dim (Si ); dim (Sj )g.

2A planeperpendicularto any of the linesor perpendicularto theplane
containingthe lines would fail.



projecting into a dominanteigensubspace,which we can
do simply by computingthe SVD of W = UV with U 2
R2F � (d+1) andV 2 R(d+1) � P . Thematrix V containsthe
desiredprojecteddata.

B. Estimationand Segmentationof Motion Subspaces

With an abuse of notation, from now we will denote
the matrix of projecteddata as W 2 R(d+1) � P and the
projectedmotion subspacesasf Si gn

i =1 . Let w 2 Rd+1 be
any of the columnsof W . Sincew mustbelongto oneof
the projectedsubspaces,saySi , then thereexists a vector
bi 2 Rd+1 normal to subspaceSi suchthat bT

i w = 0. Let
f bi gn

i =1 bea collectionof n differentvectorsin Rd+1 with
thepropertythatbi is orthogonalto Si , but not orthogonal
to Sj for j 6= i = 1; : : : ; n. Thenany columnw of W must
satisfythefollowing homogeneouspolynomialof degreen
in d + 1 variables

pn (w ) = (bT
1 w)(bT

2 w) � � � (bT
n w) = 0: (7)

This polynomial can be expressedlinearly in terms of
its coef�cients. For instance,if n = 2 and d + 1 = 2 we
have pn (w ) = c1w2

1 + c2w1w2 + c3w2
2 , andwe cansolve

for the coef�cients from the linear system

[c1; c2; c3]

2

4
w2

11 � � � w2
1P

w11w21 � � � w1P w2P

w2
21 � � � w2

2P

3

5 = 0: (8)

For arbitraryn andd, theabove equationreadscT L n = 0,
where the j th column of L n is formed by stacking all
the monomials of degree n generatedfrom the entries
of the j th column of W. There are M n =

� n + d
d

�
such

monomials,hencec 2 RM n andL n 2 RM n � P . Whenall
the motion subspacesare fully dimensionalthe choiceof
onenormalvectorpersubspaceis unique.This impliesthat
c is uniquely de�ned, and so there is only one vector in
the null spaceof L n . In this case,we computec in a least
squaressenseas the left singularvector of L n associated
with its smallestsingularvalue.Whenoneor moremotion
subspacesare not fully dimensional,the choice of one
normalvectorper subspaceis not unique,hencetherewill
be many vectorsc in the null spaceof L n . In the unlikely
eventthattheeigenvectorof L n associatedwith its smallest
eigenvalue happensto correspondto a choice of normal
vectorsin which one of the normal vectorsis orthogonal
to two or more subspacesat the sametime, we can take
any othervectorc in the null spaceof L n .

Givenc, a directcalculationshows thatif w corresponds
to motionsubspaceSi , thenthederivative of pn at w gives
the normalvectorbi up to scalefactor, i.e.

bi =
Dpn (w )

kDpn (w )k
: (9)

Therefore,if we choosen columnsof W , f w i gn
i =1 , each

onebelongingto eachoneof then motionsubspaces,then
we can immediately obtain the normal vectors as bi �
Dpn (w i ). We refer the readerto [15] for a simplemethod
for choosingsuchpoints.

Given the normal vectors f bi g, we can immediately
cluster the columns of W by assigningw j to motion
subspacei if

i = arg min
` =1 ;::: ;n

f (bT
` w j )2g: (10)

Therefore,themotionsegmentationproblemis solvedby
�tting apolynomialpn to thecolumnsof W andcomputing
the derivatives of this polynomialsto assigneachcolumn
to its correspondingmotion subspace.

IV. EXPERIMENTAL RESULTS

We testedour 3-D motion segmentationalgorithm for
af�ne camerason the motion sequencesshown in Fig-
ure 1, which containsequenceswith missingdata(Boat),
full motions (Can-Book), linear and planar motions (3-
Cars), perspective effects3 and transparentmotions (Tea-
Tins). Thepoint correspondenceswerecomputedusingthe
algorithmin [2]. TableI shows thesegmentationresultsfor
eachoneof the sequences.Notice that the sequenceshave
rather different numberof featurepoints and numberof
frames.However, in all the casesthe algorithm gives a
misclassi�cationerror of lessthan5%.

TABLE I

PERCENTAGE OF MISCLASSIFIED CORRESPONDENCES FOR DIFFERENT

MOTION SEQUENCES.

Sequence Points Frames Motions Error

Boat 686 11 2 2.19%
Can-Book 170 3 2 1.18%
Tea-Tins 84 3 2 1.19%
3-Cars 173 15 3 4.62%

We also testedour 3-D motion segmentationalgorithm
for perspective cameras on two video sequences.
Figure 2 shows the street sequence available at
http://www.cs.otago.ac.nz/research/vision/Research/OpticalFlow/
optical�ow.html#Sequences, which containstwo independent
motions: the car translatingto the right, and the camera
panning to the right. Figure 2(a) shows frames3, 8, 12
and 16 of the sequencewith the correspondingoptical
�o w superimposed. The optical �o w measurements
were computed using algorithm, which is available
at http://www.cs.brown.edu/people/black/ignc.html. Figures
3(b)-(c) show the segmentationresults. In frame 4 the
car is partially occluded, thus only the frontal part of
the car is segmented from the background.The door
is incorrectly segmentedbecauseit is in a region with
low texture. As time proceeds,motion information is
integrated over time by incorporatingoptical �o w from
many framesin the optical �o w matrix, thus the door is
correctly segmented.In frame 16 the car is fully visible
and correctly segmented from the moving background.
Figure 3(a) shows the two-robot sequencewith the
correspondingoptical �o w superimposed.Figures 3(b)

3Most of the chosensequencespresentnoticeableperspective effects,
dueto largedepthvariations,or forwardmotions.Theaf�ne cameramodel
doesnot take into accountsucheffects.
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Fig. 1. Motion segmentationfrom point correspondencesin multiple
af�ne views for varioussequences.

and 3(c) show the resultsof the segmentation.Groups1
and 2 correspondto the eachone of the moving objects,
while group 3 correspondsto the background,which is
the correctsegmentation.

We also evaluatedthe performanceof our algorithm in
the casewhere two independentlymoving mobile robots
are viewed by a static paracatadioptriccamera(� = 1).
We grabbed18 images of size 240 � 240 pixels at a
framerateof 5Hz. The optical �o w was computeddi-
rectly in the image plane using Black's algorithm avail-
able at http://www.cs.brown.edu/people/black/ignc.html. Fig-
ure 4 shows a sampleof the motion segmentationbased
on the optical �o w. On the left, the optical �o w generated
by the two moving robotsis shown, andon the right is the
segmentationof the pixels correspondingto the indepen-
dentmotions.The two moving robotsaresegmentedvery
well from the staticbackground.

V. CONCLUSIONS

This paperhas presenteda unifying theoreticalframe-
work for both in�nitesimal and discrete3-D motion seg-
mentationfrom optical �o w or point correspondencesin
multiple af�ne, perspective or central panoramicviews.
We exploited the fact that for various motion and cam-
era models, the image measurementsassociatedwith a
single object live in a low dimensionalsubspaceof a
high dimensional space,hence motion segmentation is
achieved by segmentingdataliving in multiple subspaces.
Thesegmentationof themotionsubspaceswasachievedby

(a) Optical �o w (b) Group1 (c) Group2

Fig. 2. Segmentationresultsfor thestreetsequence.Thesequencehas18
framesand 200 � 200 pixels. The camerais panningto the right while
the car is also moving to the right. (a) Frames3, 8 12 and 16 of the
sequencewith thecorrespondingoptical �o w superimposed.(b) Group1:
motion of the camera.(c) Group2: motion of the car.

projectingthedataontoa low dimensionalsubspace,�tting
a polynomial to the projecteddata,andclusteringthe data
pointsby evaluatingthe derivativesof this polynomials.

Open researchavenuesinclude making the proposed
batchalgorithm recursive, as well as extending it to pro-
jective reconstructionof multiple rigid-body motionsfrom
multiple perspective views.
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