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Abstract

Generalized Principal Component Analysis (GPCA):
an Algebraic Geometric Approach to Subspace Clustering and Motion Segmentation

by

René Esteban Vidal
Doctor of Philosophy in Engineering — Electrical Engineering and Computer Sciences

University of California at Berkeley

Professor Shankar Sastry, Chair

Simultaneous data segmentation and model estimation refers to the problem of estimating a col-
lection of models from sample data points, without knowing which points correspond to which
model. This is a challenging problem in many disciplines, such as machine learning, computer
vision, robotics and control, that is usually regarded as “chicken-and-egg”. This is because if the
segmentation of the data was known, one could easily fit a single model to each group of points.
Conversely, if the models were known, one could easily find the data points that best fit each model.
Since in practice neither the models nor the segmentation of the data are known, most of the exist-
ing approaches start with an initial estimate for the either the segmentation of the data or the model
parameters and then iterate between data segmentation and model estimation. However, the con-
vergence of iterative algorithms to the global optimum is in general very sensitive to initialization
of both the number of models and the model parameters. Finding a good initialization remains a
challenging problem.

This thesis presents a novel algebraic geometric framework for simultaneous data segmen-
tation and model estimation, with the hope of providing a theoretical footing for the problem as well
as an algorithm for initializing iterative techniques. The algebraic geometric approach presented in
this thesis is based on eliminating the data segmentation part algebraically and then solving the
model estimation part directly using all the data and without having to iterate between data segmen-
tation and model estimation. The algebraic elimination of the data segmentation part is achieved by
finding algebraic equations that are segmentation independent, that is equations that are satisfied by

all the data regardless of the group or model associated with each point.



For the classes of problems considered in this thesis, such segmentation independent con-
straints are polynomials of a certain degree in several variables. The degree of the polynomials
corresponds to the number of groups and the factors of the polynomials encode the model parame-

ters associated with each group. The problem is then reduced to

1. Computing the number of groups from data: this question is answered by looking for polyno-
mials with the smallest possible degree that fit all the data points. This leads to simple rank
constraints on the data from which one can estimate the number of groups after embedding

the data into a higher-dimensional linear space.

2. Estimating the polynomials representing all the groups from data: this question is trivially
answered by showing that the coefficients of the polynomials representing the data lie in the
null space of the embedded data matrix.

3. Factoring such polynomials to obtain the model for each group: this question is answered
with a novel polynomial factorization technique based on computing roots of univariate poly-
nomials, plus a combination of linear algebra with multivariate polynomial differentiation and
division. The solution can be obtained in closed form if and only if the number of groups is

less than or equal to four.

The theory presented in this thesis is applicable to segmentation problems in which the
data has a piecewise constant, piecewise linear or piecewise bilinear structure and is well motivated
by various problems in computer vision, robotics and control. The case of piecewise constant data
shows up in the segmentation of static scenes based on different cues such as intensity, texture and
motion. The case of piecewise linear data shows up computer vision problems such as detection
of vanishing points, clustering of faces under varying illumination, and segmentation of dynamic
scenes with linearly moving objects. It also shows up in control problems such as the identification
of linear hybrid systems. The case of piecewise bilinear data shows up in the multibody structure
from motion problem in computer vision, i.e., the problem of segmenting dynamic scenes with

multiple rigidly moving objects.

Professor Shankar Sastry
Dissertation Committee Chair
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Chapter 1

Introduction

1.1 Motivation

A wide variety of problems in engineering, applied mathematics and statistics can be
phrased as an inference problem, that is a problem in which one is supposed to infer a model that
explains a given a collection of data points. In many cases, the data can be explained by a single
smooth model that can be as simple as the mean of the data as illustrated in Figure 1.1(a), or a hyper-
plane containing the data as illustrated in Figure 1.1(b), or as complex as an arbitrary manifold as
illustrated in Figure 1.1(c). The second case shows up, for example, in face recognition where
one assumes that the intensities in the image of a face under varying illumination lie on a linear
subspace of a higher-dimensional space. The third case shows up, for example, in the identification
of linear dynamical systems, where one is supposed to estimate the parameters A and C, and the

state trajectory {z;,t = 1,2,...} of a linear dynamical system

Tt41 = A.Tt (11)
yr = Cmy (1.2)

from the measured output {y;,t = 1,2,...}. The third case also shows up in the structure from mo-

tion problem in computer vision, where one is supposed to estimate the motion (rotation and transla-

N

tion) of a camera observing a cloud of points in 3-D space from two perspective views {(a:{, x;‘) i1

of such points. The camera motion and the image points are related by the epipolar constraint
2l Fad =0 (1.3)
2 1 ’ .

where the so-called fundamental matrix F' is a rank-2 matrix encoding the motion parameters.
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(@) Inferring the mean (b) Inferring a hyperplane  (c) Inferring a manifold

Figure 1.1: Inferring a constant, linear and nonlinear model from a collection of data points.

When the equations relating the data points and the model parameters are linear on the
latter, the inference problem becomes relatively simple and can be usually solved using tools from
linear algebra and optimization, such as least squares. When the equations relating the data and the
model parameters are nonlinear, the inference problem is more challenging and one needs to exploit
the algebraic, geometric or statistical structure of the problem in order to render it tractable. For
example, in the structure from motion problem one can exploit the fact that F' € so(3) x SO(3) to
obtain a linear solution for the translation and rotation of the camera.

When the inference problem is not tractable, one can resort to some sort of approximation.
The most natural approximation is to assume that the data is generated by a finite mixture of simpler
(tractable) smooth sub-models. For example, in intensity-based image segmentation, one could
model the image brightness as a piecewise constant function taking on a finite number of gray
levels. The inference problem is that of estimating the number of the gray levels, their values, and
the assignment of pixels to gray levels. A second example, which we will later call generalized
principal component analysis, could be to approximate a manifold with a mixture of linear sub-
models as illustrated in Figure 1.2. This case shows up in the face recognition example, where
the images of multiple faces under varying illumination span multiple linear subspaces of a higher-
dimensional space, and the task is to recognize how many faces are present in a given dataset
and the subspace associated with each image. Similarly, one could think of approximating the
nonlinear dynamics of an unmanned aerial vehicle (UAV) with a linear hybrid system, i.e., a mixture
of linear dynamical sub-models of the type (1.1) and (1.2) connected by switches from one sub-
model to the other. One could have, for example, a different linear sub-model for take off, landing,
hovering, pirouette, etc., and would like to estimate such linear sub-models from measurements for
the position, orientation and velocity of the UAV, without knowing which measurement corresponds

to which linear sub-model.



Figure 1.2: Approximating of a nonlinear manifold with a piecewise linear model.

However, there is a wide variety of inference problems in which using a mixture of sub-
models is not merely a modeling assumption, but an intrinsic characteristic of the problem. Consider
for example the problem of estimating the motion (translation and rotation) of multiple moving
objects from a collection of image measurements collected by a moving perspective camera, i.e.,
the multibody structure from motion problem in computer vision. In this case, the objective is to
find a collection of motion sub-models { F;}7*_, fitting a set of image measurements {(m{, ) f’zl,
without knowing which sub-model F; corresponds to which measurement (z, 2}) as illustrated in

Figure 1.3.

£
(R27 T2)

e
(R1,Th)

Figure 1.3: A traffic surveillance sequence with multiple moving objects. The motion of each object
is represented with a different rotation and translation, (R, T'), relative to the camera frame.

In either case, a modeling assumption or an intrinsic characteristic of the problem, the
estimation of a mixture of smooth sub-models from a collection of data points is a rather challenging

problem, because one needs to simultaneously estimate
1. The number of sub-models in the mixture;
2. The parameters of each sub-model,;

3. The segmentation of the data, i.e., the association between data points and sub-models.



It is important to notice that if the segmentation of the data was known, then the estimation
of the parameters of each sub-model would be simple, because by assumption each sub-model is
tractable. Conversely, if the parameters of each sub-model were known, then the segmentation of
the data would be trivial, because one could just assign each point to the closest sub-model. Since in
practice neither the model parameters nor the segmentation of the data are known, the estimation of
a mixture model is usually though of as a ”chicken-and-egg” problem: in order to estimate the sub-
models one needs to first segment the data and in order to segment the data one needs to know the
sub-model associated with each data point. The main challenge is then the simultaneous estimation
of both the membership of each data point and the parameters of the sub-model for each class.

Statistical approaches to simultaneous data segmentation and model estimation assume
that the data points are generated by a mixture of probabilistic sub-models. The problem is then

equivalent to

1. Learning the number of sub-models and their parameters (e.g., mean and covariance);

2. Assigning points to sub-models based on the posterior probability of a point belonging to a
sub-model.

However, the estimation of the mixture model is in general a hard problem which is usually solved
using the Expectation Maximization (EM) algorithm [14]. The EM algorithm is an iterative proce-
dure in which one first estimates the segmentation of the data given a prior on the parameters of each
sub-model (E-step) and then maximizes the expected log-likelihood of the model parameters given a
prior on the grouping of the data (M-step). The main disadvantage of this iterative procedure is that
its convergence to the global optimum is in general very sensitive to initialization, because the com-
plete log-likelihood function presents several local maxima. Furthermore, most iterative algorithms
rely on prior knowledge about the number of sub-models to be estimated, and their performance
deteriorates when the given number of sub-models is incorrect. One may therefore ask:

Is there an algebraic way of initializing statistical approaches to data segmentation?

Furthermore, since some information about the number of sub-models must also be contained in the
data, we may ask

Is there an algebraic way of obtaining an initial estimate for the number of sub-models?

To our surprise, these questions have never been addressed in an analytic fashion. Most
of the currently existing methods®

“We will provide a more detailed review of each one of these algorithms in the introduction section of each chapter.



1. Use a random initialization for the sub-model parameters.

2. Use some other iterative algorithm for initialization, such as K-means, that alternates between

data segmentation and model estimation, also starting from a random initialization.

3. Use spectral clustering techniques which are based on thresholding the eigenvectors of a
matrix whose ij entry represents a measure of the similarity between points i and j, the so-
called similarity matrix. Questions such as which and how many eigenvectors to use? and

how to combine those eigenvectors to obtain an initial segmentation? are still open problems.

4. Use some ad-hoc procedure that depends on the particular problem being solved. For ex-
ample, in 2-D motion segmentation it is customary to fit a single affine motion model to the

whole scene and then fit a second model to the outliers and so on.

In a sense, all these techniques attempt to do clustering first to then obtain an estimate
of the sub-model parameters, and then iterate between these two stages. Therefore, none of them
attempts to directly resolve the “chicken-and-egg” dilemma of clustering versus model estimation.
In other words, none of them is able to estimate all the sub-models simultaneously using all the data,
without previous knowledge about the segmentation of the data points.

According to [18], “It is hard to see that there could be a comprehensive theory of seg-

mentation ... There is certainly no comprehensive theory of segmentation at time of writing ... ".

1.2 Dissertation contributions

This thesis represents a first step towards our long term goal of developing a mathematical
theory of data segmentation. In particular, we are interested in answering the following questions.

1. Are there classes of segmentation problems that can be solved analytically?

2. Under what conditions can these classes of segmentation problems be solved in closed form?
3. Under what conditions do these classes of segmentation problems have a unique solution?

4. s there an algebraic formula for determining the number of sub-models?

In this thesis, we provide a complete answer to the last three questions for the following

classes of segmentation problems (see Figure 1.4).
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Figure 1.4: A hierarchy of segmentation problems.

1. Piecewise constant data: In this case, we assume that the data points are clustered around
a finite collection of cluster centers as illustrated in Figure 1.5(a). This case shows up in a
variety of applications in computer vision, including image segmentation problems based on
intensity, texture, motion, etc. We will denote this case as Polynomial Segmentation (Poly-
segment), since our solution will be based on computing roots of univariate polynomials.

2. Piecewise linear data: In this case, we assume that the data points lie on a finite collec-
tion of linear subspaces, as illustrated in Figure 1.5(b) for the case of lines in R2. We will
denote this case as Generalized Principal Component Analysis (GPCA), since it is a natural
generalization of PCA [29], which is the problem of estimating a single linear subspace from
sample data points. GPCA shows up in a variety of applications in computer vision, including

vanishing point detection, segmentation of linearly moving objects, face recognition, etc.

3. Piecewise bilinear data: In this case, we assume that the data lies on a finite collection of
manifolds with bilinear structure, i.e., the data points (a1, x2) satisfy equations of the form
xl Fx; = 0, where F is a matrix representing the model parameters. We show an example
of a mixture of two bilinear surfaces for z; € R? and 25 € R in Figures 1.5(c)-(d). We will
denote this case as Multibody Structure from Motion, since it very much related to the 3-D

motion segmentation problem in computer vision.
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Figure 1.5: Inferring different piecewise smooth models from data.

The main contribution of this thesis is to show that for these three classes of segmenta-
tion problems the ”chicken-and-egg” dilemma can be completely solved using algebraic geometric
techniques. In fact, it is possible to use all the data points simultaneously to recover all the model
parameters without previously segmenting the data. In the absence of noise, this can be done in
polynomial time using linear techniques and the solution can be obtained in closed form if and only
if the number of groups is less than or equal to 4. In the presence of noise, the algebraic solution
leads to an optimal objective function that depends on the model parameters and not on the segmen-
tation of the data. Alternatively, the algebraic solution can be used as an initialization for any of the
currently existing iterative techniques. Although these three classes of segmentation problems may
seem quite different from each other, we will show that they are strongly related. In fact, we will
show that the piecewise bilinear case can be reduced to a collection of piecewise linear problems.
Similarly we will show that the piecewise linear case can be reduced to a collection of piecewise
constant problems. The following sections give a more detailed account of our contributions for
each class of data segmentation problems.



1.2.1 Piecewise constant data: polynomial segmentation

We propose a simple analytic solution to the segmentation of piecewise constant data and
show that it provides a solution to the well known eigenvector segmentation problem. We start
by analyzing the one-dimensional case and show that, in the absence of noise, one can determine
the number of groups n from a rank constraint on the data. Given n, the segmentation of the
measurements can be obtained from the roots of a polynomial of degree » in one variable. Since
the coefficients of the polynomial are computed by solving a linear system, we show that there is
a unique global solution to the one-dimensional segmentation problem, which can be obtained in
closed form if and only if n < 4. This purely algebraic solution is shown to be robust in the presence
of noise and can be used to initialize an optimal algorithm. We derive such an optimal objective
function for the case of zero-mean Gaussian noise on the data points.

We then study the case of piecewise constant data in dimension two. We show that the
same one-dimensional technique can be applied in the two-dimensional case after embedding the
data into the complex plane. The only difference is that now the polynomial representing the data
will have complex coefficients and complex roots. However, the cluster centers can still be recovered
from the real and imaginary parts of the complex cluster centers. We then study the case of piecewise
constant data in a higher-dimensional space and show that it can be reduced to a collection of one
or two-dimensional clustering problems.

We present applications of polynomial segmentation on computer vision problem such as
image segmentation based on intensity or texture, 2-D motion segmentation based on feature points,
3-D motion segmentation based on optical flow, and face clustering with varying expressions.

1.2.2 Piecewise linear data: generalized principal component analysis

We consider the so-called Generalized Principal Component Analysis (GPCA) problem,
i.e., the problem of identifying n linear subspaces of a K -dimensional linear space from a collec-
tion of sample points drawn from these subspaces. In the absence of noise, we cast GPCA in an
algebraic geometric framework in which the number of subspaces n becomes the degree of a cer-
tain polynomial and the subspace parameters become the factors (roots) of such a polynomial. In
the presence of noise, we cast GPCA as a constrained nonlinear least squares problem which mini-
mizes the error between the noisy points and their projections subject to all mixture constraints. By
converting this constrained problem into an unconstrained one, we obtain an optimal function from

which the subspaces can be directly recovered using standard non-linear optimization techniques.



In the case of subspaces of dimension £k = K — 1, i.e., hyperplanes, we show that the
number of hyperplanes »n can be obtained from the rank of a certain matrix that depends on the
data. Given n, the estimation of the hyperplanes is essentially equivalent to a factorization problem
in the space of homogeneous polynomials of degree n in K variables. After proving that such a
problem admits a unique solution, we propose two algorithms for estimating the hyperplanes. The
polynomial factorization algorithm (PFA) obtains a basis for each hyperplane from the roots of a
polynomial of degree n in one variable and from the solution of K — 2 linear systems in n variables.
This shows that the GPCA problem has a closed form solution when n < 4. The polynomial
differentiation algorithm (PDA) obtains a basis for each hyperplane by evaluating the derivatives of
the polynomial representing the hyperplanes at a collection of points in each one of the hyperplanes.
We select those points either by intersecting the hyperplanes with a randomly chosen line, or by else
by choosing points in the dataset that minimize a certain distance function.

In the case of subspaces of equal dimension k1 = --- = k, = k < K — 1, we first
derive rank constraints on the data from which one can estimate the number of subspaces n and
their dimension k. Given n and k, we show that the estimation of the subspaces can be reduced
to the estimation of hyperplanes of dimension & = K’ — 1 which are obtained by first projecting
the data onto a K’-dimensional subspace of R¥. Therefore, the estimation of the subspaces can
be done using either the polynomial factorization or the polynomial differentiation algorithm for
hyperplanes.

In the case of subspaces of arbitrary dimensions, 1 < kq,...,k, < K — 1, we show that
the union of all subspaces can be represented by a collection of homogeneous polynomials of degree
n is K variables, whose coefficients can be estimated linearly from data. Given such polynomials,
we show that one can obtain vectors normal to each one of the subspaces by evaluating the deriva-
tives of such polynomials at a collection of points in each one of the subspaces. The estimation of
the dimension and of a basis for (the complement of) each subspace is then equivalent to applying
standard PCA to the set of normal vectors. The above algorithm is in essence a generalization of
the polynomial differentiation algorithm to subspaces of arbitrary dimensions.

Our theory can be applied to a variety of estimation problems in which the data comes
simultaneously from multiple (approximately) linear models. Our experiments on low-dimensional
data show that PDA gives about half of the error of the PFA and improves the performance of iter-
ative techniques, such as K-subspace and EM, by about 50% with respect to random initialization.
We also present applications of our algorithm on computer vision problems such as vanishing point

detection, 2-D and 3-D motion segmentation, and face clustering under varying illumination.
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1.2.3 Piecewise bilinear data: multibody structure from motion

We present an algebraic geometric approach to segmenting static and dynamic scenes
from image intensities (2-D motion segmentation) or feature points (3-D motion segmentation).

In the 2-D motion segmentation case, we introduce the multibody affine constraint as a
geometric relationship between multiple affine motion models and the image intensities generated
by them. This constraint is satisfied by all the pixels in the image, regardless of the motion model
associated with each pixel, and combines all the motion parameters into a single algebraic structure,
the so-called multibody affine matrix. Given the image data, we show that one can estimate the
number of motion models from a rank constraint and the multibody affine matrix from a linear
system. Given the multibody affine matrix, we show that the optical flow at each pixel can be
obtained from the partial derivatives of the multibody affine constraint. Given the optical flow at
each pixel, we show that the estimation of the affine motion models can be done by solving two
GPCA problems. In the presence of noise, we derive an optimal algorithm for segmenting dynamic
scenes from image intensities, which is based on minimizing the negative log-likelihood subject to
all multibody affine constraints. Our approach is based solely on image intensities, hence it does not
require feature tracking or correspondences. It is therefore a natural generalization of the so-called
direct methods in single-body structure from motion to the case of multiple motion models.

In the 3-D motion segmentation case, we introduce the so-called multibody epipolar con-
straint and its associated multibody fundamental matrix as natural generalizations of the epipolar
constraint and of the fundamental matrix to multiple moving objects. We derive a rank constraint
on the image points from which one can estimate the number of independently moving objects as
well as linearly solve for the multibody fundamental matrix. \We prove that the epipoles of each in-
dependent motion lie exactly in the intersection of the left null space of the multibody fundamental
matrix with the so-called Veronese surface. Given the multibody fundamental matrix, we show that
the epipolar lines can be recovered from the derivatives of the multibody epipolar constraint and
that the epipoles can be computed by applying GPCA to the epipolar lines. Given the epipoles and
epipolar lines, the estimation of individual fundamental matrices becomes a linear problem. The
segmentation of the data is then automatically obtained from either the epipoles and epipolar lines
or from the fundamental matrices. In the presence of noise, we derive the optimal error function for
simultaneously estimating all the fundamental matrices from a collection of feature points, without
previously segmenting the image data. Our results naturally generalize the so-called feature based

methods in single-body structure from motion to the case of multiple rigidly moving objects.
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1.3 Thesis outline

This thesis is organized in the following four chapters.

e Chapter 2, Polynomial Segmentation, covers the segmentation of piecewise constant data.
Section 2.2 covers the segmentation of one-dimensional data. This case is the simplest seg-
mentation problem, yet it allows to illustrate most, if not all, the concepts of the overall theory
presented in this thesis. Thus we recommend the reader to clearly understand all the details
before jumping into the the remaining chapters. In spite of its simplicity, the one-dimensional
case is strongly related with the spectral clustering techniques that we mentioned in the pre-
vious section. In fact, the solution to the one-dimensional case provides an automatic way of
thresholding the eigenvectors of a similarity matrix. The generalization to higher-dimensions
is covered in Sections 2.3 and 2.4 and is a straightforward extension of the one-dimensional
case. Such an extension indeed provides a solution to the problem of simultaneously thresh-

olding multiple eigenvectors, which is the basis for spectral clustering techniques.

e Chapter 3, Generalized Principal Component Analysis (GPCA), covers the segmentation
of piecewise linear data, i.e., data lying on a collection of subspaces. Section 3.2 gives the
basic formulation of the problem. Section 3.3 covers the case of subspaces of co-dimension
one (hyperplanes), including the polynomial factorization (Section 3.3.2) and polynomial dif-
ferentiation (Section 3.3.3) algorithms. Section 3.4 covers the case of subspaces of equal di-
mension, which is reduced to the case of hyperplanes via a projection. Section 3.5 covers the
case of subspaces of arbitrary dimensions via polynomial differentiation and division. Sec-
tions 3.6 derives an optimal function for obtaining the subspaces from noisy data. Section 3.7
shows how to use GPCA to initialize iterative algorithms such as K-subspace and EM.

e Chapters 4 and 5 extend the theory of Chapter 3 to the case of piecewise bilinear data. Al-
though the segmentation of piecewise bilinear data can always be reduced to the segmentation
of piecewise bilinear, the last step of the reduction is combinatorial. Therefore, we have cho-
sen to concentrate on the problem of segmenting dynamic scenes from 2-D imagery, because
in this case the combinatorial part can be bypassed by exploiting the geometric structure of
the problem. Chapter 4 covers the segmentation of static and dynamic scenes from image in-
tensities, and is a natural generalization of the so-called direct methods to the case of multiple
motion models. Chapter 5 covers the segmentation of dynamic scenes from feature points,
and is a natural generalization of the eight-point algorithm to multiple rigidly moving objects.
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Chapter 2

Polynomial Segmentation (Polysegment)

2.1 Introduction

Eigenvector segmentation is one of the simplest and most widely used global approaches
to segmentation and clustering [42, 11, 40, 45, 68]. The basic algorithm is based on thresholding
the eigenvectors of the so-called similarity matrix and can be summarized as having the following
steps [40]:

1. Associate to each data point a feature vector. Typical feature vectors in image segmentation

are the pixel’s coordinates, intensity, optical flow, output of a bank of filters, etc.

2. Form a similarity matrix S € R¥*Y corresponding to N data points. Ideally S;; = 1 if
points ¢ and j belong to the same group and S;; = 0 otherwise. A typical choice for S;; is
exp(—d?j /202), where d;; is a distance between the features associated to points i and j and
o is a free parameter. d;; is chosen so that the intragroup distance is small and the intergroup
distance is large. When the points are ordered according to which group they belong, the

similarity matrix should be block diagonal as illustrated in Figure 2.1.

3. Group the points by thresholding an eigenvector & € RV of the similarity matrix S € RV*,
Ideally, if two points 7 and j belong to the same group, then z; = z;. Thus if the points
are reordered according to which group they belong, the eigenvector should be a piecewise

constant function of the points as illustrated in Figure 2.1.

In practice, the data points are corrupted with noise, the intragroup distance is nonzero

and the intergroup distance is not infinity. This means that, in general, z; # x; even if points :
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N 1 N

Figure 2.1: A similarity matrix for two groups (left) and its leading eigenvector (right), after seg-
mentation. Dark regions represent S;; = 0 and light regions represent .S;; = 1.

1 N 1 N

Figure 2.2: Eigenvector obtained from noisy image measurements and the “ideal” eigenvector. Be-
fore segmentation (left) and after segmentation (right).

and j belong to the same group. We illustrate this phenomenon in Figure 2.2, where the leading
eigenvector of S is not piecewise constant, yet there is an unknown underlying piecewise constant

eigenvector: the “ideal” eigenvector. The question is

How does one recover the ““ideal” eigenvector from the ““noisy” one? Is there an analytic

way of doing so0?

Furthermore, since information about the number of groups is also contained in the noisy eigenvec-

tor
How does one obtain an estimate of the number of groups from the noisy eigenvector?

To our surprise, these questions have never been addressed in an analytic fashion. Most
of the existing work (See Section 2.1.2 for a review) uses heuristics to threshold one or more eigen-

vectors of the similarity matrix and then extract the segmentation.
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2.1.1 Contributions

In this chapter, we address the eigenvector segmentation problem in a simple algebraic
geometric framework. We assume that the number of groups is unknown and that there exists a
set of underlying “ideal” eigenvectors which are permutations of piecewise constant vectors. The
problem then becomes one of estimating the number of groups, the “ideal” eigenvectors and the cor-
responding permutation from a set of “noisy” eigenvectors of S. We propose to solve this problem
using polynomial segmentation (Polysegment), a simple technique that transforms each eigenvector
into a univariate polynomial. The number of groups n becomes the degree of the polynomial and
the finite values that the “ideal” eigenvectors can take become the roots of the polynomial.

In Section 2.2 we consider the case of a single eigenvector. In Section 2.2.1 we derive
a rank condition on the entries of the “ideal” eigenvector from which we determine the number of
groups n. Once the number of groups has been determined, the segmentation of the data points
can be obtained from the roots of a polynomial of degree n in one variable, whose coefficients can
be computed by solving a linear system. This shows that there is a unique global solution to the
eigenvector segmentation problem, which can be obtained in closed form if and only if n < 4. In
Section 2.2.2 we show that this purely algebraic solution is robust in the presence of noise since it
corresponds to the least squares solution to the algebraic error derived in the ideal case. In the case
of zero-mean Gaussian noise on the entries of the eigenvector, we show that such a sub-optimal
objective function can be easily modified to obtain an optimal function for the chosen noise model.

In Section 2.3 we consider the problem of segmenting the data from two eigenvectors and
show that Polysegment can be directly applied after transforming the two (real) eigenvectors into
a complex one, and then working with complex polynomials. In Section 2.4 we study the case of
multiple eigenvectors and show that it can be reduced to the case of one or two eigenvectors after a
suitable projection. We show how to use Polysegment to initialize K-means and EM in Section 2.5.

In Section 2.6 we present experimental results on intensity-based image segmentation that
show that Polysegment performs similarly or better than K-means and EM, but is computationally
less costly, because it only needs to solve one linear system in n variables plus one polynomial of
degree n in one variable. We also present experimental results on texture-based image segmentation
that show that Polysegment is very efficient at computing and segmenting textures and produces a
visually appealing segmentation of natural scenes from the Berkeley segmentation dataset. We then
apply Polysegment to 2-D and 3-D motion segmentation using either point features or optical flow.

Finally, we present experimental results on face clustering with varying expressions.
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2.1.2 Previous work

Spectral clustering techniques were first applied to motion segmentation by Boult and
Brown [7]. The authors propose a rank constraint to estimate the number of independent motions
and obtain the segmentation of the image data from the leading singular vectors of the matrix of
feature points in multiple frames. A similar technique was earlier proposed by Scott and Longuet-
Higgins [42] in the context of feature segmentation. The authors assume that the number of groups
n is given and use the first n eigenvectors of the similarity matrix S to build a segmentation matrix
Q such that Q;; = 1 if pixels belong to the same group and zero otherwise. In the presence of
noise, the segmentation of the data is obtained by thresholding Q, which is sensitive to noise. The
same technique was later applied by Costeira and Kanade [11] to orthographic motion segmenta-
tion. In this case the similarity matrix is obtained as the outer product of a matrix formed from a
collection of feature points in multiple frames. Instead of thresholding ©, the authors obtain the
segmentation by partitioning a graph that is formed from the entries of Q. An alternative approach
to thresholding @ based on model selection techniques was proposed by Kanatani [31]. Shi and
Malik [45] demonstrated that segmentation based on a single eigenvector can be interpreted as a
sub-optimal solution of a two-way graph partitioning problem. They explored three algorithms for
image segmentation. In the two-way Ncut they threshold the second eigenvector of a normalized
similarity matrix into two groups. The choice of two groups is arbitrary, and can produce the wrong
segmentation for eigenvectors such as the one in Figure 2.2. In the recursive two-way Ncut each
one of the two groups is further segmented into two sub-groups by applying the two-way Ncut to
the eigenvectors associated to the similarity matrices of the previously computed groups. In this
case it is unclear when to stop subdividing currently computed groups. The authors also explore a
K-way Ncut that uses K eigenvectors. The K entries corresponding to each pixel are used as feature
vectors that are clustered using the K-means algorithm with random initialization. They do not pro-
vide an analytic way of initializing K-means. Weiss [68] showed that the eigenvector segmentation
algorithms in [11, 40, 42, 45] are very much equivalent to each other. In some special cases, he
also analyzed the conditions under which they should give a good segmentation. For example, the
algorithm in [42] gives a good segmentation when the intergroup similarities are zero, the intra-
group similarities are positive and the first eigenvalue of each intragroup similarity matrix is bigger
than the second eigenvalue of any other. Similar conditions were derived in [39]. Unfortunately,
these conditions depend on the spectral properties of the segmented data and hence they cannot be

checked when the true segmentation is unknown.
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2.2 One-dimensional clustering: the case of one eigenvector

Assume that we are given an eigenvector z € RY of a similarity matrix S € RV*V,
where N is the number of data points, and that we would like to segment the entries of x into
an unknown number of groups n. We assume that there exists an (unknown) ideal eigenvector &
that takes on a finite number of values, i.e., Z; € {p1,p2,..., o}, With g # -+ # py, for

j=1,..., N. We define the eigenvector segmentation problem as follows.

Problem 1 (Eigenvector segmentation problem)
Given an eigenvector € R of a similarity matrix S € RV <V estimate the number of groups n,

the constants {y; }I*_;, and the segmentation of the data, i.e., the group to which each point belongs.

2.2.1 The ideal case

Imagine for the time being that we had access to the ideal eigenvector &. In this case,
the segmentation problem can be trivially solved by sorting the entries of « = &. However, we will
pretend as if we did not know the sorting-based solution so that we can derive the equations that
has to satisfy. It turns out that those equations are precisely the ones that will enable us to recover
& from x, when & is unknown.

Let 2 € R be an indefinite variable representing say the ;" entry of = € RY. Then, there
exists a constant y; such that x = ;. This means that

(=) V(T=p2) V-V (r=pn), (21)

which can be compactly written as the following polynomial of degree n in x:

n n

p(@) =[]z = m) =D aa® =0 (22)

i=1 k=0

Since the above equation is valid for every entry of x, we have that

1 oz 23 - af co
. 2 2 :
L,c= | . =0. (2.3)
. . Cn—1
2 n
|1 oy oy -0 2| |1 ]

where L,, € RN*("+1) s the data matrix and ¢ € R"* is the vector of coefficients of p,, (z).
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In order for the linear system of equation (2.3) to have a unique solution for the vector of
coefficients ¢ € R™*!, we must have that rank(L,) = n. This rank constraint on L,, € RV*(+1)

provides a criterion to determine the number of groups n from the eigenvector x, as follows.

Theorem 1 (Number of groups) Let L; € RV*(i+1) pe the matrix formed from the first i + 1
columns of L,,. If N > n, then
>, ifi<n,
rank(L;) § =i, if i =n, (2.4)
<1, ifi>n.

Therefore, the number of groups n is given by

n = min{s : rank(L;) = i}. (2.5)

Proof. Consider the polynomial p,(x) as a polynomial over the algebraically closed field C and
assume that p; # pa # --- # . Then the ideal I generated by p,(z) is a radical ideal with
pn(x) as its only generator. According to Hilbert’s Nullstellensatz (see page 380, [34]), there is a
one-to-one correspondence between such an ideal I and the algebraic set

Z(I)={z:Vpel,p(x)=0}cC

associated to it. Hence its generator p,, () is uniquely determined by points in this algebraic set. By
definition, p,, (x) has the lowest degree among all the elements in the ideal 7. Hence no polynomial
with lower degree would vanish on all points in {1, uo, ..., u, }. Furthermore, since all the con-
stants y; are real, if z +/—1y € Cisin Z(I), then (z + v—1y) = p; & (. = ;) A (y = 0).
Hence all points on the (real) line determine the polynomial p,,(x) uniquely and vice-versa. Since
the coefficients of the polynomial p,,(z) lie in the null space of L,,, and the rank of L,, determines
the number of solutions, it follows that the null space of L; is trivial if i < n, one-dimensional if

1 = n and at least two-dimensional if 7 > n. This completes the proof. =

The intuition behind Theorem 1 can be explained as follows. Consider for simplicity
the case of n = 2 groups, so that p,(x) = pa(z) = (x — p1)(x — p2), with g # pe. Then it
is clear that there is no polynomial of degree one, pi(z) = = — p, that is satisfied by all the data.
Similarly, there are infinitely many polynomials of degree 3 or more that are satisfied by all the data,
namely any multiple of ps(x). Thus the degree n = 2 is the only one for which there is a unique

polynomial representing all the data. Since the vector of coefficients ¢ € R™*! of the polynomial
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pn(z) lies in the null space of L,,, and the rank of L,, determines the number of solutions of the
linear system in (2.3), the number of groups is determined as the degree for which the null space of
L,, is one-dimensional.

We can therefore use Theorem 1 to estimate the number of groups incrementally from
equation (2.5), starting with ¢ = 1,2, ..., etc. Notice that the minimum number of points needed is
N > n, which is linear on the number of groups.*

Once the number of groups n has been computed, we can linearly solve for the vector
of coefficients ¢ from equation (2.3). In fact, after rewriting (2.3) as a (non-homogeneous) linear
system with unknowns [co, c1, . . ., c,—1]7, the least squares solution for [co, c1, . .., c,—1]T can be

obtained by solving the linear system

[ 1 Elx] - E[lz"]] [ Elz"] ]
C
El] El2?] - Ela" Y| | Bl ]
= — _ , (2.6)
; : - :

_E[Cl:n_l] E[:Bn] . E[an—Q]_ _E[an—l]_

where E[zF] = < j.\’zl x% is the k'™ moment of the data. This shows that for a mixture of n
groups, it is enough to consider all the moments of the data up to degree 2n — 1.
Finally, since
pn(x) = H(az — i) = chxk =0, (2.7)
i=1 k=0

given n and ¢ we can obtain {y;}!"_, as the n roots of the polynomial p,(z). Given {y;}? ;, the

segmentation is obtained by assigning point j to group i whenever ; = x;.

Remark 1 (Solvability of roots of univariate polynomial) It is well-known from abstract alge-
bra [34] that there is a closed form solution for the roots of univariate polynomials of degree n < 4.

Hence, there is a closed form solution to the eigenvector segmentation problem for n < 4 as well.

2.2.2 The general case

Let us now consider the case in which we are given a noisy eigenvector x whose ideal
eigenvector & is unknown. As before, let 2 be an indefinite variable representing say the j** entry
of x. Then, there exists a constant x; such that x ~ p;, hence we must have

n

po(@) = (# = ) (x — p2) -+ (& — pn) = Y cpa® = 0. (2.8)
k=0

1We will see in future chapters that this is no longer the case for more general segmentation problems.
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By applying the above equation to each entry of a, we obtain the system of linear equations
Lyc=~0, (2.9)

where L,, € RV*(+1) s defined in (2.3). We can solve this equation in a least-squares sense by

minimizing the algebraic error

N N n 2
Ea(e) =) (pale))* =) (Z cw?) = || Lnel”. (2.10)

j=1 j=1 \k=0
The solution ¢ to the above problem is simply the singular vector of L,, corresponding to the smallest
singular value. Given c, the cluster centers {;}?_, can be obtained as the n roots of p,, (). Finally,
given {u;}" ,, the segmentation of the data is obtained by assigning point j to the group i that

minimizes the distance between x; and 1, i.e., point j is assigned to the group

i=arg min (v; — )’ (2.11)

=1,...m

In summary, if the number of groups n is given, then the same algorithm that we derived
in the ideal case can be directly applied to compute the vector of coefficients ¢, the cluster centers
{pi}, and the segmentation of the data. Now if the number of groups n is unknown, we cannot
directly compute it from the rank condition in (2.5), because the matrix L; may be full rank for any
i > 1. Therefore, we determine the number of groups by thresholding the singular values of the

data matrix. That is, we estimate the number of groups as
n =min{i : 0;41/0; < €}, (2.12)

where o; is the ¥ singular value of L, and e is a pre-specified threshold that depends on the noise
level. One can also use the geometric information criterion to estimate the rank as shown in [32].
Even though we have derived the polynomial segmentation algorithm Polysegment in a
purely algebraic setting, it turns out that it also has a probabilistic interpretation. Let {x }le be a
noise corrupted version of the ideal data {Z }j\le drawn from a mixture model with means {z; }7_;.
The problem is then to estimate the means of the mixture model {; }}* , from the noisy sample data
{:cj}év:l. The following lemma [54] shows that the algebraic solution described above is exactly

the moment estimator for certain types of distributions, e.g., Exponential and Gamma.

Lemma 1 (Moment estimator for mixtures of scalar random variables)  Given a collection of
points {a:j};\’zl drawn from a mixture model with means {z;}? ,, if the probability distribution for
group i is such that E(x*) = p¥ forall i = 1,...,n and for all k > 1, then the solution for {;;}7_,

given by (2.6) and (2.7) corresponds to the moment estimator for the means of the mixture model.
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Consider now the case in which the data {z }évzl is corrupted with i.i.d. zero-mean Gaus-
sian noise. Since this case does not satisfy the conditions of Lemma 1, the algebraic solution is
not necessarily optimal in a maximum likelihood sense. We therefore seek an optimal solution by

solving the following constrained optimization problem

N
; 5o )2
o min Z(:E] xj) (2.13)
j=1
subjectto > @k =0, j=1,...,N. (2.14)
k=0

Since p,(Z) = pn(z) + ph(2) (@ — ) + O((F — x)?) and (z — &) is assumed to be
zero-mean and Gaussian, after neglecting higher order terms an optimal objective function can be
obtained by minimizing

‘ N () 2 N Zn: c x? 2
Boe) =Y (p ( )) -y (#@fm’”) - (2.15)

/ .
j=1 pn(xj) j=1

Minimizing Eo(c) is an unconstrained optimization problem in n variables, which can be solved
with standard optimization techniques. Notice that the optimal error Eo(c) is just a normalized
version of the algebraic error £4(c). Given n and c we obtain the constants {z;}?_, as before, i.e.,
they are the n roots of the polynomial p,,(x). Given the constants {x;}? _;, the segmentation of the
data is obtained as in (2.11).

Remark 2 (Solving for {1;}7_, directly) Notice that in the nonlinear case it is not necessary to
solve for c first. Instead one can define the optimal error Eo as a function of {yu;}}, directly,
because p,(x;) = (xj — 1) - - - (x; — pn,). The error becomes

o)\ o Ty — ) )
Z <P%(xj)) a Z D i Hz;ﬁz(xj — ) ) (216)

j=1 j=1

In the presence of noise is better to search for {s;}}" , directly, without computing c first. This is
because the unconstrained minimization of E(c) does not consider the constraints on the entries
of ¢ associated to the fact that p,,(«) should have real roots.

Remark 3 (Approximate distance from a point to its cluster center) Notice from (2.16) that if a
point z; is close to cluster center y;, then the denominator is approximately equal to H#i(xj — lLg).
After dividing the numerator by the denominator, we notice that the contribution of point j to the
error Eo(c) is equal to (z; — w;)%. Therefore, the error function Eo(c) is a clever way of writing
the sum of the square distances from each point to its own cluster center, modulo higher order terms.
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2.3 Two-dimensional clustering: the case of two eigenvectors

Consider now the case in which we are given eigenvectors z; € RN and z, € RN of a
similarity matrix S € RY*N_ As before, the objective is to find two ideal eigenvectors &; € RV
and &5 € RY such that the rows of the matrix X = [1 @o) € RN *2 take on finitely many values
{p; € R?} . Alternatively, we can interpret the above problem as a clustering problem in R2.
We could imagine that each row of the data matrix X = [x; 2] € RV*? is a data point to be
clustered and that {yu,;}7_, are the (unknown) cluster centers.

We now show that the two-eigenvector problem can be solved using the same technique
we used in the single-eigenvector case, i.e., polynomial segmentation, except that we need to use
complex coordinates. To this end, let us interpret the cluster centers as a collection of complex
numbers {p; € C}?_, and let z = &1 +v/—1xs € CN be a new (complex) eigenvector. Then each

coordinate z € C of the (noisy) eigenvector z € C must approximately satisfy the polynomial

n

pa(2) = [[(z = ma) =D erzF =0 (2.17)
k=0

=1
As before, by applying the above equation to each one of the IV entries of z we obtain the following
linear system on the vector of (complex) coefficients ¢ € C"*!

L,c=0, (2.18)

where L,, € CN*(+1) s defined similarly to (2.3), but computed from the complex eigenvector z.
We can now solve for ¢ in a least-squares sense from the SVD of L,,. Given ¢, we compute the n
roots of p,,(z), which correspond to the n cluster centers in R? {g,;}" ;. The clustering of the data

is then obtained by assigning each row of X to the closest cluster center, similarly to (2.11).

Remark 4 (A difference between one-dimensional and two-dimensional cases) Although the one-
dimensional and two-dimensional cases are conceptually identical, in the noisy case there is a po-
tential difference that is worth mentioning. In the one-dimensional case we are dealing with poly-
nomials in R, and R is not an algebraically closed field. Therefore the roots of p,,(x) may not be all
real, because we never enforced that when solving for the vector of coefficients ¢ from L,c = 0. In
the two-dimensional case, on the other hand, we are working in C which is an algebraically closed
field, hence all the roots are complex and there is no need to constraint the roots of p,,(z) when
solving for ¢. However this difference is only conceptual. In practice one always gets real solutions
in the one-dimensional case. For example, if n = 2 one can solve for ¢ from (2.6) and show that
co = Var[z], c; = E[x?|E[z] — E[x3] and ¢y = E[z3|E[x] — E[z?)? < 0, hence ¢? — 4cyca > 0.
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2.4 K-dimensional clustering: the case of multiple eigenvectors

In many segmentation problems a single eigenvector will not be enough for obtaining the
correct segmentation. We illustrate this in Figure 2.3, where individual eigenvectors contain two
groups, while all three eigenvectors contain three groups.

In this section, we generalize Polysegment to deal simultaneously with multiple (noisy)
eigenvectors® &, o, ..., zx € RY of a similarity matrix S € RY*N, The objective is to find
a collection of ideal eigenvectors &1, &s, ..., &x € RY such that the rows of the matrix of ideal
eigenvectors X = [&1,&s,...,%x] € RV*X take on finitely many values {u;, € RE}? . As
before, we can interpret the multiple eigenvector segmentation problem as a clustering problem in
R% in which we would like to cluster the rows of X = [z, xs,...,zx] € RV*K around the

cluster centers {u; € RE}2 .

15 15 15
1 1 1
05 05 05
0 0 0

% 20 40 50 %0 20 40 50 % 20 40 60

Figure 2.3: A case in which individual eigenvectors contain two groups, while all three eigenvectors
contain three groups.

In principle, one may wonder if it is possible to solve the case of K > 2 eigenvectors by
applying the same trick of the K = 2 case, namely to identify R? with the complex plane. Unfortu-
nately, one cannot directly generalize the properties of complex numbers to higher dimensions. In
the case K = 4, for example, one could think that working with quaternions could be the solution.
However, unlike the multiplication of complex numbers, the multiplication of quaternions is not
commutative. Furthermore, it is unclear how to solve for the roots of a polynomial on quaternions.

Therefore, in solving the case K > 2 we will look for an alternative solution based on
reducing the problem to the cases K = 1 and/or K = 2. To this end, notice that the case K = 2
can be reduced to the case K = 1 by projecting the rows of X € RY¥*2 onto a one-dimensional

subspace. We illustrate this in Figure 2.4, where three clusters are projected onto the horizontal axis,

2In general, it is enough to use K = rank(S) eigenvectors. Thus K can be obtained by choosing the eigenvectors of
S that are such that the corresponding eigenvalues are above a certain threshold.
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Figure 2.4: Projecting the rows of X € R *2 onto any line not perpendicular to the lines passing
through the cluster centers preserves the segmentation. In this example, one can project onto the
horizontal axis, but not onto the vertical axis.

and the segmentation of the data is preserved. More generally, given a matrix with i eigenvectors
X € RV*K we can project its rows onto almost every® one-dimensional subspace of R% and the
segmentation into n clusters is preserved. Since choosing a particular projection is equivalent to
choosing a vector A € R¥ and defining a new (projected) data set X\ € R, one can now apply
Polysegment with K = 1 to the new single eigenvector x = X )\ and obtain the segmentation of the
data. Similarly, we can choose a matrix A € R 2 and project the rows of X onto a 2-dimensional
subspace to obtain two eigenvectors X A € RV*2, We can then apply the Polysegment with K = 2
to the data, by embedding it into the complex plane.

In order to make the segmentation less dependent on a particular choice of the projection,
we choose a collection of projections. For example, we can choose to project along each one of
the axis in R”, which gives the original eigenvectors 1, . .., xx.* Then one can apply polynomial
segmentation with K = 1 to each one of them to obtain their corresponding “ideal” eigenvectors
X1, &, ..., 25 € RN, Since the entries of each xj € RY take on at most n different values, many
of the rows of X = [&1, Zo,...,Zx] € RV will be repeated. In fact, the n different rows of
X should correspond to the cluster centers {y;}7_,. Therefore, the segmentation of the data can be
achieved by sorting the rows of X

Algorithm 1 summarizes the overall algorithm.

3Except when the one-dimensional subspace is perpendicular to the line connecting any pair of cluster centers.

“Notice that projecting along one of the axis may not preserve the segmentation of the data, as illustrated in Figure 2.4
However, at least one of the r projections has to preserve the segmentation of the data into n groups, otherwise the number
of groups is less than n.
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Algorithm 1 (Polysegment: Polynomial segmentation algorithm)

Let ¢y, xo,...,xx € RY be a given collection of eigenvectors of a similarity matrix S € RV*V,
Alternatively, let the N rows of X=[z1,. .., xx] € RV>*X be a set of points in R” to be clustered.

1. Foré=1,...,.K

(a) Compute the number of groups n, < n for eigenvector x, from (2.12).
(b) Given n,, compute the vector of coefficients ¢ € R™*+! from the linear system (2.3).
(c) Given ¢, compute the roots p1, . . ., tin, Of the polynomial >"}* cpxk.

(d) Compute the 5" entry of the “ideal” eigenvector (&), as arg ming,,1 ((ze); — wi)?.

2. Set the number of groups n as the number of distinct rows in the matrix of ideal eigenvectors

X =[&1,...,2,] € RV*K,
3. Set {u; € RE}™_, to be the n different rows in X.

4. Sort the rows of X according to {p;}1_, to obtain the segmentation of the [V data points.

Remark 5 (Multiple cues) Notice that the multiple eigenvector algorithm can be naturally used to
simultaneously incorporate many cues. In image segmentation, for example, one could have one
similarity matrix for each cue (motion, intensity, color, texture, etc.) and obtain their eigenvectors.
Then Polysegment can be applied to the collection of all eigenvectors obtained from all cues. Al-
ternatively, one can combine the individual similarity matrices into a single matrix, as proposed

in [45], and then apply Polysegment to the eigenvectors of the combined similarity matrix.

Remark 6 (Number of groups) According to Algorithm 1, in the absence of noise the number of
groups n contained in all the eigenvectors will be given by the number of distinct rows in the matrix
X. In fact, except for the degenerate case mentioned in footnote 3, each column of X should give
the correct number of groups. In the presence of noise, however, each individual eigenvector will
provide a possibly different segmentation of the data, hence the number of different rows in X will
be much larger than the number of different entries in each column of X. Therefore, Algorithm 1
will tend to overestimate the number of groups and some post-processing will be needed to reduce
the number of groups. In Section 2.6.2 we will discuss a particular strategy for reducing the number

of groups in the case of texture-based image segmentation.
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2.5 Initialization of iterative algorithms in the presence of noise

In this section, we briefly describe two iterative algorithms for piecewise constant data
segmentation and model estimation,® K-means and Expectation Maximization (EM), and show how
to use Polysegment to initialize them. Since both K-means and EM can be applied to the segmen-
tation of multiple eigenvectors, as in the previous section, we assume that we are given a matrix
X = [z1,...,xx] € RV*EK containing K eigenvectors. We will denote the j* row of X as
y; € RX and consider it as one of the data points to be clustered. Also we let {u; € RX}"_, be
the collection of cluster centers.

2.5.1 The K-means algorithm

The K-means algorithm minimizes a weighted square distance from point y ; to the cluster
center p; which is defined as
N n
o> willy; =l (2.19)
j=1i=1
where the weights w;; represent the membership of the data to each one of the clusters. The K-
means algorithm starts by initializing the cluster centers, which can be done randomly or by choos-
ing a subset of the data points {y; é-V:l. Then, the algorithm minimizes the error function (2.19)
using a coordinate descent algorithm that iterates between two steps. In the first step it minimizes

over {w;; } with {u;} held constant, which gives the following formula for the weights

1 t=argming_; Hy] - Hé||2

Wi; = (220)

0 otherwise
In the second step it minimizes over the cluster centers {u;}* , with the weights {w;;} held con-
stant, which leads to the following formula for the cluster centers
ZN:1 WijY
;= JN—J (2.21)
i1 Wi
Notice that the Polysegment algorithm also gives an estimate of the cluster centers { s, }? ;,
but it does not require initialization. One can therefore use the solution of Polysegment to initialize

K-means, thus replacing the random initialization of the cluster centers.

5We refer the readers to [30] for more details.
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2.5.2 The Expectation Maximization algorithm

For the EM algorithm, we assume that the data points are generated by firstly choosing
one of the clusters according to a multinomial distribution with parameters {0 < =; < 1} ,,
>, m = 1, and secondly choosing a point y; from one of the clusters, say cluster z, according to
a Gaussian distribution with mean p; € R® and covariance 021 € RF*X. Let z;; = 1 denote the
event that point 5 corresponds to cluster . Then the complete log-likelihood (neglecting constant
factors) on both the data y; and the latent variables z;; is given by

I

2 Zij N n .
log H H < <_w>> =3 zij(log(mi) — log(i)) — Zz'ijET“Z

j=1:i=1 j=11i=1 %

The EM algorithm maximizes the complete log-likelihood using a coordinate ascent algorithm that
iterates between the following two steps, starting from an initial estimate for the model parameters
{(piy 03 mi) iy

E-step: Computing the expected log-likelihood. Given a current estimate for the model parame-

ters 6 = {(u;, 04, ™)}, one can compute the expected value of the latent variables

2
T lly;—pll
(o4 eXp( 20’? )

ly; =il
>ic1 5t exp(— JQT)

wij = Elzijly;, 0] = P(zi; = 1|y;,0) =

Then the expected complete log-likelihood is given by
N n i
ly; — pll
Z Z w;;(log(m;) — log(os)) — wijng.

j=1i=1 i

M-step: Maximizing the expected log-likelihood. The Lagrangian for x; is

N ..
Zwalogm +>\1—Z7Tz = mz%.

i=1 j=1

The first order condition for p, is

>0l wigy;
Z wz] —u)=0 = p;= —N
D i1 Wij

Finally, after taking derivatives of the expected log-likelihood with respect to o; one obtains

N
o2 — > =1 wijlly; — wil?

i N
Zj:l Wi
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If all clusters have the same covariance, i.e., if forall i = 1,...,n we have o; = o, then we have
n N 2
9 dic1 Zj:l wij”yj — 1|
~ :

Therefore, from an optimization point of view, the K-means and EM algorithms are very
similar (at least in the case of Gaussian noise for EM). They both minimize a weighted distance
function, and the only difference is in the computation of the weights. While the K-means algorithm
uses a “hard” assignment w;; € {0,1}, the EM algorithm uses a “soft” assignment w;; € [0, 1].
However, from an statistical point of view the K-means algorithm does not have any probabilis-
tic model in mind, while the EM algorithm can be shown to converge to a local maxima of the
log-likelihood. However, convergence to the global maximum is not guaranteed and depends on
initialization. Since the Polynomial Segmentation (Polysegment) algorithm proposed in the previ-
ous section does not need initialization, it can be naturally used to to initialize the cluster centers

{w; 37, in K-means, EM, or any other iterative algorithm.

2.6 Applications of Polysegment in computer vision

In this section, we present examples of the application of Polysegment to various problems
in computer vision, such as image segmentation based on intensity and texture, 2-D and 3-D motion

segmentation, and face clustering with varying expressions.

2.6.1 Image segmentation based on intensity

Image segmentation refers to the problem of separating the pixels of an image (or those
of an image sequence) into a collection of groups, where each group is defined by similarity of one
or more of a collection of features such as intensity, motion, texture, color, etc.

In this section, we apply Polysegment to the problem of segmenting an image based on
intensity. Instead of computing the eigenvectors of the standard similarity matrix defined by

Sij = exp (_(Iz - Ij)2/20'2) 5 (222)

where I; is the intensity of pixel 7, we apply Polysegment directly to the image intensities. That is,
we form a single vector € R, where NV is the number of pixels, with its j*" entry defined as
x; = I;, for j =1,..., N. This choice of = has the advantage of avoiding the computation of the
eigenvectors of a large NV x N matrix and, as we will see in short, it produces a visually appealing

segmentation of the image intensities.
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We applied the K-means, Expectation Maximization (EM) and Polynomial Segmentation
(Polysegment) algorithms to the penguin, dancer and baseball images shown in Figure 2.5. In all
cases the number of groups is obtained from the Polysegment algorithm as n = 3. This number is
given as an input to K-means and EM, because they need to know the number of groups in advance.
The K-means algorithm is randomly initialized with 3 intensity values uniformly chosen on the
interval [0, 1]. The EM algorithm is initialized with K-means, unless otherwise stated.

(a) Penguin (b) Dancer (c) Baseball

Figure 2.5: Input images for intensity-based image segmentation.

Figures 2.6(a)-(c) plot the segmentation results given by each algorithm for the penguin
image. Each one of the three groups is plotted in white. We observe that K-means and EM converge
to a local minima, while Polysegment gives a good segmentation and is about 5 times faster than
K-means and 35 times faster than EM, as shown in Table 2.1. In Figures 2.6(d)-(e) the solution of
Polysegment is used to re-initialize K-means and EM. They now give a good segmentation, although
the solution of Polysegment is still slightly better. Notice that the execution time of K-means and
EM reduces around 40% and 20%, respectively, when initialized with Polysegment.

Figure 2.7 plots the segmentation results for the dancer image. Notice that all the algo-
rithms give a very similar segmentation of the image. However, Polysegment is approximately 5
times faster than K-means and 20 times faster than EM. When re-initialized with Polysegment, the
execution time of K-means reduces by about 40%, while the execution time of EM does not change.

Figure 2.8 plots the segmentation results for the baseball image. As before, all algorithms
give a similar segmentation, but Polysegment is at approximately 5 times faster.

In summary, these examples show that Polysegment produces a segmentation of 1-D data
that is similar to the ones given by K-means and EM, though in about 20% of the execution time.
This is because for IV pixels and n groups, Polysegment only needs to solve one N x (n + 1) linear

system, and then find the roots of a polynomial of degre n.
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(a) K-means (b) EM (c) Polysegment

(d) Polysegment + K-means  (e) Polysegment + EM

Figure 2.6: Intensity-based segmentation of the penguin image. From top to down: group 1, group
2, group 3 and overall segmentation computed by assigning each pixel to the closest gray level.



30

Table 2.1: Execution time (seconds) of each algorithm for a MATLAB implementation, running on
a 400 MHz Pentium Il PC.

Image Size K-means EM Polysegment Polysegment  Polysegment

+ K-means K-means + EM

Penguin 117 x 180 1.74 10.9 0.31 1.10 8.0
Dancer 67 x 104 0.53 2.37 0.12 0.37 2.37
Baseball 147 x 221 211 9.72 0.47 1.50 9.45

(a) K-means (b) EM (c) Polysegment

Figure 2.7: Intensity-based segmentation of the dancer image. From top to down: group 1, group 2,
group 3 and overall segmentation computed by assigning each pixel to the closest gray level.
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(a) K-means (b) EM (c) Polysegment

Figure 2.8: Intensity-based segmentation of the baseball image. From top to down: group 1, group
2, group 3 and overall segmentation computed by assigning each pixel to the closest gray level.
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2.6.2 Image segmentation based on texture

In this section, we apply Polysegment to the problem of segmenting an image based on
texture. We propose a simple algorithm that uses Polysegment to compute textons based on quan-
tized image intensities (no color information is used), and then segments the image by applying

Polysegment in each dimension of the texton space. The algorithm proceeds as follows.

1. Intensity-based segmentation. The original image is segmented into n, groups by applying
Polysegment to the vector of image intensities = € R™. Figures 2.9(b), 2.10(b) and 2.11(b)
show examples of applying Polysegment based on intensity to images with texture.

2. Texton computation. As expected, the “quantized” image obtained in the previous step is
approximately constant in regions with little texture and has a larger variability in regions with
a lot of texture. Therefore, we can use the distribution of the quantized image intensities in a
neighborhood of each pixel as a measure of the texturedness of a region. More specifically,
we compute a histogram of quantized intensity values in a w x w neighborhood of each pixel.
We interpret such a histogram as a vector in R™t and call it texton, since it defines a measure
of the texturedness around each pixel. We then form a matrix of textons X € R™V>" whose
4" row is equal to the texton associated with pixel j. We interpret each column of X as an

eigenvector of some similarity matrix.®

3. Texton segmentation. The textons computed in the previous step are segmented into groups
by applying Polysegment to the matrix of textons X € RY*"¢ as described in Algorithm 1.

4. Reducing the number of groups. As discussed at the end of Section 2.4, Polysegment can
produce a large number of groups when applied to multiple eigenvectors. In order to reduce
the number of groups, we associate a new image to the output of the previous step and attempt
to segment it into a smaller number of groups. More specifically, for each one of the group
of pixels obtained in the previous step, we compute the average value of their intensity in the
original image and generate a new quantized image containing those values. Figures 2.9(c),
2.10(c) and 2.11(c) show some examples of these new quantized images.

5. Final segmentation. Apply Polysegment based on intensity to the image obtained in the
previous step. The result corresponds to the final texture-based segmentation of the original
image. Figures 2.9(d), 2.10(d) and 2.11(d) show some examples of applying Polysegment
based on intensity to the images in Figures 2.9(c), 2.10(c) and 2.11(c), respectively.

SIn principle one could consider each texton as a feature vector associated with each pixel, form a similarity matrix
from the distance between pairs of features, and compute a set of eigenvectors of such a similarity matrix. This second
approach is however very computationally intensive when N is large.
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(a) Original image (b) Intensity segmentation  (c) Initial texture segmentation
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(d) Final texture segmentation  (e) Final segmentation overlay (f) Human segmentation

Figure 2.9: Texture-based segmentation results for the tiger image. (a) Original 321 x481 image. (b)
The original image is segmented into 4 groups by applying Polysegment to the image intensities.
(c) A 4-dimensional texton is associated with each pixel by computing a histogram of quantized
intensities in a 23 x 23 window around each pixel. Polysegment is applied in each dimension
in texton space to separate the textons into 10 groups. The image in (c) is generated with the
average intensity of the pixels belonging to each group of textons. (d) Polysegment is applied to the
intensity of the image in (c) to obtain the final segmentation into 6 groups. (e) The overall texture-
based segmentation is overlayed onto the original image. (f) Human segmentation results from the
Berkeley segmentation dataset [38]. The overall execution time is 24 seconds.

The above algorithm for texture computation and segmentation was implemented in MAT-
LAB and runs in approximately 20-30 seconds for 321 x 481 images, and 5-10 seconds for 128 x 192
images’. We tested the algorithm on some images from the Corel database and the Berkeley seg-
mentation dataset [38]. Figure 2.9 shows segmentation results for the image of a tiger. The water
is separated into two groups due to variations of intensity. The tiger is segmented into four groups.
The largest group corresponds to the body of the tiger and the others correspond to smaller parts in
the body that have a different texture. The tail and the bushes are not segmented properly because

they are averaged out when computing textons in a 31 x 31 window. Notice that the segmentation

"Computation times are for a MATLAB implementation running on a 400 MHz Pentium 11 PC.



34

results are similar to those obtained by human subjects.

Figure 2.10 shows segmentation results for the image of a marmot lying on a rock with
some other rocks on the background. The algorithm gives a nice segmentation of the image, espe-
cially for the rocks in the front and in the upper right corner. The front of the marmot is correctly
segmented, but its back is not separated from the big rock in the center, because there is no clear
texture boundary. The algorithm could not segment the two large rocks on the top left of the image.

Figure 2.11 shows segmentation results for the image of a zebra with grass on the back-
ground. Our algorithm gives a nice segmentation of the image into two groups: the zebra and the
grass. These results outperform those reported in [45] that apply the normalized cuts algorithm to
the eigenvectors of a similarity matrix computed from the output of a bank of filters.

2.6.3 Segmentation of 2-D translational motions from feature points or optical flow

A classic problem in visual motion analysis is to estimate a motion model for a set of 2-D
feature points as they move in a video sequence. Ideally, one would like to fit a single model that
describes the motion of all the feature points in the image. In practice, however, different regions
of the image will obey different motion models due to depth discontinuities, perspective effects,
multiple moving objects, etc. Therefore, one is faced with the problem of fitting multiple motion
models to the image, without knowing which pixels are moving according to the same model.

The typical solution to the above problem is problem is to consider a local approach in
which one considers a window around each pixel (or the K-nearest neighbors of each feature point)
and assumes that within each window there is a single motion model. Choosing a small window
ensures that there is a single model in the window, though in the presence of noise the estimation
of the model is poor. Choosing a large window does improve the estimates of the motion model.
However, it is more likely that the window will contain more than one motion model.

In this section, we consider the 2-D motion segmentation problem in the case of 2-D
translational motions and show that it is a direct application of Polysegment with & = 2.8 We
demonstrate that one can globally fit multiple motion models by applying Polysegment to all the
features, without having to choose a window (neighborhood) around each pixel (feature point).
Alternatively, one can also apply Polysegment within a window. However, since Polysegment is not
restricted to estimating a single motion model, one can choose a large window to obtain a robust

estimate of the models, without having to worry about crossing motion boundaries.

8We will discuss more complex motion models later in the thesis. For example, see Section 3.9.3 for the segmentation
of affine motion models also from feature points.
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(b) Intensity segmentation

(a) Original image

(d) Final texture segmentation (e) Final segmentation overlay (f) Human segmentation

Figure 2.10: Texture-based segmentation results for the 321 x 481 marmot image. Five groups are
obtained by segmenting 4-D textons computed in a 31 x 31 window. The execution time is 25 sec.

(a) Original image

(d) Final texture segmentation  (e) Final segmentation overlay

Figure 2.11: Texture-based segmentation results for the 128 x 192 zebra image. Two groups are
obtained from 5-D textons computed ina 11 x 11 window. The execution time is 25 sec.
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2-D Motion segmentation from feature points

We let {z] € R%}Y and {z} € R2}Y, be a collection of N feature points in two
frames from a sequence. Under the 2-D translational motion model each feature moves according
to one out of n possible 2-D displacement vectors {d; € R?}?_,. That is, for each feature pair

(], ) there exist a 2-D displacement d; such that
x) = =] + d;. (2.23)

The problem is now to estimate the n motion models {d; € R?}? , from the collection of N
feature pairs {(z, @) é-Vzl. To this end, we define a set of complex data points {z; € C}é\f:l from
the displacement of the features in the image plane between the two views {z}, — /] ¢ R? j.\’:l.
Then, the motion models {d; € R?}"_; can be immediately obtained by applying Polysegment to

the complex data {z; € C}V,.

2-D Motion segmentation from optical flow

Imagine now that rather than a collection of feature points we are given the optical flow
{u; € RQ}j.V:l between two consecutive views of a video sequence. If we assume that the optical
flow is piecewise constant, i.e., the optical flow of every pixel in the image takes only n possible

values {d; € R?}_,, then at each pixel j we have that there exists a motion d; such that
U; = di. (224)

The problem is now to estimate the » motion models {d; € R?}7_, from the optical flow {uj}j.V:l.
Notice that this problem is equivalent to the problem of segmenting the image into n regions with
constant flow within the region. We solve this problem by applying Polysegment with K = 2 to the
optical flow data {u; }le interpreted as a collection of points in the complex plane C.

We tested the proposed approach by segmenting 12 frames of a real sequence consisting
of an aerial view of two robots moving on the ground. At each frame, we apply the Polysegment
algorithm with K = 2 to the optical flow® of all N = 240 x 352 pixels in the image and segment the
image measurements according to the n = 3 estimated translational motion models corresponding
to the two robots and the background. Figure 2.12 shows the results of applying our algorithm to
segmenting the pixels in frames 1, 4, 7, and 10 of the sequence. Notice that the three different

motion models are correctly estimated, and the two moving robots are correctly segmented.

9We compute optical flow using Black’s code atht t p: / / www. cs. br own. edu/ peopl e/ bl ack/ignc. htm .
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Figure 2.12: Segmenting the optical flow of a video sequence using Polysegment with K = 2. At
each frame, we use the optical flow of all N = 240 x 352 pixels to build the data matrix L, €
CNx*(n+1) corresponding to n = 3 motions: the two robots and the background. We then obtain
a vector ¢ € C™*! such that L,,c = 0, and compute {d; € C?}7_, as the roots of the polynomial
> 1o ez, We then assign each pixel j to motion model d; € R? if i = argminy ||u; — dy.
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2.6.4 Segmentation of 3-D infinitesimal motions from optical flow in multiple views

In this section, we apply Polysegment to the problem of segmenting the 3-D infinitesimal
motion of n independently and rigidly moving objects observed by a moving perspective camera in
multiple frames. We let (u;'.,vg.) be the optical flow of pixel i in frame j relative to frame 0, with
i=1,...,Nandj=1,..., f. Let U and V be the multi-frame optical flow matrices

N N N N
uy o uf vy Vf

We showed in [63] (see also [37]) that the matrix S = [U, V][U, V]T € RV*N defines
a similarity matrix for the 3-D motion of the objects. Since the eigenvectors of S are the singular
vectors of W = [U, V] € RV*2/ we will apply our segmentation algorithm to the singular vectors
of W, since it is computationally more efficient when 2f << N.

Figure 2.13 shows the street sequencel®, which contains two independent motions: the
car translating to the right and the camera panning to the right. Figure 2.13(a) shows frames 3, 8,
12 and 16 of the sequence with the corresponding optical flow superimposed. The optical flow is
computed using Black’s algorithm™?. Figures 2.13(b)-(c) show the segmentation results. In frame 3
the car is partially occluded, thus only the frontal part of the car is segmented from the background.
The door is incorrectly segmented because it is in a region with low texture. As time proceeds,
motion information is integrated over time by incorporating optical flow from many frames in the
optical flow matrix, thus the door is correctly segmented. In frame 16 the car is fully visible and
correctly segmented from the moving background.

Figure 2.14 shows the sphere-cube sequence, which contains a sphere rotating along a
vertical axis and translating to the right, a cube rotating counter clock-wise and translating to the
left, and a static background. Even though the optical flow of the sphere appears to be noisy, its
motion is correctly segmented. The top left (when visible), top and right sides of the square are also
correctly segmented in spite of the fact that only normal flow is available. The left bottom side of the
cube is merged with the background, because its optical flow is small, since the translational motion
of the cube cancels its rotational motion. The center of the cube is never segmented correctly since
it corresponds to a region with low texture. Integrating motion information over many frames does

not help here since those pixels are in a region with low texture during the whole sequence.

Ohttp:/iwww.cs.otago.ac.nz/research/vision/Research/Optical Flow/optical flow.htmH#Sequences
1 hitp:/iwww.cs.brown.edu/people/black/igne.html
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(a) Optical flow (b) Group 1 (c) Group 2

Figure 2.13: Motion-based segmentation results for the street sequence. The sequence has 18 frames
and 200 x 200 pixels. The camera is panning to the right while the car is also moving to the right. (a)
Frames 3, 8, 12 and 16 of the sequence with their optical flow superimposed. (b) Group 1: motion
of the camera. (c) Group 2: motion of the car.
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(a) Optical flow (b) Group 1 (c) Group 2 (d) Group 3

Figure 2.14: Motion-based segmentation results for the sphere-cube sequence. The sequence con-
tains 10 frames and 400 x 300 pixels. The sphere is rotating along a vertical axis and translating
to the right. The cube is rotating counter clock-wise and translating to the left. The background is
static. (a) Frames 2-7 with their optical flow superimposed. (b) Group 1: cube motion. (c) Group 2:
sphere motion. (d) Group 3: static background.
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2.6.5 Face clustering with varying expressions

A fundamental problem in face recognition is to cluster a collection of images of faces
taken under varying illumination, pose, expression, etc. This is a very challenging problem, because
images of the same face may differ significantly under varying conditions. Conversely, it is easy to
build examples in which the images of two different faces appear similar from image data only.

In this section, we apply Polysegment to the problem of clustering faces with varying
expressions. We assume that the images {I; € R }éV:l cluster around n cluster centers in the
image space R, with each cluster center corresponding to a different individual. Since in practice
the number of pixels K is large, we first apply PCA to project the images onto R with K/ << K.
More specifically, we compute the SVD of the data [11, Io, ..., IN]gn = UXVT and generate
a new data matrix X € RN*X" consisting of the first K’ columns of V. As before, we interpret the
rows of X as a new set of data points in R, so that we can avoid building a similarity matrix.

We apply Polysegment to the subset of the ORL Database of Faces (AT&T Cambridge)
shown in Figure 2.15 which consists of N = 10n images of n = 4 faces (subjects 21-24). Each
individual has 10 different facial expressions, and in some cases there is also a small change in
pose. All the images are taken with the same illumination. For computational efficiency, we first
project each image from R%, where K = 92 x 112 = 10, 304 pixels, to the first &’ = 2 principal
components using PCA. Figure 2.16(a) shows the 40 images as data points in R2. Notice that the
faces of different individuals indeed cluster around 4 cluster centers. We then apply Polysegment to
the 2-dimensional data and obtain the corresponding 4 cluster centers shown in Figure 2.16(a) with
a “o”. Figure 2.16(b) shows the clustering of the faces. Notice that there is only one mismatch.

»

'-v\

Figure 2.15: A subset of the ORL Database of Faces (AT&T Cambridge) consisting of N = 40
images of n = 4 faces (subjects 21-24) with varying expressions.
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(@) Images of the N = 40 faces projected onto the two principal
components, and the cluster centers (“o”) estimated by Polysegment.
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(b) Segmentation results obtained by assigning each image to the
closest cluster center. There is only one mismatch.

Figure 2.16: Clustering faces with varying expressions using Polysegment with K = 2.
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2.7 Conclusions, discussions and future work

We have proposed a simple analytic solution to the problem of segmenting piecewise
constant data from the eigenvectors of a similarity matrix.

In the absence of noise, we derived a rank constraint on the entries of each eigenvector,
from which one can determine the number of groups » contained in the data. Given n, the segmen-
tation of a single eigenvector is equivalent to solving a linear system in n variables plus computing
the roots of a polynomial of degree n in one variable. In the presence of noise, we showed that the
purely algebraic solution is robust since it minimizes the algebraic error obtained in the noise free
case. Furthermore, we derived the optimal error function for the case of zero-mean Gaussian noise
in the entries of the eigenvector. We also generalized our polynomial segmentation technique to the
case of multiple eigenvectors by reducing it to the single eigenvector case. We then showed how our
technique can be naturally used to initialize iterative algorithms such as K-means and Expectation
Maximization (EM).

We applied our algebraic algorithm (Polysegment) to the problem of segmenting an image
based on different cues such as intensity, texture or motion. Our experiments on intensity-based seg-
mentation showed that Polysegment performs similarly to K-means and EM, but is computationally
lest costly. Our experiments on texture-based image segmentation showed that Polysegment is very
efficient at computing textures and gives a visually appealing segmentation of natural scenes. Our
experiments on motion segmentation showed that Polysegment gives a good segmentation of both
static and dynamic scenes. We also applied Polysegment to the problem of clustering faces with
varying expressions. Our experiments showed the possibility of applying Polysegment to high-
dimensional data after a suitable projection. It is important to notice that none of our experiments
required the use of any of the nonlinear optimization algorithms. In all cases, a simple linear alge-
braic technique was enough to segment real noisy image data. We therefore believe that the results
presented in this chapter are quite encouraging and we look forward to applying Polysegment to
a wider variety of segmentation problems involving piecewise constant data. We are particularly
interested in image segmentation from multiple cues.

Future work will hence concentrate on improving the simultaneous segmentation of mul-
tiple eigenvectors. Our current algorithm obtains the overall segmentation by combining individual
segmentations given by each eigenvector. This usually produces a segmentation of the scene con-
taining too many groups. We showed how to reduce the number of groups in the case of texture-
based image segmentation and expect to generalize that technique to arbitrary data in the near future.
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Chapter 3

Generalized Principal Component
Analysis (GPCA)

3.1 Introduction

Principal Component Analysis (PCA) [29] refers to the problem of identifying a linear
subspace S  R¥ of unknown dimension k& < K from N sample points </ € S, j = 1,2,..., N.
This problem shows up in a variety of applications in many fields, e.g., pattern recognition, data
compression, image analysis, regression, etc., and can be solved in a remarkably simple way from
the singular value decomposition (SVD) of the data matrix [z!, 22, ..., 2] € RE*N, In the
presence of noise, this purely algebraic solution has the geometric interpretation of minimizing the
sum of the squared distances from the (noisy) data points «7 to their projections 7 in S.

In addition to this algebraic-geometric interpretation, PCA can also be understood in a
probabilistic manner. In Probabilistic PCA [53] (PPCA), the noises are assumed to be independent
samples drawn from an unknown distribution, and the problem becomes one of identifying the sub-
space and the parameters of the distribution in a maximum likelihood sense. When the underlying
noise distribution is Gaussian, the algebraic-geometric and probabilistic interpretations coincide [9].
However, when the underlying distribution is non Gaussian the solution to PPCA is no longer lin-
ear. For example, in [9] PCA is generalized to arbitrary distributions in the exponential family.
The authors use Bregman distances to derive the log-likelihood as a nonlinear function of the nat-
ural parameter of the distribution. The log-likelihood is then minimized using standard nonlinear

optimization techniques.
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Another extension of PCA is nonlinear principal components (NLPCA) or Kernel PCA
(KPCA), which is the problem of identifying a nonlinear manifold from sample data points. The
standard solution to NLPCA [41] is based on first embedding the data into a higher-dimensional
feature space F' and then applying standard PCA to the embedded data. That is, one assumes that
there exists an embedding of the data such that the embedded data points lie on a linear subspace
of a higher-dimensional space. Since in practice the dimension of F' can be large, a more practical
solution is obtained from the eigenvalue decomposition of the so-called kernel matrix, hence the
name KPCA. One of the disadvantages of KPCA is that it is unclear what kernel to use for a given
problem, since the choice of the kernel naturally depends on the nonlinear structure of the manifold
to be identified. In fact, learning kernels is an active topic of research in the KPCA community.

In this chapter, we consider the following (alternative) extension of PCA to the case of

mixtures of subspaces, which we call Generalized Principal Component Analysis (GPCA):

Problem 2 (Generalized Principal Component Analysis (GPCA))
Given a set of sample points X = {x/ € ]R{K};V:l drawn from n > 1 different linear subspaces

{S; C RE}™_, of dimension k; =dim(S;), 0 < k; < K, identify each subspace S; without knowing

which points belong to which subspace. By identifying the subspaces we mean the following:

1. Identify the number of subspaces n and their dimensions {k;}? ;
2. Identify a basis (or a set of principal components) for each subspace .S; (or equivalently Sf);

3. Group or segment the given N data points into the subspace(s) to which they belong.

Figure 3.1 illustrates the case of n = 3 subspaces of R3 of dimensions k1 = ko = k3 = 2.

RZ&
S1

.52. .

Figure 3.1: Three (n = 3) 2-dimensional subspaces S1, Sz, Ss in R3. The objective of GPCA is to
identify all three subspaces from samples {x} drawn from these subspaces.
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3.1.1 Previous work on mixtures of principal components

Geometric approaches to mixtures of principal components have been proposed in the
computer vision community on the context of 3-D motion segmentation. The main idea is to
first segment the data associated with each subspace, and then apply standard PCA to each group.
Kanatani [31] (see also [7, 11]) demonstrated that when the pairwise intersection of the subspaces is
trivial, which implies that K > nk, one can use the SVD of all the data to build a similarity matrix
from which the segmentation can be easily extracted. In the presence of noise the segmentation of
the data becomes a quite challenging problem which can be solved using a time-consuming graph-
theoretic approach as demonstrated in [11]. When the intersection of the subspaces in nontrivial, the
segmentation of the data is usually done in an ad-hoc fashion using clustering algorithms such as K-
means. The only existing geometric solution is for the case of two planes in R? and was developed
by Shizawa and Mase [46] in the context of 2-D segmentation of transparent motions. To the best
of our knowledge, our work is the first one to provide a geometric solution for an arbitrary number
n of different subspaces of any dimensions &1, - - - , k,, and with arbitrary intersections among them.

Probabilistic approaches to mixtures of principal components [52] assume that sample
points within each subspace are drawn from an unknown probability distribution. The membership
of the data points to each one of the subspaces is modeled with a multinomial distribution whose
parameters are referred to as the mixing proportions. The parameters of this mixture model are esti-
mated in a Maximum Likelihood or Maximum a Posteriori framework as follows: one first estimates
the membership of the data given a current estimate of the model parameters, and then estimates the
model parameters given a current estimate of the membership of the data. This is usually done in an
iterative manner using the Expectation Maximization (EM) algorithm. However, the probabilistic
approach to mixtures of principal components suffers from the following disadvantages:

1. It is hard to analyze some theoretical questions such as the existence and uniqueness of a

solution to the problem.

2. Itrelies on a probabilistic model for the data, which is restricted to certain classes of distribu-

tions or independence assumptions.

3. The convergence of EM is in general very sensitive to initialization, hence there is no guar-
antee that it will converge to the optimal solution. To the best of our knowledge, there is no
global initialization irrespective of the distribution of the data.

"We thank Dr. David Fleet for pointing out this reference.
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4. There are many cases in which it is very hard to solve the grouping problem correctly, and
yet it is possible to obtain a quite precise estimate of the subspaces. In those cases, a direct
estimation of the subspaces (without grouping) seems more appropriate than an estimation
based on incorrectly segmented data.

One may therefore ask
1. Is there an algebraic way of initializing statistical approaches to subspace segmentation?
2. Isis possible to find algebraic constraints that do not depend on the segmentation of the data?
3. Ifyes, can one use these constraints to estimate all the subspaces directly from all the data?

4. Furthermore, since some information about the number of subspaces must also be contained
in the data, is there an algebraic way of obtaining an initial estimate for the number of

subspaces?

3.1.2 Our approach to mixtures of principal components: GPCA

In this chapter, we propose a novel algebraic-geometric approach to modeling mixtures of
subspaces called Generalized Principal Component Analysis (GPCA), which under mild assump-
tions guarantees a unique global solution to clustering of subspaces based on simple linear algebraic
techniques.? The key to our approach is to view the mixture of subspaces as a projective algebraic
variety. Estimating the variety from sample data points becomes a particular case of NLPCA for
which one can derive the embedding of the data analytically. Then, estimating the individual sub-
spaces is equivalent to estimating the components of the algebraic variety. Unlike previous work,
our approach allows arbitrary intersections among the subspaces (as long as they are different) and
does not require previous segmentation of the data in order to estimate the subspaces. Instead, the
subspaces are estimated directly by using segmentation independent constraints that are satisfied by
all data points, regardless of the subspace to which they belong.

More specifically, the main aspects behind our approach are the following:

1. Algebraic sets and varieties: We show in Section 3.2 that the union of n linear subspaces of
RE corresponds to the (projective) algebraic set defined by one or more homogeneous poly-
nomials of degree n in K variables. Estimating a collection of subspaces is then equivalent

to estimating the algebraic variety defined by such a set of polynomials.

2part of the results presented in this chapter were published in [58].
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2. Mixtures of (K — 1)-dimensional subspaces: We show in Section 3.3 that the union of n sub-
spaces of dimension £ = K — 1 is defined by a unique homogeneous polynomial p,,(x). The
degree of p,,(x) turns out to be the number of hyperplanes n and each one of the n factors
of p,(x) corresponds to each one of the n hyperplanes. Hence the problem of identifying
a collection of hyperplanes boils down to estimating and factoring p,,(x). Since every sam-
ple point = must satisfy p,,(x) = 0, one can retrieve p,, (x) directly from the given samples
without knowing the segmentation of the data. In fact, the number n of subspaces is exactly
the lowest degree of p,, (x) such that p,,(x) = 0 for all sample points. This leads to a simple
matrix rank condition which determines the number of hyperplanes n. Given n, the polyno-
mial p,(x) can be determined from the solution of a set of linear equations. Given p,(x),
the estimation of the hyperplanes is essentially equivalent to factoring p,, (x) into a product
of n linear factors. We present two algorithms for solving the factorization problem. The
polynomial factorization algorithm (PFA) obtains a normal to each hyperplane from the roots
of a polynomial of degree » in one variable and from the solution of X — 2 linear systems in
n variables. Thus the problem has a closed form solution if and only if » < 4. The polyno-
mial differentiation algorithm obtains the normals to each hyperplane from the derivatives of
pn(x) evaluated at a collection of n points lying on each one of the hyperplanes.

3. Mixtures of k-dimensional subspaces (k < (K —1)): We show in Section 3.4 that even though
the union of n subspaces of dimension & < K — 1 is defined by more than one homogeneous
polynomial, one can still reduce it to the case of a single polynomial by projecting the data
onto a (k + 1)-dimensional subspace of R. However, in order to project the data we need
to know the dimension of the subspaces k. In standard PCA, where n = 1, one can always
estimate & from the rank of the data matrix. In the case of n subspaces, we derive rank
constraints from which one can simultaneously estimate n and k, after embedding the data
into a higher-dimensional space. Given n and k, one can use the equations of the projected
subspaces to first segment the data using GPCA for hyperplanes and then estimate a basis for
the original subspaces using standard PCA. Although a single generic projection is sufficient,
we also derive a generalization of the polynomial differentiation algorithm that uses multiple

projections to estimate each subspace.

4. Mixtures of subspaces of arbitrary dimensions: We show in Section 3.5 that in the case of
subspaces of arbitrary dimensions one cannot recover a set of factorable polynomials rep-

resenting the algebraic variety. Instead, one can only recover a basis for such polynomials
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whose elements may not be factorable. However, we show that one can still recover a set of
vectors normal to the subspaces by evaluating the derivatives of these polynomials at points
on the subspaces, regardless of whether they are factorable or not. Given such normal vectors,
the estimation of a basis for the the subspaces and their dimensions can be done by applying
standard PCA to the set of normal vectors. This algorithm is in essence a generalization of
the polynomial differentiation algorithm to subspaces of arbitrary dimensions.

5. Maximum likelihood estimation: In Section 3.6 consider the GPCA problem in the presence
of noisy data. We assume a simple probabilistic model in which the data points are corrupted
by zero-mean Gaussian noise and cast GPCA as a constrained nonlinear least squares problem
which minimizes the error between noisy points and their projections subject to all mixture
constraints. By converting this constrained problem into an unconstrained one, we obtain an
optimal function from which the subspaces can be directly recovered using standard nonlinear
optimization techniques. We show that the optimal objective function is just a normalized
version of the algebraic error minimized by our analytic solution to GPCA. Although this
means that the algebraic solution to GPCA may be sub-optimal in the presence of noise, we
can still use it as a global initializer for any of the existing iterative algorithms for clustering
mixtures of subspaces. For example, in Section 3.7 we derive the equations of the K-subspace
and EM algorithms for mixtures of subspaces, and show how to use GPCA to initialize them.

Our theory can be applied to a variety of estimation problems in which the data comes
simultaneously from multiple (approximately) linear models. In Section 3.8 we present experiments
on low-dimensional data showing that the polynomial differentiation algorithm gives about half
of the error of the polynomial factorization algorithm and improves the performance of iterative
techniques, such as K-subspace and EM, by about 50% with respect to random initialization. In
Section 3.9 we present applications of GPCA in computer vision problems, such as detection of
vanishing points, 2-D and 3-D motion segmentation, and face clustering under varying illumination.

Remark 7 (Higher order SVD) It is natural to ask if an algebraic solution to the GPCA problem
can be obtained by using some generalization of the SVD to higher-order tensors. It turns out
that although the SVD has a multi-linear counterpart, the so-called higher order singular value
decomposition (HOSVD) [13], such a generalization is not unique. Furthermore, while the SVD of
amatrix A = UXVT produces a diagonal matrix ¥, the HOSVD of a tensor .4 produces a tensor
S which is in general not diagonal. Thus, it is not possible to directly apply HOSVD to the mixture
of PCAs problem.
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3.2 Representing mixtures of subspaces as algebraic sets and varieties

We represent each subspace S; by choosing a basis
Bi = [bit, ..., by, € REXER) (3.1)

for its orthogonal complement® S:-. With this representation, each subspace is described as
K—k;
Si={z cR¥:Bla =0} ={z cR": A (bJz=0)}. (3.2)
j=1
Therefore, an arbitrary point « lies on one of the subspaces if and only if

n n K-—k;
@eS)Vv---V(@eS)=\(xesS) =\ A\ bljz=0= /\\/ x=0), (3.3)
i=1 i=1 j=1 o i=1

where the right hand side (RHS) of (3.3) is obtained by exchanging ands and ors using De Morgan’s
laws, and o represents a particular choice of one normal vector b;, ;) from each basis B;. Notice
that each one of the []}"_, (K — k;) equations in the RHS is of the form

\/(bza(z)$ - 0) (an(m) = H(sza(z)m) = O) ) (34)

i=1 i=1

which is simply a homogeneous polynomial of degree n in K variables, i.e., an element of the ring
R.(K) = Rylx1,...,2x], that is factorable* as a product of n linear expressions in x, i.e., an
element of R (K) C R, (K). Therefore, the collection of subspaces Z = U?_,S; is an algebraic
set that can be represented with a set of up to m < [[,(K — k;) independent homogeneous
polynomials of the form (3.4).

Example 1 (Representing the x — y plane and the = axis) Consider the case of n = 2 subspaces

of R3 of dimension dim(S;) = 2 and dim(S,) = 1 represented as:
Sy ={x cR?: 23 =0} and So={xcR®:zy=0Axy =0}
A point x = (z1, 72, 23)7 belongs to S; U Sy if an only if
(1 =0) V(23 =0)) A ((z2 =0) V (z3 = 0))) = ((z123 = 0) A (z223 = 0)).
Therefore, we can represent Z = S; U Sy as the zero set of the two polynomials

P21 (:c) = 213 and pQQ(w) = I2X3.

30ne could also choose a basis for .S; directly, especially if k << K. However, we will show later in the chapter that
GPCA can always be reduced to the case K’ = max{k;} + 1, hence the orthogonal representation is more convenient.
“From now on, we will use the word factorable as a shorthand for factorable into a product of linear forms.
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Remark 8 From an algebraic point of view, determining the algebraic set 7 is equivalent to deter-
mining the ideal 1(Z) of Z, i.e., the set of polynomials that vanish on Z [23]. In this case, the ideal
I(Z) is a homogeneous ideal that can be graded by degreeas I = I, @ - - ® I, ® Iy11 © -~ -.
Then it is clear that I,, is spanned by the set of polynomials of degree n, {p,,(x)}. Furthermore, if
we let I’ be the sub-ideal of I generated by the polynomials {p,,(x)}, then I is exactly the radical
ideal® of the ideal I’, i.e., I = rad[I'].

The problem of identifying each subspace S; is then equivalent to one of solving for the
normal bases {B;}}_, from the set of nonlinear equations in (3.4). A standard technique used in
algebra to render a nonlinear problem into a linear one is to find an embedding that lifts the problem
into a higher-dimensional space. To this end, notice that the set of all homogeneous polynomials of
degree n in K variables, R,,(K), can be made into a vector space under the usual addition and scalar
multiplication. Furthermore, R,,(K) is generated by the set of monomials ™ = z}*a5? - - - 23X,

with0 <n; <n,j=1,...,K,and n; + ng + --- + ng = n. Itis readily seen that there are a
total of
n+K-—1 n+K-—1
M, () = = (35)
K -1 n

different monomials, thus the dimension of R, () as a vector space is M,,(K).® Therefore, we

can define the following embedding (or lifting) from R into R,

Definition 1 (Veronese map) Given n and K, the Veronese map of degree n, v, : RX — RMx» s
defined as:

Ut o1, et = 2™ T (3.6)

where =™ is a monomial of the form z7*z5? - - - 27/ with n chosen in the degree-lexicographic

order.

Remark 9 (Polynomial embedding) In the context of Kernel methods, the Vleronese map is usually
referred to as the polynomial embedding and the ambient space R is called the feature space.

Example 2 (The Veronese map in two variables) If z € R?, the Veronese map of degree n is

given by:

V’fl(xlva) = [x?amrll_lx%x?_Qm%?'-'7x§]T' (37)

SAn ideal I is called a radical ideal if f isin I as long as f* is in I for some integer s.
From now on, we will use M,, = M,, (K ) whenever the dimension K of the ambient space is understood.
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Thanks to the Veronese map, each polynomial in (3.4) becomes the following linear ex-

pression in the vector coefficients c,, € RM»

Po(@) = vn (@) en =Y nymge 2t 2BE =0, (3.8)

where ¢, ,.. € R represents the coefficient of monomial ™. Therefore, if we apply (3.8) to

GMK
the given collection of N sample points X = {zcj}ﬁ-vzl, we obtain the following system of linear

equations on the vector of coefficients ¢,, € RM»

L.(K) ¢, = . ¢, =0cRY, (3.9)

L vn(2™)T

where L,,(K) € RV*Mn s the matrix of embedded data points.”

Remark 10 (Kernel Matrix) In the context of Kernel PCA, if the polynomial embedding is used,
then C = LTL, € RM»*M=n js exactly the covariance matrix in feature space and K = L, L. ¢

RN *N s the kernel matrix associated with the N embedded samples.

Remark 11 (GPCA and KPCA) The basic modeling assumption in KPCA is that there exists an
embedding of the data into a higher-dimensional feature space F' such that the features live in a
linear subspace of F'. However, there is no general methodology for finding the correct embedding
for a particular problem. Equation (3.9) shows analytically that the commonly used polynomial
embedding v, is the right one to use in KPCA when the data lives in a collection of subspaces,

because the embedded data points {v,,(z?) §V:1 live in a (M,, —m)-dimensional subspace of RMx,

We notice from equation (3.9) that the vector of coefficients ¢,, of each one of the poly-
nomials in the ideal I,, = span{p,, ()} must lie in the null space of the embedded data matrix L,,.
Therefore, if m = dim(Z,,) < [[;, (K — k;) is the number of independent polynomials generating
I, and we are given sufficient sample points {wj}j.v:l in general position® in Z = U_, S;, then

M, = [J(K = ki) < rank(Ly,) = M,, = m < M, — 1. (3.10)
=1

"From now on, we will use L,, = L., (k) whenever the dimension K of the ambient space is understood.

8In principle, we need to have N > >, ki sample points in U7, .S;, with at least k; points in general position
within each subspace S, i.e., the k; points must span .S;. However, because we are representing each polynomial p,, (x)
linearly via the vector of coefficients ¢,, we need a number of samples such that a basis for 7,, can be uniquely recovered
from the null space of L,,. Therefore, by a sufficient number of sample points in general position we mean a number of
samples such that rank(L.,) = M,, — m, where m = dim(/,,).
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In principle, given sufficient sample points in general configuration in U7"_,.S;, one should
be able to recover a set of generators for the polynomials in I,, by computing the null space of
L,,. However, we can not do so because an arbitrary vector in the null space of L,, corresponds to
an arbitrary polynomial in R, (K) that may not be factorable as a product of n linear forms. For
example, both :c% + x129 and x% — x129 are factorable, but their linear combination (sum) :c% + x%
is not. One way of avoiding this problem is to find a basis for the null space of L,, whose elements
correspond to coefficients of factorable polynomials. This is in general a daunting task, since it is
equivalent to solving a set of polynomials of degree n in several variables.®

In the following sections, we propose an alternative solution to the above problem. In
Section 3.3, we consider the case of subspaces of dimension k1 = --- =k, =k = K — 1, i.e,
hyperplanes, and show that it can be solved by recovering a single (hence factorable) polynomial.
In Section 3.4, we consider the case of subspaces of equal dimension k1 =--- =k, =k < K — 1
and show that it can be reduced to the case of hyperplanes after projecting the data onto a (k + 1)-
dimensional subspace of R¥. In Section 3.5, we consider the most general case of subspaces of
arbitrary dimensions and propose a solution to the GPCA problem that computes a basis for each
subspace in spite of the fact that the polynomials estimated from the null space ofL,, may not be
factorable.

3.3 Estimating a mixture of hyperplanes of dimension K — 1

In this section, we consider a particular case of the GPCA problem in which all the sub-
spaces have equal dimension k1 = --- = k, = k = K — 1. In Section 3.3.1, we show that the
collection of hyperplanes can be represented with a unique (factorable) polynomial p,, () whose
degree n, the number of hyperplanes, can be recovered from a rank constraint on the embedded data
matrix L,, and whose coefficients ¢,, can be recovered by solving a linear system. In Section 3.3.2,
we propose an algorithm for estimating the hyperplanes based on polynomial factorization that com-
putes a normal to each hyperplane from the roots of a polynomial of degree » in one variable plus
the solution of a collection of K — 2 linear systems in n variables. In Section 3.3.3, we propose
a second algorithm for estimating the subspaces based on polynomial differentiation and division,
which computes a normal to each hyperplane from the derivatives of p,,(x) evaluated at n points

each one lying on each one of the hyperplanes.

9To the best of our knowledge, although it has been shown that a polynomial-time algorithm exists, the algorithm is
not yet known [47].
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3.3.1 Estimating the number of hyperplanes n and the vector of coefficients ¢,

We start by noticing that every (K — 1)-dimensional subspace S; ¢ R¥ can be defined
in terms of a nonzero normal vector b; € RX as follows:1°

S; = {x S RE . bZT:E =bjix1 +bpors + ...+ g = 0}. (3.11)
Therefore, a point € R¥ lying on one of the hyperplanes S; must satisfy the formula:
(bfe=0) v (blz=0) v---Vv (blx =0), (3.12)

which is equivalent to the following homogeneous polynomial of degree n in « with real coeffi-
cients:

n

po(@) = [[ (6 x) = 0. (3.13)

=1

The problem of identifying each subspace .S; is then equivalent to one of solving for the
vectors {b;}_, from the nonlinear equation (3.13). A standard technique used in algebra to render
a nonlinear problem into a linear one is to find an embedding that lifts the problem into a higher-
dimensional space. As demonstrated in Section 3.2, we can use the Veronese map of degree, v,,, to
convert equation (3.13) into the following linear expression in the vector of coefficients ¢,, € RM»:

pn(m) = Vn(m)Tcn = Z Cnl,ng,...,nK-rrfl-rgm T x?(K =0, (3-14)
where ¢, .. o, € Rrepresents the coefficient of monomial ™.
Example 3 (Representing two planes in R3) If n = 2 and K = 3, then we have

p2(x) = (br1z1 + biaxe + bi3zs)(ba121 + baoxa + basws)
vo(a) = [}, 3139, 2123, 75, wow3, 23]

o = [b11ba1, bi1boa+b1aba1, biibaz+bizbar, biabao, biabas +b13bag, bisbas]” .
~~ —— ——

€2,0,0 €1,1,0 €1,0,1 €0,2,0 €0,1,1 €0,0,2

Remark 12 Notice that each ¢, ., is a symmetric multilinear function of (b1, bo, ..., b,), that

IS cny,..ny 1S linear in each b; and:

Cni,...nk (bl, bo, ..., bn) = Cny,..ni (ba(l)a bg(g), RN bo(n)) forall o € G, (315)

where &,, is the permutation group of n elements.

10Since the subspaces S; are all different from each other, we assume that the normal vectors {b;}7-, are pairwise
linearly independent.
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Remark 13 (Symmetric Tensors) Any homogeneous polynomial of degree n in K variables is
also a symmetric n-th order tensor in K variables, i.e., an element of Sym™(R). Furthermore, the
vector of coefficients ¢,, of the polynomial p,, (x) can be interpreted as the symmetric tensor product
of the coefficients b;’s of each polynomial of degree 1, that is:
Crn 22 SyMb1 @by @ ... ®Rbn) = Y by @by ® ... ® by
oEG,

where ® represents the tensor or Kronecker product and ~ represents the homeomorphism between
the symmetric tensor Sym(b; ® by ® ... ® by,) in Sym™(RX) and its symmetric part written as a

vector ¢,, in RMn»,

As demonstrated in Section 3.2 (see equation (3.9)), after applying (3.14) to the given

collection of N sample points {acj}j-v:l, we obtain the following system of linear equations on the

vector of coefficients ¢,,

X
L, ¢, = _ cn =0ecRY, (3.16)

N)T

[ vn(2)" ]
Remark 14 (Brill’s equations on the entries of ¢,,) Given n, one can solve for ¢,, from (3.16) in
a linear fashion. However, notice that the entries of ¢,, cannot be independent from each other,
because the polynomial p, () must be factorable as a product of linear forms. The factorability
of p,(x) enforces constraints on the entries of ¢,, which are polynomials of degree (n + 1) on
M,, variables, the so-called Brill’s equations [19]. In Example 3, where n = 2 and K = 3, Brill’s
equations are ¢ ;02,0 —€1,1,0¢1,0,1€0,1,1 €7 1 0€0,0,2+¢2,0,0(¢5 1.1 —4c0,2,0¢0,02) = 0. However,
if we are given enough sample points NV and there is no noise on the data, then the solution of (3.16)
will automatically satisfy Brill’s equations. Understanding how to use Brill’s equations to improve

the estimation of ¢,, in the case of noisy data will be a subject of future research.

We now study under what conditions we can solve for n and ¢,, from equation (3.16). To
this end, notice that if the number of hyperplanes n was known, we could immediately recover c,,
as the eigenvector of LT L,, associated with its smallest eigenvalue. However, since the above linear
system (3.16) depends explicitly on the number of hyperplanes n, we cannot estimate ¢,, directly
without knowing n in advance. It turns out that the estimation of the number of hyperplanes n is
very much related to the conditions under which the solution for ¢,, is unique (up to a scale factor),

as stated by the following theorem.
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Theorem 2 (Number of hyperplanes) Assume that a collection of N > M,, — 1 sample points
{7}, on n different (K — 1)-dimensional subspaces of R* is given. Let L; € R *M: be the
matrix defined in (3.16), but computed with the Veronese map v;(x) of degree 7. If the sample points

are in general position and at least K — 1 points correspond to each hyperplane, then:

> M; — 1, 1 < n,
rank(L;) ¢ = M; —1, i=n, (3.17)
< M; -1, 1> n.

Therefore, the number n of hyperplanes is given by:

|n = min{i : rank(L;) = M; — 1}.| (3.18)

Proof. Consider the polynomial p,(x) as a polynomial over the algebraically closed field C and
assume that each hyperplane bl = 0 is different from each other. Then the ideal I generated by
pn(x) is a radical ideal with p,, () as its only generator. According to Hilbert’s Nullstellensatz (see
page 380, [34]), there is a one-to-one correspondence between such an ideal I and the algebraic set

(also called algebraic variety in Algebra)
Z(I)={x:Vpel, px)=0}cCK

associated with it. Hence its generator p,,(x) is uniquely determined by points in this algebraic
set. By definition, p,(x) has the lowest degree among all the elements in the ideal 7. Hence no
polynomial with lower degree would vanish on all points in these subspaces. Furthermore, since all
coefficients b; are real, if z + /—1y € CX isin Z(I), both z € RX and y € R¥ are in the set
of (real) subspaces, because b} (x + v/—1y) = 0 & blxz = 0 A bly = 0. Hence all points on
the (real) subspaces determine the polynomial p,(x) uniquely and vice-versa. Therefore, there is
no polynomial of degree i < n that is satisfied by all the data, hence rank(L;) = M, for i < n.
Conversely, there are multiple polynomials of degree i > n, namely any multiple of p,,(x), which
are satisfied by all the data, hence rank(L;) < M; — 1 for ¢ > n. Thus the case i = n is the only
one in which the linear system (3.16) has a unique solution (up to a scale factor), namely the vector

of coefficients ¢,, of the polynomial p,, (). n

Remark 15 In the presence of noise, one cannot directly estimate »n from (3.18), because the matrix
L; is always full rank. In practice we declare the rank of L; to be r if 0,41 /(01 + -+ + 04) < €,
where oy, is the k-th singular value of L; and ¢ > 0 is a pre-specified threshold. We have found this

simple criterion to work well in our experiments.
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Theorem 2 and the linear system in equation (3.16) allow us to determine the number of
hyperplanes » and the vector of coefficients c,,, respectively, from sample points {z’ }fil. The rest
of the problem becomes now how to recover the normal vectors {b;}!" ; from ¢,,. Sections 3.3.2
and 3.3.3 present two algorithms for recovering the normal vectors based on polynomial factoriza-
tion and polynomial differentiation and division, respectively.

3.3.2 Estimating the hyperplanes: the polynomial factorization algorithm (PFA)

In this section, we give a constructive solution to the GPCA problem in the case of hyper-

planes based on polynomial factorization. More specifically, we prove the following theorem:

Theorem 3 (GPCA for mixtures of hyperplanes by polynomial factorization) The GPCA prob-
lemwith k&, = --- = k, = kK = K — 1 is algebraically equivalent to the factorization of a homo-
geneous polynomial of degree n in K variables into a product of n polynomials of degree 1. This is
in turn algebraically equivalent to solving for the roots of a polynomial of degree n in one variable
plus solving K — 2 linear systems in n variables. Thus the GPCA problem for k = K — 1 has a

unique solution which can be obtained in closed form when n < 4.

GPCA as a polynomial factorization problem

From equations (3.13) and (3.14) we have that:

n K
_ ni .n2 nK __
pn(T) = E Cning,..ngdy T~ " T = H E :bijxj

i=1 \j=1
Therefore, the problem of recovering {b;}} , from ¢, is equivalent to the following polynomial

factorization problem.

Problem 3 (Factorization of homogeneous polynomials)
Given a factorable homogeneous polynomial of degree n in K variables p,(x) € RE (K), factor it

into n different polynomials of degree one in K variables {(b] x) € Ry (K)}™,.

Remark 16 (Factorization of symmetric tensors) The polynomial factorization problem can also
be interpreted as a tensor factorization problem: Given an n-th order symmetric tensor V in
Sym™(RX), find vectors vy, v, . .., v, € RE such that

V=Symv1 @2 @ ... @ 0p) = Y V(1) ® Up(2) @ - . @ V()
ce6,
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Notice that
v: REX" o sym™(RE); (v, 0,...,00) — SYym(v; @ 12 @ ... Q@ vy,)

maps a K x n-dimensional space to an M,,-dimensional space. In general M,, is much larger than
(K x n—n+1).1t Therefore, not all symmetric tensors in the space Sym™(R¥) can be factored in

the above way.

Notice that an arbitrary element of R,,(K) is not necessarily factorable into n distinct
elements of R;(K), e.g., the polynomial z? + z1z2 + 22 is not. However, the existence of a
factorization for p,, () is guaranteed by its definition as a product of linear functionals. In relation
to the uniqueness of the factorization, it is clear that each b; can be multiplied by an arbitrary scale
to obtain the same ¢,, up to scale. Since we can fix the norm of ¢,, to be 1 when solving (3.16),
we are actually free to choose the scale of n — 1 of the b;’s only. The following proposition is a
consequence of the well-known Gauss Lemma in Algebra (see page 181, [34]) and guarantees the

uniqueness of the factorization of p,,(x) up to n — 1 scales:

Proposition 1 (Uniqueness of the factorization) Since R is a factorial ring, the set of polynomials
in K variables R[x1,...,zk] is also factorial, that is any polynomial p € R[zi,...,xk] has a
unique factorization into irreducible elements. In particular, any element of the set of homogeneous

polynomials R,,(K) C R[z1,...,zx] has a unique factorization.

Solving the polynomial factorization problem

Knowing the existence and uniqueness of a solution to the polynomial factorization prob-
lem (Problem 3), we are now interested in finding an algorithm that recovers the b;’s from ¢,,. For
ease of exposition, we will first present an example with the case n = 2 and K = 3, because it gives

most of the intuition about our general algorithm for arbitrary n and K.

Example 4 (Estimating two planes in R3) Consider the case n = 2 and K = 3 illustrated in

Example 3. Then

pa(x) = (blz)(blx) = (b11z1 + biaxa + bizzs) (barx1 + bosws + bazxs)

= (b11b21)x? + (b11bog +bizba1 )z 129 + (b11b23+b13bo1 )13 +
~—— — N—
€2,0,0 €1,1,0 €1,0,1
(br2bao)w3 + (b12baz+bizbaz)waws + (b13bas)z3.
S——" N—— S——"

€0,2,0 €0,1,1 €0,0,2

\We here subtract n — 1 parameters on the right is because we only have to consider unit vectors.
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We notice that the last three terms correspond to a polynomial in x5 and x5 only, which is equal to
the product of the last two terms of the original factors, i.e.,

02,023 + €0.117223 + 00275 = (b1272 + b1373) (baoxs + bozzs).
After dividing by 23 and letting ¢ = x5 /3 we obtain
@a(t) = co20t® + coa1t + co02 = (biat + b13)(bast + bag).

Since co € RS is known, so is the second order polynomial g»(t). Thus we can obtain %g and Z;—g
from the roots ¢; and ¢, of g2(¢). Since by and bs are only computable up to scale, we can actually

divide ¢z by g 2,0 (if nonzero) and set the last two entries of b; and b, to
big =1, big=—t1, ba=1, by =—ts.

We are left with the computation of the first entry of by and b,. We notice that the coefficients c; 1 o
and ¢y o1 are linear functions of the unknowns b1; and by;. Thus we can obtain b;; and b from

bao b1 bu | | a0 (3.19)

baz  b13 ba1 €1,0,1

provided that bosb13 — basbia 75 0,i.e.,ifty 75 to.

We conclude from the Example 4 that, if co2 o = biabaa # 0 and baabi3 — basbia # 0,
then the factorization of a homogeneous polynomial of degree n = 2 in K = 3 variables can be
done in the following two steps: (1) solve for the last two entries of {b;}!" ; from the roots of a
polynomial g, (t) associated with the last n 4+ 1 = 3 coefficients of p,,(x); and (2) solve for the first
K — 2 entries of {b;}_, from K — 2 linear systems in n variables.

We now generalize these two steps to arbitrary n and K.

1. Solving for the last two entries of each b;: Consider the last n + 1 coefficients of p,,(x):
[C0,...0.0 5 €O,..0m—11 5 -+ » C0,..00n]" €R™ (3.20)

which define the following homogeneous polynomial of degree n in the two variables z x_;
and zg:

n

Z €0, 01 TRl TR = H (bik-1TK-1 + bikTK) . (3.21)
i=1
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Letting t = xx_1/x K, we have that:

(bik—1xx—1 +bikrk) =0& H (bix—1t + b)) = 0.
1 i=1

n
1=

Hence the n roots of the polynomial
4n(t) = co,.0mot" + o, 0m—11""" 4+ o, 00 (3.22)

are exactly t; = —b;x /bix—1, forall i = 1,...,n. Therefore, after dividing c,, by co,....0.n.0

(if nonzero), we obtain the last two entries of each b; as:

(bik-1, bix)=(1, =t;) i=1,...,n (3.23)

If b;x—1 = 0 for some 4, then some of leading coefficients of ¢, (¢) are zero and we cannot
proceed as before, because ¢, (¢) has less than n roots. More specifically, assume that the first
¢ < n coefficients of g, (t) are zero and divide ¢,, by the (¢ + 1)-st coefficient. In this case,
we can choose (b;x—1,bix) = (0,1), fori = 1,...,¢, and obtain {(bir—1,bix ) }iry_ri1
from the n — ¢ roots of g, (¢) using equation (3.23). Finally, if all the coefficients of ¢,,(t) are

equal to zero, we set (b;x—1,b;x) = (0,0),foralli =1,...,n.

. Solving for the first K — 2 entries of each b;: We have demonstrated how to obtain the last
two entries of each b; from the roots of a polynomial of degree n in one variable. We are
now left with the computation of the first K — 2 entries of each b;. We assume that we have
computed b;;,i =1,...,n,j =J +1,... K for some J, starting with the case J = K — 2,
and show how to linearly solve for b;;,7 = 1,...,n. As in Example 4, the key is to consider
the coefficients of p, (x) associated to monomials of the form x ; 21" - - - 27, which are
linear in z ;. These coefficients are of the form ¢ ... 0,1,n,. ,,....n; @nd are linear in b; ;. To see

this, we notice that the polynomial > c07.,,,0,17nJ+1,,,,,nKxf}fll -7 is equal to the partial

of p,,(x) with respect to x ; evaluated at z; = xo = --- = x; = 0. Since
Opn(x) 0 o T . o T o T
it mel 01 (CEJN DS N (CEOR INCEN S (3.24)
i=1 i=1 /=1 {=i+1
after evaluating at z; = zo = - -- = x; = 0 we obtain

n
nNJj+1 n J
E :Cov---vovlynJ+1 ----- nrL jy1 "'xKK = E biJgi (.’IZ), (3'25)
=1



61

where

—1 n

K K
gl@ =111 D buei | TI | D beszs (3.26)

(=1 \j=J+1 (=i+1 \j=J+1

~

is a homogeneous polynomial of degree n — 1 in the last K — .J variables in z. Let )/ be the

vector of coefficients of the polynomial g/ (). From equation (3.25) we get

b1y €o,...,0,1,n—1,0,....0
bay €o,...,0,1,n—2,1,...,0
v v T - | (3.27)
| bng | | €0,...0,1,00,...0—1 |

from which we can linearly solve for the unknowns {b;}"_,. Notice that the vectors {V/}7 ,

are known, because they are functions of the known {b;;}? ,, where j = J +1,... K.

Uniqueness of the solution given by the factorization algorithm

According to Proposition 1, the polynomial factorization problem admits a unique so-
lution. However, the factorization algorithm that we have just proposed may not give a unique
solution. For example, the algorithm fails for pa(x) = zaz3 € R2(3). This is because it does not
use all the entries of ¢, in order to obtain the factorization. In fact, it only uses the entries that are
linear in the unknowns.

We will now analyze the conditions under which the proposed algorithm does provide
a unique solution. From equation (3.27), we notice that this is the case if and only if the vectors
V{, ...,V are linearly independent. The following proposition gives a more specific necessary
and sufficient condition for the uniqueness in terms of the normal vectors {b;}?"_;:

Proposition 2 (Uniqueness of the solution given by the algorithm) The vectors {V/}_, are lin-
early independent if and only if for all » # s, 1 < r, s < n, the vectors (b, 41, by7+2,...,byx) and
(bsjt1,bs742,--.,bsi) are pairwise linearly independent. Furthermore, the vectors {Vf”}?:l
are linearly independent if and only if the polynomial ¢,,(¢) has distinct roots and at most one of its
leading coefficients is zero.

Proof. We do the proof by induction on n. Let ! (z) = Z;;,H b;;x;. By definition, the vectors

V/ are linearly independent if

n

h! =3 aih{ b bl b =0 (3.28)
=1
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ifandonly ifa; = 0,0, € R, i =1,...,n. Ifn =2, (3.28) reduces to:
arhy + ash{ =0. (3.29)

Therefore V{ is independent from V3 if and only if 47 is independent from A3, which happens if and
only if (b1541,b15+42,...,b1x) is independent from (bas41, b2742, - - -, bax). Thus the proposition
is true for n = 2. Now assume the that the proposition is true for n — 1. After dividing (3.28) by h{
we obtain:

n

h' hel.oo pd
2 - n +Zai hQJ"'hi‘]_1hiJ+1 bl =0. (3.30)
1 i=2

hl

polynomia in Ry, 1 (K—J)
If «; = 0, then the proof reduces to the case n — 1, which is true by the induction hypothesis. If

h...h’
a1 # 0, then L
1

h{, i=2,...,n,1.e,if (byjy1,b1542,...,b1x) IS proportional to some (b;jt1,b;542,--.,bix).

must belong to R,,_1 (K —J), which happens only if h{ is proportional to some

The fact that the choice of h{ as a divisor was arbitrary completes the proof of the first part. As for
the second part, by construction the vectors (b,x—1, b,k ) and (bsx—1, bsi) are independent if and
only if the roots of g, (t) are distinct and ¢,,(¢) has at most one leading coefficient equal to zero. m

Obtaining a unique solution for the degenerate cases

Proposition 2 states that in order for the K — 2 linear systems in (3.27) to have a unique
solution, we must make sure that the polynomial ¢, (¢) is non-degenerate, i.e., g, (¢) has no repeated
roots and at most one of its leading coefficients is zero. One possible approach to avoid non-
uniqueness is to choose a pair of variables (z;, ;) for which the corresponding polynomial ¢, (t)
is non-degenerate. The following proposition guarantees that we can do so if n = 2. Unfortunately

the result is not true for n > 2 as shown by Example 5.

Proposition 3 (Choosing a good pair of variables when n = 2)
Given a factorable polynomial py(x), there exist a pair of variables (x;, z;/) such that the associ-
ated polynomial g2 (%) is non-degenerate.

Proof. For the sake of contradiction, assume that for any pair of variables (x;,z;/) the associated
polynomial g2(¢) has a repeated root or the first two leading coefficients are zero. Proposition 2
implies that for all j # j', (b1;,b1j) is parallel to (by;, bejr), hence, all the 2 x 2 minors of the
matrix B = [by by]T € R?*X are equal to zero. This implies that by is parallel to by, violating the
assumption of different subspaces. n
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Example 5 (A polynomial with repeated roots) Consider the following polynomial in R3(3):
pg(iﬁ) = (:L‘l + 290 + l’3)(£L’1 + 29 + 23)3)(1’1 + 29 + $3).

The associated polynomials in two variables are 4x3 + 10x3x3 + 8x923 + 223, 23 + 4aizs +

Sr123 + 223 and 23 + 5x3xg + 8123 + 423, and all of them have repeated roots.

We conclude that, even though the uniqueness of the factorization is guaranteed by Propo-
sition 1, there are some cases for n > 2 for which our factorization algorithm (based on solving for
the roots a polynomial of degree n in one variable plus K — 2 linear systems in n variables) will not
be able to provide the unique solution. The reason for this is that our algorithm is not using all the
coefficients in ¢, but only the ones for which the problem is linear.

One possible algorithm to obtain a unique solution for these degenerate cases is to con-
sider the coefficients of p,,(x) which have not been used. Since the equations associated to those
coefficients are polynomials of degree d > 2 in the unknowns {b;;}!_,, we will not pursue this
direction here. Instead, we will try to find a linear transformation on x, hence on the b;;’s, that gives
a new vector of coefficients ¢], whose associated polynomial ¢/,(¢) is non-degenerate. It is clear that
we only need to modify the entries of each b; associated to the last two variables. Thus, we consider
the following linear transformation 7" : RX — RX:

[ 10 0t t|
0 1 0 t t
c=Ty=| : K (3.31)
1 t
[0 0 0 1|

Under this transformation, the polynomial p,, () becomes:

n n K-—1 K-2 K—1
Po(y) = pa(Ty) = Hsz (Ty) = H ( Z bijy; +|1 Z bij + biKl] YK -1 +[t Z bij + biK] yK)-
i=1 =1 j=1 j=1 =1

bik 1 (t) bik (1)
Therefore, the polynomial associated to yx_1 and yx will have distinct roots for all ¢ € R, except

for the ¢’s which are roots of the following second order polynomial:

rie—1 (Db (t) = bige 1 ()b (1) (3.32)

for some r # s, 1 < r, s < n. Since there are a total of n(n + 1) /2 such polynomials, each of them

having at most 2 roots, we can choose ¢ arbitrarily, except for n(n + 1) values.
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Once ¢ has been chosen, we need to compute the coefficients ¢/, of the new polynomial

pl,(y). The following proposition establishes the relationship between ¢,, and ¢/, :

Proposition 4 Let ¢,, and ¢, be the coefficients of the polynomials p,,(x) € R, (K) and p),(y) =
pn(Tx) € R,(K), respectively, where T : RX — RX is a non-singular linear map. Then T
induces a linear transformation 7 : RM» — RMn c,— = Tcn. Furthermore, the column of

T associated to Cnioma,..ns 1S given by the coefficients of the polynomial:
(fly)™ (Ly)™ - (Lry)"s, (3.33)
where £] is the j-th row of 7.

Proof. Let pl.(x),p2(x) € RE(K) and o, 3 € R. Then the polynomial apl(z) + Bp2(x) is
transformed by 7' into apl(Ly) + Bp2(Ly). Therefore T is linear. Now in order to find the
column of 7" associated to Cnina,...nx» WE just need to apply the transformation T to the monomial

aftay? xS = (ef @)™ (ef®)™ - - - (efem)™, where {e;}1, is the standard basis for R”. We
obtain (e Ty)™ (eX Ty)"2 - - - (L. Ty)"x, or equivalently (€] y)™ (€Xy)"2 --- (€L y)"x. .

Remark 17 Due to the upper triangular structure of 7" in (3.31), the matrix 7" will be lower trian-
gular. Furthermore, since each entry of 7" is a polynomial of degree at most 1 in ¢, the entries of 7'
will be polynomials of degree at most n in ¢.

By construction, the polynomial ¢/,(¢) associated to the last two variables of p/ (y) will
have no repeated roots. Therefore, we can apply the previously described factorization algorithm
to the coefficients ¢/, of p/,(y) to obtain the set of transformed normal vectors {b;}"_,. Since by
definition of p/,(y) we have b,” = b! T, the original normal vectors are given by b; = T-b]. It
turns out that, due to the particular structure of 7", we do not actually need to compute 7~ We can

obtain {b;}"_, directly from {b}}"_; and ¢ as follows:

bij = by, i=1,...,n,j=1,...,K—2
bik-1 = by —t>y by, i=1,...,n (3.34)
bik = b;K—th:_llbij, t=1,...,n.

We illustrate the proposed transformation with the following example:

Example 6 Letn = 3and K = 3. Then T and T are given by:

(3.35)

~
Il
o O =

t
1
0

— o~
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and
[ 1 0 0 0 O 0 0 0 0 0]
3t 1 0 0 0 0 0 0 00O
3t t 1 0 0 0 0 0 00
3t? 2t 0 1 0 0 0 0 00
7 61> 2t +2t 2t 2t 1 0 0 0 00 (3.36)
3t 2t? 2t t? t 1.0 0 00
t3 t2 0 t 0 0 1 000
3t B2 2 224ttt 0 3t 1 00
3t3 23 12 22 3422 24t ¢t 32 2t 1 0
B t3 t2 t3 2ttt 1
We summarize the results of this section with the polynomial factorization algorithm
(PFA) for mixtures of hyperplanes, a GPCA problem withky = --- =k, = K — 1.

Algorithm 2 (Polynomial Factorization Algorithm (PFA) for Mixtures of Hyperplanes)
Given sample points {a:j}é\’zl lying on a collection of hyperplanes {S; c R¥}"_,, find the number

of hyperplanes n and the normal vector to each hyperplane {b; € R¥1}7_, as follows:

1. Apply the Veronese map of order 4, for i = 1,2,..., to the vectors {acj};v:l and form the
matrix L; in (3.16). Stop when rank(L;) = M; — 1 and set the number of hyperplanes n to

be the current 7. Then solve for ¢,, from L,,c, = 0 and normalize so that ||c,,|| = 1.

2. (a) Get the coefficients of the univariate polynomial ¢, (¢) from the last n + 1 entries of ¢,,.

(b) Ifthefirst¢,0 < ¢ < n, coefficients of ¢, (t) are equal to zero, set (b;x—1,bix) = (0,1)
fori = 1,...,¢. Then use (3.23) to compute {(b;x—1,bix)}
roots of ¢, (¢).

p_gqq fromthe n — ¢
(c) If all the coefficients of ¢, (¢) are zero, set (bix—1,bix) = (0,0), fori =1,...,n.

(d) If (byx—1,brk) is parallel to (bsx—1,bsx) for some r # s, apply the transformation

x = Ty in (3.31) and repeat 2(a), 2(b) and 2(c) for the transformed polynomial p/, (y)
to obtain { (b1, b5 ) Iy

3. Given (bix—1,bix), i =1,...,n, solve for {b;;}_, from (3.27) for J = K —2,...,1. Ifa

transformation 7" was used in 2(d), then compute b; from b and ¢ using equation (3.34).
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3.3.3 Estimating the hyperplanes: the polynomial differentiation algorithm (PDA)

The main attraction of the polynomial factorization algorithm (PFA) (Algorithm 2) is that
it shows that one can estimate a collection of hyperplanes in a purely algebraic fashion. Furthermore,
the PFA does not requires initialization for the normal vectors or the clustering of the data, and the
solution can be obtained in closed form for n < 4 hyperplanes.

However, the PFA presents some disadvantages when applied to noisy data. For instance,
there are some degenerate cases for which some of the K — 2 linear systems have more than one
solution, namely whenever the polynomial ¢,,(¢) has repeated roots. Furthermore, even when the
true roots of ¢, (¢) are different, as long as two of them are close to each other the estimated roots
may become complex if ¢,, is computed from noisy data points. In this case, one cannot proceed
with the rest of the algorithm (solving the K — 2 linear systems), because it assumes that the roots
of ¢, (t) are real and non-repeated. One may be tempted to choose the real part of such complex
solutions when they occur, however this leads to the degenerate case of repeated roots described
before. Alternatively, since choosing the last two variables to build the polynomial ¢,,(¢) is arbitrary,
one could try choosing a different pair of variables such that the corresponding roots are real and
distinct. However, we saw in example 5, that the are polynomials that are factorable, yet every pair
of variables has repeated roots. Furthermore, even if there was a pair of variables such that the
associated univariate polynomial ¢, (¢) had non-repeated roots, it is not clear how to choose such a
pair without considering all possible pairwise combinations, because the b;’s are unknown

In this section, we propose a new algorithm for estimating the normal vectors {b;}? ,
which is based on polynomial differentiation rather than polynomial factorization. We show that
given c,, one can recover {b;}!"_, by evaluating the derivatives of p,, (x) at points on the hyperplanes.
Therefore, the polynomial differentiation algorithm does not the have problems of complex roots
or degenerate configuration present in the PFA. More specifically, the polynomial differentiation

algorithm (PDA\) consists of the following two steps:

1. Compute the number of hyperplanes n and the vector of coefficients ¢,, from the linear system

L,c, =0, as described in Section 3.3.1.

2. Compute the normal vectors {b;}}" ; as the derivative of p, (x) evaluated at the n points

{y; € S;}1_,, with each point lying on only one of the hyperplanes.

Therefore, the problem of clustering hyperplanes will be reduced to first finding one point

per hyperplane, and then evaluating the derivative of p,,(x), as we describe below.



67

Obtaining normal vectors by differentiation

Imagine, for the time being, that we were given a set of n points {y,}"_,, each one lying
on only one of the n hyperplanes, thatis y, € S; fori = 1,...,n. This corresponds to a particular
supervised learning setting in which we are given only one example per cluster. Now let us consider

the derivative of p,, (x) evaluated at each y,. We have:

Dpo(a) = 222 = 9 T (6F ) = 3 (60 [[ 6] ) @3)

i=1 i=1 0£i

Because H#i(b{yj) = 0 for j # 4, one can obtain each one of the normal vectors as

by = i
1Dpn(y,)l

.. (3.38)

Therefore, in the supervised learning setting in which we know one point in each one of
the hyperplanes, the clustering problem can be solved analytically by simply evaluating the partials
of p,,(x) at each one the points with known labels.

Let us now consider the unsupervised learning scenario in which we do not know the
membership of any of the data points. We first present an algebraic algorithm for finding one point
in each one of the hyperplanes, based on intersecting a random line with each one of the hyperplanes.
We then present a simple algorithm that finds one point in each hyperplane from the points in the

dataset that minimize a certain distance function.

Obtaining one point per hyperplane: an algebraic solution

Consider a random line £ = {tv + xo, t € R} with direction v and base point xy.
We can always obtain one point in each hyperplane by intersecting £ with the union of all the
hyperplanes, except when the chosen line is parallel to one of the hyperplanes, which corresponds
to a zero-measure set of lines. Since at the intersection points we must have p,,(tv + o) = 0, the

n points {y; }™_, can be obtained as

y,=tiv+xy i=1,...,n, (3.39)
where {t;}?_, are the roots of the univariate polynomial of degree n
an(t) = pn(tv + @) = [ [(¢b] v + b] o). (3.40)

=1
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The problem is now how to choose v and x. In the absence of noise, one can choose a
line at random, because the set of lines that intersect a collection of n hyperplanes into n distinct
points is an open set. However, there is a zero measure set of lines for which the roots of ¢, (¢) are
not real and distinct. For example, if ¢ = 0 or if x is parallel to v, then the number of roots is
either one or infinity. These two cases can be obviously avoided. Another degenerate configuration
happens when the direction v is parallel to one of the hyperplanes. In this case the polynomial g, ()
has less than n roots, because at least one of them is at infinity. Since v is parallel to one of the
hyperplanes if and only if b v = 0 for some i = 1, ..., n, this degenerate case can be avoided by
choosing v such that p,,(v) # 0. Therefore, in the absence of noise, we randomly choose x( and
v on the unit sphere and if the above conditions are met, we proceed with the computation of ¢;, y;
and b;, else we randomly choose a new line. Of course, in the presence of noise, different choices of
L would give rise to different normal vectors. In order to make the process more robust, we choose
multiple lines {£,}}* , and compute the set of normal vectors {b;,} corresponding to each line. For
each set of normal vectors we reconstruct their corresponding collection of hyperplanes {S;,}, and
then project each data point in X onto the closest hyperplane. We then choose the set of subspaces
that gives the smallest reconstruction error. In our experiments, choosing m = 3 random lines was

enough to obtain a small reconstruction error.

Remark 18 (Connection with PFA) Notice that the first step of the PFA (solving for the roots of
a univariate polynomial) is a special case of the above algorithm in which the line £ is chosen as
xo=10,...,0,0,1]7 and v = [0,...,0,1,0]7. Therefore, we can summarize together the PFA

discussed in the preceding section and the PDA described in this section in the following algorithm.

Algorithm 3 (PFA and Algebraic PDA for Mixtures of Hyperplanes)

solve L,¢, = 0;

set p,(x) = cl v, (x);

compute the n roots ¢4, . .. , t,, of the univariate polynomial g, (t) = p,(tv + xo) with:
e PFA: xy=[0,...,0,0,1]" and v=[0,...,0,1,0]7;
e PDA: x( and v chosen randomly;

obtain the hyperplane normal vectors b;:

e PFA: solve K — 2 linear systems of equations to find the normal vectors b;;

e PDA: differentiate p,,(x) to obtain b; = Hgﬁi&;” aty, = xo + vi;.
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Obtaining one point per hyperplane: a recursive solution

As we will see in Section 3.5, the technique of intersecting a line with each one of the
hyperplanes does not generalize to subspaces of arbitrary dimensions. We therefore propose an
alternative algorithm for computing one point per hyperplane. The idea is that we can always
choose a point y,, lying on one of the hyperplanes by checking that p,,(y,,) = 0. Since we are given
a set of data points X = {mj};?zl lying on the hyperplanes, in principle we can choose y,, to be
any of the data points. However, in the presence of noise and outliers a random choice of y,, may be
far from the true hyperplanes. Another possibility is to choose y,, as the point in X that minimizes

|pn()|. However, the above choice has the following problems in the presence of noise:

1. The value |p,(x)| is merely an algebraic error, i.e., it does not really represent the geomet-
ric distance from x to the closest subspace. Furthermore, notice that finding the geometric

distance to each subspace is in principle hard, because we do not know the normal vectors
{bi}iy.

2. Points x lying close to the intersection of two or more subspaces are more likely to be chosen,
because two or more factors in p,(xz) = (bfx)--- (blx) are approximately zero, which
yields a smaller value for |p,,(x)|. Furthermore, since Dp,,(x) = 0 for = in the intersection
of two or more subspaces, one should avoid choosing points close to the intersections, because
they will give very noisy estimates of the normal vectors. In fact, we can see from (3.37) that
for arbitrary « the vector Dp,,(x) is a linear combination of the normal vectors {b;}? ;. Thus
if « is close to two subspaces the derivative will be a linear combination of both normals.

It turns out that one can avoid both of these problems thanks to the following lemma.

Lemma 2 Let & € S; be the projection of a point = € R onto its closest hyperplane S;. Then the
Euclidean distance from x to .S; is given by

- |Pn ()| -2
z—z|| =n—"—-+O0(||x — x||*). (3.41)
Proof. Replace m = 1 in the proof of Lemma 3. n

The importance of Lemma 2 is that it allows us to compute a first order approximation
of the distance from each point in X to its closest hyperplane without having to first compute the
normal vectors. In fact the geometric distance (3.41) depends only on the polynomial p,,(x) and

is obtained by normalizing the algebraic error |p,,(x)| by the norm of the derivative ||Dp,(x)|.
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Therefore, we can use this geometric distance to choose a point in the data set close to one of the
subspaces as:

. |pn($)|
n = arg min T~ 3.42
Yn = D (w20 [ Dpn(@)] 542

and then compute the normal vector at y,, as b, = Dp,(y,,)/||Dpn(y,,)||. Notice that points x
close to the intersection of two or more hyperplanes are immediately avoided, because Dp,,(x) ~ 0.
In order to find a point y,,_; in one of the other (n— 1) hyperplanes, we could just remove
the points on the subspace S, = { : bz = 0} from X and compute y,,_, similarly to (3.42), but
minimizing over X \ S,,. However, in the presence of noise we would have to choose a threshold in
order to determine which points correspond to .S,,, and the algorithm would depend on the choice of
such athreshold. Alternatively, we notice that a point & lying on one of the other (n—1) hyperplanes
should satisfy
Pt (@) = pu(x)/ (1) = (bT2) - (b ) = 0. (3.43)
Therefore, similarly to (3.42), we can choose a point on (close to) U?:‘fSi as the point in the
data set that minimizes |p,—_1(x)|/||Dpn—1(2)||. By applying the same reasoning to the remaining
hyperplanes, we obtain the following recursive polynomial differentiation algorithm (PDA-rec) for

finding one point per hyperplane and computing the normal vectors.

Algorithm 4 (Polynomial Differentiation Algorithm (PDA) for Mixtures of Hyperplanes)

solve L,,c,, = 0;

set p,(x) = cLv,(x);

fori=n:1, Ipi(x)]
. pi\x
i = alrg min T NV2RNIE] 344
Yy meXQ:]Dpi x)#0 HDp,(w)H ( )
Dpi(y;)
b; DY) (3.45)
[ Dpi(y;)ll
pi(x)
pioi(@) = e (3.46)
end;

assign point =7 to subspace S; if i = argming—1__, |bf 7.

Remark 19 (Polynomial division) Notice that the last step of the PDA is to divide p;(x) by bl « to
obtain p;_1(x). Given the vector of coefficients of p;(x), ¢; ¢ RM:, and the normal vector b; € R¥,
solving for the vector of coefficients of p;_1(x), ¢;_1 € RMi—1, is simply a linear problem of the
form D;(b;)c;_1 = ¢;, with D;(b;) e RMixMi-1,
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Remark 20 Notice that one can avoid computing p;(x) in each step of the PDA and choose y,_;
by a heuristic distance function (therefore not optimal). Since a point in U}_.S; must satisfy
(bl'z)--- (blx) = 0, we can choose a point y;_, in U,_}S; by as

pa(@)]
Do T °

arg min )

Yi1= (3.47)

where we add a small positive number § > 0 to both the numerator and denominator in order to
avoid the case in which both of them are zero (e.g. with perfect data).

Remark 21 (Merging PDA-alg and PDA-rec) Notice that, in the presence of noise, PDA-rec finds
points that are close to but not necessarily in the hyperplanes. To resolve this problem, we may add
an additional computation from the first step of PDA-alg to each iteration of PDA-rec as follows:
First choose y, and obtain b; from Dp;(y;) according to PDA-rec; then set y = y, and v = b;
and solve for the roots of ¢, (t) = p,(tv + o). Choose the root t* = min(|¢;|) and obtain a new
point lying on one of the hyperplanes as y,; < t*v + xo.

3.4 Estimating a mixture of subspaces of equal dimension k < K

We showed in Section 3.2 that estimating a collection of subspaces of arbitrary dimensions
is equivalent to estimating and factoring a collection of homogeneous polynomials from sample data
points. However, we also showed that in general one can only recover a basis for those factorable
polynomials, and that each element in the basis may not be factorable.

In Section 3.3 we considered the particular case of data lying on hyperplanes, and showed
that in this case there is a single polynomial representing the data, which is automatically factorable.

In this section, we extend the results of Section 3.3 to the case of subspaces of equal
dimension0 < k1 = --- = k, = k < K. In Section 3.4.1 we show that if the dimension of the
subspaces k is known, then it is possible to recover a factorable polynomial by first projecting the
data onto a generic (k + 1)-dimensional subspace of R¥. Since in practice the dimension of the
subspaces could be unknown, in Section 3.4.2 we derive rank constraints on the data matrix that
allow us to simultaneously estimate the number of subspaces n and their dimension k. Given n and
k, in Section 3.4.3 we present two algorithms for recovering the subspaces. The first one uses a
single projection followed by either PFA or PDA to segment the data, and then obtains a basis for
each one of the original subspaces by applying PCA to the segmented data. The second one uses

multiple projections followed by a generalization of PDA that deals with multiple polynomials.
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3.4.1 Projecting samples onto a (k + 1)-dimensional subspace

In this section, we show that the segmentation of a sample set X drawn from n k-
dimensional subspaces of a space of dimension K > k is preserved after projecting the sample
set X onto a generic subspace @ of dimension k£ + 1 (< K). An example is shown in Figure 3.2,
where two lines L; and L, in R? are projected onto a plane  not orthogonal to the plane containing

the lines.

Figure 3.2: Two 1-dimensional subspaces L1, Lo in R? projected onto a 2-dimensional plane Q.
Clearly, the membership of each sample (labeled as “+”on the lines) is preserved through the
projection.

More generally, let us denote the projection onto a (k + 1)-dimensional subspace () as
o RE - Q x— x, (3.48)

and the projection of S; as S, = wq(S;). Also let X’ = mo(X) be the set of projected data points
lying on the collection of projected subspaces Z' = 7 (Z) = U, S..

From a geometric point of view, we notice that if the subspace @ is in general position'?,
then dim(.S?) remains to be & — no reduction in the dimension of each subspace?3, and there is a one-
to-one correspondence between S} and \S; — no reduction in the number of subspaces®* n. In other
words, if the subspace @ is in general position, then segmenting the original collection of subspaces

Z = U, S; is equivalent to segmenting the collection of projected subspaces Z' = U, S..

12 A5 defined by the transversality conditions in footnotes 12 and 13.

3This requires that @ be transversal to each S;-, i.e., span{@, Si-} = R¥ fori = 1,2,...,n. Since n is finite, this
transversality condition can be easily satisfied. Furthermore, the set of positions for @ which violate the transversality
condition is only a zero-measure closed set [25].

14This requires that all S be transversal to each other in @, which is guaranteed if we further require Q to be transversal
to S N Sj fori,j =1,...,n. All Q’s which violate this condition form a zero-measure set.
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The effect of such a projection can also be explained from an algebraic viewpoint. As we
discussed in Sections 3.2, when 0 < k < K —1 determining the ideal /(Z) requires the identification
of all its generators. However, after projecting the data onto the subspace @ the ideal I(Z’) becomes
a principal ideal which is generated by a unique homogeneous polynomial p/, (x’), as demonstrated
in Section 3.3. Therefore, when k is known, identifying Z is equivalent to identifying p/,(x’), and
the GPCA problem for subspaces of equal dimension &, where 0 < k < K, can always be reduced
to the case of hyperplanes. Furthermore, since p;, (') €1(Z’) is factorable and =’ =mg(x), then
pn(x) =pl (') € I(Z) is also factorable. Therefore, each projection onto a (k + 1)-dimensional
subspace @) produces a factorable polynomial p,,(x) € I(Z). Thus, we can obtain a basis of fac-
torable polynomials of degree » in I(Z) by choosing a large enough collection of projections {7 }.

The projection of samples onto a (k + 1)-dimensional space also reveals an interesting
duality between the two cases dim(S;) = k and dim(S;) = K —k. If S; is a 1-dimensional subspace
of RX, i.e., a line through the origin, then for every sample point = € S; we can choose K — 1
vectors {y;,Ys, ..., Yx_1+ Which together with = form an orthogonal basis of R. Then each
point y; lies in the subspace S:- orthogonal to S;, which we simply denote as the co-subspace
of S;. Thus, the problem of segmenting samples from » 1-dimensional subspaces Z = U7 ,S;
is equivalent one of segmenting a corresponding set of co-samples from n (K — 1)-dimensional
co-subspaces U?_, Si-. At first sight, this construction of duality does not apply to subspaces S; of
dimension k& > 1, because it is impossible to compute co-samples y € S+ associated to a sample
x € S; without knowing S;. However, if we apply one of the GPCA algorithms in Section 3.3 (PFA
or PDA) to the projected data X', we obtain a collection of vectors {b; € R**1}7_, normal to the
subspaces {S! C Q}"_, in Q, respectively. If we now embed each vector b back into the space RX
through the inclusion ¢ : Q@ — R and call b; = (b)), then we have b; 1 S/ and b; 1 Q*, thus
b; 1 S; is a vector orthogonal to the original subspace S;. The overall process can be summarized

by the following diagram:

{zeusi} ™ (@ eusit 2 (b e usiT} 5 (b e usit), (3.49)

Through this process, a different choice for the subspace @ will give rise to a different set of vectors
{b} in the co-subspaces US}. The more projection subspaces () we use, the more co-samples we
draw from these co-subspaces. Notice that if we do not segment the data right after we obtain the
normal vectors {b;}7"_, from each @, we will not know the co-subspace S;- with which each normal
vector b is associated. Therefore, we will be facing exactly the dual problem to the original GPCA

problem: Segmentation of samples {a} drawn from the subspaces US; versus segmentation of
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(induced) co-samples {b} drawn from the co-subspaces US;-. Therefore, the two cases dim(S;) = &
and dim(S;) = K — k are indeed dual to each other, hence computationally equivalent.

3.4.2 Estimating the number of subspaces » and their dimension &

In order to be able to project samples onto a (k -+ 1)-dimensional space, we need to know
the dimension of the original subspaces k. If we were estimating a single subspace, as in standard
PCA we could obtain & directly as the rank of the data matrix [29]. However, since we are studying
the case of n subspaces, whenever & is unknown we need to know how to compute it from data.
In this section, we study under what conditions the problem of recovering n and & from data is
well-posed, and derive rank conditions on the data from which one can estimate »n and k.

First of all, we notice that a simultaneous recovery of n and k£ may be ambiguous if we
are not clear about what we are asking for. For example, in the extreme cases, one may interpret
the sample set X as NV 1-dimensional subspaces, with each subspace spanned by each one of the
sample points € X, or one may view the whole X as belonging to one K -dimensional subspace,
i.e., R¥ itself. Besides these two trivial interpretations, ambiguity may also arise in cases such as
that of Figure 3.3, in which a collection of lines can also be interpreted as a collection of planes.

Py

Figure 3.3: A set of samples that can be interpreted as coming either from four 1-dimensional
subspaces L1, Lo, L3, Ly in R3, or from two 2-dimensional subspaces P;, P in R3.

A formal way of resolving such ambiguous interpretations in the absence of noise is by
looking at the algebraic structure of the GPCA problem. We notice that the sample points are
drawn from a collection of subspaces {S;}}" ,, which can always be interpreted as an algebraic
set Z = U, S; generated by irreducible subsets S;’s (irreducible algebraic sets are also called
varieties). The decomposition of Z into {.S;}"_; is always unique [23]. Therefore, the & = dim(.S;)
and the number of subspaces n are always uniquely defined in a purely algebraic fashion. In this
sense, for the case shown in Figure 3.3, the first interpretation (4 lines) would be the right one and
the second one (2 planes) would be incorrect since, e.g., L1 U Lo is not an irreducible algebraic set.
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Having established that the problem of simultaneously estimating »n and & is well-posed,
we are left with deriving an actual formula to compute them. We consider the following three cases.

Case 1: k known

Imagine for a moment that & was known, and that we wanted to compute n only. Since k
is known, we can first project the data onto a (k + 1)-dimensional space and then form the matrix
L;(k+ 1) in (3.9) by applying the Veronese map of degree i = 1,2, ... to the projected data. From
our analysis in Sections 3.2 and 3.4.1, there is a unique polynomial of degree n generating 7(Z’)
whose coefficients are in the null space of L,,(k + 1). Thus rank(L,(k + 1)) = M, (k + 1) — 1.
Furthermore, there cannot be a polynomial of lower degree that is satisfied by all the data, hence
rank(L;(k + 1)) = M;(k + 1) for i < n. Similarly, there are infinitely many polynomials of
degree more than n that are satisfied by all the data, namely any multiple of p,,(x). Therefore,
rank(L;(k + 1)) < M;(k + 1) — 1 for ¢ > n. Consequently, if k is known and a generic set
of N > M, — 1 sample points are given, we can compute n by first projecting the data onto a
(k + 1)-dimensional space and then setting

|n = mini : rank(L;(k + 1)) = M;(k +1) — 1}.| (3.50)

Case 2: n known

Consider now the opposite case in which n is known, but & is unknown. Let L, (¢ + 1)
be defined as in (3.9), but computed from the data projected onto an (¢ + 1)-dimensional subspace.
When ¢ < k, we have a collection of (£ + 1)-dimensional subspaces in a (¢ + 1)-dimensional space,
which implies that L,, (¢+1) is full rank. If ¢ = k, then from (3.54) we have that rank(L,,(¢+1)) =
M, (£4+1)—1. When ¢ > k, then equation (3.9) has more than one solution, thus rank(L,,({+1)) <
M, (¢ + 1) — 1. Therefore, if n is known, we can compute & as

k= min{¢: rank(Ly, (¢ + 1) = My, (€ + 1) — 1} (3.51)

Case 3: n and k£ unknown

We are left with the case in which both n and % are unknown. Let L;(¢ + 1) be defined
as in (3.9), but computed by applying the Veronese map of degree i to the data projected onto an
(¢ + 1)-dimensional subspace. As before, if ¢ < k then L;(¢ + 1) is full rank for all <. When ¢ = k,

L;(¢ + 1) is full rank for i < n, drops rank by one if © = n and drops rank by more than one if
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i > m. Thus one can set & to be the smallest integer ¢ for which there exist an i such that L;(¢ + 1)

drops rank, that is

‘k: = min{¢ : 3i > 1 such thatrank(L;(¢ + 1)) < M;({ + 1)}. ‘ (3.52)

Given k one can compute n as in equation (3.54).

More formally, we have shown the following.

Theorem 4 (Number of subspaces n and their dimension k) Assume that a collection of N >
M, (k+ 1) — 1 sample points {a:j}j.\f:1 on n different k-dimensional subspaces of R¥ is given. Let
Li(£ + 1) € RN*Mi(k+1) he the matrix defined in (3.9), but computed with the Veronese map v; of
degree i applied to the data projected onto a generic (¢ + 1)-dimensional subspace of R, If the
sample points are in general position and at least & points correspond to each subspace, then the

dimension of the subspaces & can be obtained as:

|k =min{¢: 3i > 1 such that rank(L;(£ + 1)) < M;(¢+ 1)}, | (3.53)

and the number n of subspaces is given by:

| n = min{i : rank(Li(k + 1)) = M(k+ 1) — 1}.| (3.54)

Proof. Since the theorem deals with the case of data projected onto R%’, with K’ = k + 1, and
the projected data points live on hyperplanes, equation (3.54) is a direct consequence of Theorem 2.

The rest of the theorem follows from the analysis given in this section. n

Corollary 1 The vector of coefficients ¢, € RM»(++1) of the homogeneous polynomial p,, () can
be uniquely determined (up to a scale factor) as the kernel of the matrix L., (k 4+ 1) € RN*Mn(k+1)

from at least M,,(k + 1) — 1 points on the subspaces, with at least & points on each subspace.

Remark 22 The above statement indirectly claims that in order to linearly estimate the polynomial
pn(x), one needs as many sample points as the dimension of the feature space. It is therefore

unclear whether one could apply the kernel trick to reduce the dimensionality of the problem.

Remark 23 Although we have derived rank conditions on the data from which » and k£ can be
estimated, in practice this requires to search for up to possibly (K —1) values for kand [N/(K —1)]
values for n. The problem becomes even harder in the presence of noise, since one needs to threshold
the singular values of L;(¢ + 1) to determine its rank (see Remark 15). In our experience, the rank
conditions work well when either & or n are known. It remains open to find a good search strategy
for n and k£ when both of them are unknown.
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3.4.3 Estimating the subspaces: the polynomial differentiation algorithm (PDA)

As we discussed in Section 3.4.1, when k& < K — 1, there are both geometric and algebraic
reasons that suggest that we should first project the sample set X onto a (k£ + 1)-dimensional
subspace, say @, of RX. In many practical applications the dimension of the subspaces % is small
compared to the dimensionality of the data K. Therefore, we can choose () so that the variance of
the projected data is maximized, which is equivalent to choosing @ as the subspace spanned by the
first £+ 1 principal components of the data. Given the projected data, we can apply one of the GPCA
algorithms given in Section 3.3 (PFA or PDA) to obtain a normal vector to each one of the projected
subspaces restricted to (). In the absence of noise, we can use the (projected) normals to segment the
projected data points, which automatically induces a segmentation of the original data into different
groups. Given the segmentation of the data, we can estimate a basis for the original subspaces in
RX by applying PCA to each group. This leads to the following algorithm for estimating subspaces

of equal dimension based on a single projection computed using PCA.

Algorithm 5 (PCA-GPCA Algorithm for Mixtures of Subspaces of Equal Dimension k < K—1)

1. Obtain the number of subspaces n and their dimension & as in Theorem 4.

2. Apply PCA with k-1 principal components to the original data points [z, ..., V] € REXN
to obtain the projected data points ['?, ..., z/N] € RE+DXN,

3. Apply GPCA for hyperplanes (PFA or PDA) to the projected data [z}, ..., x/y] € RF+1IXN
to obtain a collection of normal vectors {b; € R¥+1}n_ .

4. Cluster the original data by assigning point 27 to subspace S; if

i=arg min v ). (3.55)

=1,...,

5. Obtain a basis for .S; by applying PCA to the pointsin S;, fori =1,... ,n.

However, it is important to notice that Algorithm 5 can fail to give the correct segmenta-
tion. For example, consider the case of data in R3 lying on n = 3 lines along the z, y and z axis.
If the data is such that the covariance matrix is the identity, then in the first step of the algorithm
we could obtain the x — y plane as the two principal components. Hence the segmentation of the
data would not be preserved, because one of the lines (the z-axis) is projected onto the origin. Even
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though cases like this are rare,®® in the presence of noise one could choose a projection @ that is
close to a degenerate configuration, thus affecting the quality of the segmentation. Furthermore, the
algorithm also has the disadvantage of having to cluster the data before estimating a basis for each
subspace, which further increases the dependency of its performance on the choice of Q.

In the rest of the section, we propose an alternative solution that uses multiple randomly
chosen projections. The algorithm is a generalization of the polynomial differentiation algorithm
(PDA) that uses multiple randomly chosen projections to determine a basis for each subspace.

Let {Q*}7, be a collection of m randomly chosen (k + 1)-dimensional subspaces of
RE. For each ¢, let p/ ,(z') be the polynomial representing the collection of projected subspaces
{8} = mge(Si) iy, and let pre(x) = pl, (7 (x)) be its corresponding polynomial in 1(Z). Then,
from the analysis of Section 3.3.3 we have that if y, € .S; then

apn@(x)

e Stforalle=1,...,m. (3.56)
ox

T=Y;

In other words, if we are given a collection of n points {y, € S;}, with each point lying on only one
of the subspaces, then we can estimate a collection of vectors normal to each one of the subspaces
from the partial derivatives of the m polynomials {p,.(x)}}; ;. The question is now how to obtain
a collection of n points {y,; € S;}7_,, each one lying on only one of the subspaces. As in the case
of hyperplanes, we can choose points x in the data set X that minimize a certain distance from x
to its closest subspace. The following lemma tells us how to compute such a distance.

Lemma 3 The Euclidean distance from point «x to its closest subspace is given by

& — &l = ny/ Pu(@) (DPu(@)T DP,(@)) Po(@)T + Ol — &%), (357)

where P, (x) = [pu1(x) - - - prm(x)] € R>™, DP,(x) = [Dpp1(x) - - - Dppm(x)] € RE*™ and
AT is the Moore-Penrose inverse of A.

Proof. The projection & of a point = onto the zero set of the polynomials {p,.,}; , can be obtained

as the solution of the following constrained optimization problem

min & — x|
) (3.58)
subjectto p() =0 ¢=1,...,m.
By using Lagrange multipliers A € R™, we can convert this problem into the unconstrained opti-
mization problem

min ||z — x||? + Po(Z)\. (3.59)

15Recall from Section 3.2 that the set of subspaces @ that fail to preserve the segmentation is a zero-measure set.



79

From the first order conditions with respect to & we have
2(x —x) + DP, (). (3.60)

After multiplying on the left by (D P, (&))" and (2 — )7, respectively, we obtain

A = 2(DP,(&)"DP,(&)) DP,(2) @ (3.61)
15—l = %wTDPn(:ic))\, (3.62)

where we have used the fact that (D P, (&))" & = nP, (&) = 0. After replacing (3.61) on (3.62) we
obtain that the squared distance from x to its closest subspace can be expressed as

|1& — @||> = " DP,(&)(DP.(2)" DP,(2)) DP, (&) . (3.63)
After expanding in Taylor series about & = , and noticing that D Pn(z)”x = nP,(x)” we obtain
& — @||? ~ n? Py () (DB, () DP, () P(), (3.64)
which completes the proof. n
Thanks to Lemma 3, we can choose a point y,, in the dataset X that lies on (close to) one

of the subspaces as:

_ : T 1 T
Y, = a:e%EQDIJIDlnl&);AOPn(m)(DPH(m) DP,(x))" ' Py(x)". (3.65)

Given y,,, we can compute the collection of normal vectors {b,, € S;-}7, from the derivatives
of pne(x) at y,,. In order to find a point y,,_; in one of the remaining (n — 1) subspaces, but
not in S, we find a new set of polynomials {p(,,_1)¢(x)} in the ideal of the algebraic set U ls;.
Since the polynomial p,(x) is factorable and one of its factors is precisely bfeaz, as in the case of

hyperplanes, we can obtain the polynomials {p,,_1)¢(x)} by polynomial division as

pné(a:)
(@) = 2red) 3.66
Pne—1(T) oz (3.66)

By applying the same reasoning to the remaining subspaces, we obtain a set of normal
vectors {b;,} to each subspace S;, i = 1,...,n, from each projection Q*, ¢ = 1,...,m. If m >
K —k and the subspaces {Qf}gﬁzl are in general position, then we can immediately obtain a basis B;
for S;- by applying PCA to the matrix of normal vectors [b,,1, . . . , bu,] € REX™_ If not, the matrix
B; still allows us to segment the data into different groups. Then, we can obtain a basis for S; by
applying PCA to the data points in S;. We therefore have the following polynomial differentiation
algorithm (PDA) for mixtures of subspaces of equal dimension k£ < K — 1.
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Algorithm 6 (PDA for Mixtures of Subspaces of Equal Dimension k < K — 1)

obtain the number of subspaces n and their dimension & as in Theorem 4.
fori=1:m,

choose a (k + 1)-dimensional subspace Q¢ c R¥;
build the data matrix L/ , € RV*Mx(k+1) from the projected data X' = mgm (X);

solve for the vector of coefficients ¢/, € RM»*+1 from L/ ¢/, = 0;

set ppe(x) = Clge’/n(WQf (x));

end;
fori=n:1,
do
P(xz) = [pau(x),...,pim(x)] € RP™, (3.67)
= in  P(x)(DP(x)'DPi(z)) Pi(x)” 3.68
Y, we"i‘fc%%}&#o (z) (DP;i(x) (z)) ' Pi(x)", (3.68)
DPM(QU)
by = PP gorp— 1. m, 3.69
C = Dput@)] (369)
Pii1e = WT(m),forzzL...,m, (3.70)
0L
B; = PCA([bi, ..., bim]) 3.71)
end;
end;

assign point 7 to subspace S; if i = argming,—y,__, || Bf z7|.

if m < K — k, then

obtain a basis for S; by applying PCA to the data in S;, fori =1,... n.

end.
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3.5 Estimating a mixture of subspaces of arbitrary dimensions {k;}" ,

Our analysis in Sections 3.3 and 3.4 shows that for subspaces of equal dimension k& <
K — 1 one can always estimate a set of factorable polynomials from the data, either directly as in
the case of hyperplanes where k = K — 1, or after a suitable projection onto a (k + 1)-dimensional
subspace when k < K — 1.

In this section, we consider the most general case in which each subspace can have a
possibly different dimension, hence we cannot obtain a collection of factorable polynomials repre-
senting the data. Instead, as described in Section 3.2, we can only obtain a basis {p,¢(x)} for those
factorable polynomials and each element in the basis may not be factorable. In Section 3.5.1 we
show that it is still possible to obtain a collection of normal vectors to one of the subspaces from
the derivatives of the given polynomials {p,.(x)}, even when they are not factorable. Given the
normals to that subspace {b,,, € S;-} the rest of the problem is to divide the original polynomials
by the linear forms defined by the normals in order to obtain the polynomials p,,_; ((x) defining
the remaining n — 1 subspaces. However, in this case we cannot perform polynomial division,
because the given polynomials {p,,(x)} may not be factorable. In Section 3.5.2, we derive an algo-
rithm that uses the data and the estimated normals to estimate the polynomials {p,,_; ¢(x)}, without

performing polynomial division.

3.5.1 Obtaining subspace bases by polynomial differentiation

Recall from Section 3.2 that given a set of points X = {acj}é.vzl lying on a collection of
subspaces {S; C RX}7_ |, the algebraic set Z = U, S; can be represented with a collection of
polynomials {p,¢(z) = c’,v,(x)} whose coefficients lie in the (m = dim(I(Z)))-dimensional
null space of the embedded data matrix L, € RV*M» je. L,c,, = 0for¢ = 1,...,m. The
GPCA problem is then equivalent to estimating a basis B; for S;-, where i = 1, ..., n from the set
of not necessarily factorable polynomials {p,¢(x)}}" ;.

As we also hinted in Section 3.2, one could first try to find a change of basis for the null
space of L,, that gives a set of factorable polynomials, and then apply some variation of the PDA
to obtain the bases {B;}}* ;. However, this amounts to solving a set of polynomials of degree n in
several variables. Fortunately, similarly to the case of subspaces of equal dimension, we can exploit
the local linear structure of the algebraic set Z to first obtain a basis for the orthogonal complement
to each subspace by differentiating all the polynomials obtained from null(L,,) (factorable or not).
We can do so thanks to the following (even more general) statement.
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Lemma4 Let p be any polynomial in the ideal I of an algebraic set Z, i.e., p(x) = 0,Vx € Z.
If T, Z is the (Zariski) tangent space to Z at a smooth point x, then the derivative of p(x) at ¢
satisfies:

rop(@)

ox
Furthermore, (T, Z)* = span{ag(f) ) ,Vp € I}.
o

=0, VteTyZ. (3.72)

o

Proof. Equation (3.72) is obvious since p(x) = 0 on Z and the left hand side is merely a directional
derivative along t at the regular point (. The fact that the derivatives span the entire normal space
is the consequence of the general dimension theory for algebraic varieties [6, 22, 15]. n

Notice that, for a particular p(x) in one of the homogeneous components, say I,/ (n' >
n), of the ideal I, its derivative could be zero at x(.1® Nevertheless, if we evaluate the derivatives
for all the polynomials in the ideal I, they will span the entire orthogonal complement to the tangent
space. In fact, we can do better than this since, as we will show in the case with n subspaces, we
only have to evaluate the derivatives for polynomials in I up to degree n.

The above lemma is particularly useful to the GPCA problem. Since the algebraic set Z
that we are dealing with here is (locally) flat, the tangent space T" and its orthogonal complement
T will be independent of the point at which they are evaluated.” To see this more clearly, let
{y; € Si}-, be a set of n points each one lying on only one of the subspaces. Also let c,, be a
vector in the null space of L,,. By construction, even though ¢,, may not correspond to a factorable
polynomial, it can be written as a linear combination of vectors ¢,,, which correspond to factorable

polynomials, i.e., ¢, = > ayc,e. Then

9 (@)

ox

0
= 9 Z et vy, () = Z agbig, (3.73)
; ¢ 0

x=
Yi T=Y;

where by, € S;- is a normal vector to subspace S;. Therefore, although clv,(z) may not be
factorable, its derivative at y; still gives a vector normal to .S;. Combining this with the analysis in
the preceding subsection, we have essentially proven the following theorem.

Theorem 5 (Polynomial differentiation) For the GPCA problem, if the given sample set X is
such that dim(null(L,,)) = dim(I,,) and one generic point y; is given for each subspace S;, then
we have

0
L_ T
S; = Span{f)m ¢, vn(x)

SFor instance, for g(x) € I,, let f(z) = g*(x) € I2,, and its derivative will be zero everywhere.
7For points in the same subspace S;, T'is in fact S; itself; and T is S;-.

, Ve, € nuII(Ln)}. (3.74)

T=Y;
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Theorem 5 states a useful fact about the ideal I associated with a union of subspaces. If

we know the number of subspaces n and we are given a set of points {y, € S;}, then in order to
obtain the bases { B;} we do not have to evaluate the derivatives for all polynomials in 1. It suffices

to evaluate the derivatives of polynomials in I,, only. Therefore, as a consequence of the theorem

we already have the sketch of an algorithm for computing a basis for SZ-L (hence for S;), given {y, }:

e Compute a basis for the null space null(L,,) using, for example, SVD.

e Evaluate the derivative of the (possibly nonfactorable) polynomial ¢’ v, (x) at y, for each ¢,

in the basis of null(L,,) to obtain a set of normal vectors in S;-.

e Compute a basis for SZ-l by applying PCA to the normal vectors obtained in step 2. PCA

should automatically give the dimension of each subspace k; = dim(.S;) as:

ki = K —rank(DP,(y;)), i=1,...,n.

(3.75)

Example 7 (The x — y plane and the z axis (revisited)) Asin Example 1, let us consider the case

of n = 2 subspaces of R? of dimension dim(S;) = 2 and dim(Ss) = 1 represented as:

S;={x cR?: 23 =0} and Sy={xcR®: 2z =0Axy =0}

Then we can represent Z = 57 U S, as the zero set of the two polynomials
po1(x) = z123 and p22(x) = xox3.

The derivatives of these two polynomials are:

T3 0
Dpai(x) = | 0 and  Dpa(x) = |23,
1 €2

which evaluated at y; = (1,1,0) € S; and y, = (0,0,1)T € S yield

0 0 1 0
DPy(yy) = |0 0 and DPy(yy) = |0 1
1 1 0 0

By applying PCA to DP»(y;) and D P,(y,) we obtain a basis for Si- and S5 as
0 1 0

and By=1(0 1

1 0 0

By =

[en}
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Remark 24 (Overestimating the number of subspaces) Notice that one may replace n with any
n’ > n in Theorem 5 and the conclusion still holds. Therefore, at least in principle, choosing
a polynomial embedding of a higher degree n’ does not prevent us from correctly computing the
subspaces using the same method, as long as the given samples are sufficient for us to recover a
basis for I, from the null space of L,,,. In practice, we should try to use the lowest possible degree
to avoid the high computational cost associated with a redundant embedding.

Remark 25 (Underestimating the number of subspaces) Let S; and S5 be the = and y axis in
IR3, respectively. Then a basis for the set of polynomials of degree two that vanish on S; U S is
{x129, 1123, T273, 73 }. HOwever, since the two lines lie in the z — y plane, there is a polynomial
of degree one in null(L,), p1(x) = z3, that also vanishes on S; U S,. Furthermore, the derivative
of p1(z) at points on the lines gives a single normal vector [0,0,1]7, which is the normal to the
x — y plane. This example shows that in the case of subspaces of arbitrary dimensions one may
underestimate both the number of subspaces and the dimension of the orthogonal bases. As stated
in Remark 8, this situation happens whenever the ideal 7(Z) contains polynomials of degree d < n.
However, one may still recover the correct structure by increasing the degree of the embedding
as follows: increase the degree of embedding incrementally from i = 1 until L; drops rank at
i = d < n; for i > d collect the derivatives (normal vectors) at every point in the data set; stop

when the derivatives no longer increase the dimension for the orthogonal complements.

Remark 26 (Duality) Recall from our analysis in Section 3.4.1 that a GPCA problem with sub-
spaces of equal dimension k; = --- = k, = k isdual to a GPCA problemwith k1 = --- =k, =
K — k. Itturns out that Theorem 5 allows us to generalize this duality result to subspaces of arbi-
trary dimensions. To this end, we notice that the derivatives of the polynomials P,, evaluated at a
point  on a subspace S; gives a basis B; = {b;,} for its orthogonal complement S;":

DP,: z€S; +— B;cCS;i. (3.76)

Each vector b € B; can be viewed as a co-sample, i.e., as a sample point drawn from the comple-
ment subspace S;- to S;. Therefore, if we evaluate the derivatives of P, at all the sample points
X = {«}, we obtain a set of co-samples B = {b} for the union of all the complement subspaces
qu. Obviously, identifying SZ.L from B is exactly a GPCA problem that is dual to the original
problem. If we apply again the PDA algorithm to B, then the output of the algorithm will be exactly
the bases for the subspaces (S;-)*+ = S;.18

8This comes at no surprise at all once one realizes that the polynomials associated with the dual problem can be
viewed as polynomials in the coordinate ring for the original subspaces. According to [15], Chapter 16, their derivatives
are exactly tangent vectors on these subspaces.
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Remark 27 (Connection with spectral clustering) Although GPCA can be viewed as a special
clustering problem, many of the classical clustering algorithms such as spectral clustering cannot
be directly applied. This is because in order for spectral clustering techniques to work well, we
should be able to define a distance function that is small for pairs of points in the same subspace and
large for points in different subspaces. Such a distance should therefore depend only the geometry
of the subspaces but not on the locations of the points inside the subspaces. The Euclidean distance

between sample points in the sample set X clearly does not have this property.*®
However, thanks to the duality equation (3.76), one can compute a basis for Sf at every
point =; in S;. A distance function between a point «; in S; and x; in S; can be defined between
the two bases:
Dij = (5i 85 ), 377

where we use (-, -) to denote the largest subspace angle between the two subspaces. Notice that this
distance does not depend on the particular location of the point in each subspace. Based on this
distance function, one can define an IV x NV similarity matrix, e.g., S;; = exp(—ij), for the N
samples in X. This allows one to apply the classical spectral clustering algorithms to group the
sample points according to their subspaces. Here the duality plays a crucial role of converting a

multilinear clustering problem to a standard spectral clustering problem.

3.5.2 Obtaining one point per subspace by polynomial division

From the results in the previous section, we notice that one can obtain a basis for each
SiL directly from the derivatives of the polynomials representing U;"_,.S;. However, in order to pro-
ceed we need to have one point per subspace, i.e., we need to know the vectors {y; € S;}I;. In
the case of hyperplanes, this could readily be done by intersecting a line £ with each one of the
subspaces. However, this solution does not generalize to the case of subspaces of arbitrary dimen-
sions. Consider for example the case of data lying on three one-dimensional subspaces of R2. Then
a randomly chosen line £ may not intersect any of the one-dimensional subspaces. Furthermore,
because polynomials in the null space of L,, are no longer factorable, their zero set is no longer a
union of subspaces, hence the points of intersection with £ may not lie in any of the subspaces.

In this section, we propose a generalization of the recursive PDA for mixtures of hyper-
planes described in Section 3.3.3. To this end, let {p,,(x)}}", be the set of m polynomials whose

coefficients are in the null space of the data matrix L,,. Also, let & be the projection of a point

19This explains why spectral clustering algorithms typically do not work well when there is intersection among different
groups, which is unfortunately the case with mixtures of hyperplanes.
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x € RX onto its closest subspace. From Lemma 3 we have that the Euclidean distance from point

x 1o its closest subspace is given by

o — &l = n\/ Pu(@) (DPa(@)T DPu(@)) Pu(@)T + O(lz — 3]2),  (378)

where P, () = [pp1(x) - ppm(x)] € R, DP,(x) = [Dppi(x) - - - Dppm ()] € REX™ and
AT is the Moore-Penrose inverse of A. Therefore, we can choose a point y,, lying on (close to) one
of the subspaces as:

_ : T T T
Yo = 219 min #OPn(w)(DPn(w) DPy(z))' Pa(x)", (3.79)

and then compute the basis B,, € RE*(K—kn) for S by applying PCA to DP,(y,,).

In order to find a point y,,_; in one of the remaining (n — 1) subspaces, but not in S,,,
we need to find a new set of polynomials {p(,—1)¢(x)} defining the algebraic set U LS;. In the
case of hyperplanes this was done by polynomial division, which is equivalent to solving for a
vector ¢,,_1 € RM»—1 from a linear system of the form D,,(b,)c,_1 = ¢, Where b,, € SIL (see
Remark 19). In the case of subspaces of arbitrary dimensions, we cannot simply divide p,;(x) by
blx for b, € S;-, because the polynomials {p,¢(x)} may not be factorable. Furthermore, they
do not necessarily have bgw as a common factor. The following theorem resolves this difficulty by

showing how to compute the polynomials associated to the remaining subspaces U?:‘llsi.

Theorem 6 (Polynomial division) For the GPCA problem, if the given sample set X is such that
dim(null(L,,)) = dim(I,,), then the set of homogeneous polynomials of degree (n — 1) associated
with the remainder of algebraic set U?;ll S; are exactly {c_,v,,_1(x)} for all ¢,,_; € RMn-1 that
satisfy

L, D, (b,)cn—1 =0, (3.80)

where b,, can be any vector in S#.

Proof. We first show the necessity. That is, any polynomial of degree n — 1, ¢ ,v,,_1(x), that
vanishes on U?;SSZ- satisfies the above equation. Since a point x in the original algebraic set U7, S;
belongs to either U?'~1S; or S,,, we have ¢! v,_1(x) = 0or bl x = 0 aslong as b,, € S-. Hence
p(x) = (X jvn_1(x))(bI2) = 0, and p(x) must be a linear combination of polynomials in P,,.
If we denote p(x) as ¢l v, (x), then the vector of coefficients ¢,, must be in the null space of L,,.
From cLv,(x) = (e v,_1(x))(bLx), the relationship between ¢, and ¢, 1 can be written as

Dyn(by)en—1 = ¢, Since Lyc, = 0, ¢,—1 needs to satisfy the following linear system of equations

LoDy (bn)en_1 = 0. (3.81)
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We now show the sufficiency. That is, if ¢, is a solution to (3.80), then ¢,,=D,,(b,)c,,—1 is in
the null space of L,,. From the construction of D,,, we have cLv,(x) = (cL ,v,_1(x))(blx).
Then for every x € U?_'S; not in S,,, we have ¢! _ v, _1(z) = 0, because b.x # 0. Therefore,

el v,_1(z) is a homogeneous polynomial of degree (n — 1) that vanishes on U}—}' S;. ]

Thus a collection of polynomials {p(,,_1y¢(x)} for U?:‘fSZ- can be obtained from the null
space of L, D, (b,) € RN*Mn—1 By applying the same reasoning to the remaining subspaces, we
obtain the following recursive polynomial differentiation algorithm (PDA-rec) for finding one point

per subspace and computing the matrices of normal vectors.

Algorithm 7 (Polynomial Differentiation Algorithm (PDA) for Mixtures of Subspaces)

given the number of subspaces n, form the embedded data matrix L,, € RV*Mn,
forc=n:1,

solve L;c = 0 to obtain a basis {c;¢},"; of null(L;);

set pie(z) = cLvy(x) and Py(x) = [pia(z) - - pir; (x)] € RIXT;

do
. —  argmin  Py(x)(DP(x)'DP(x)) P(x)T 3.82
Y; L9 min (z)(DPi(z)" DPi(z))' Pi(x)", (3.82)
B; = PCA(DP(y;)), (3.83)
L1 = L;Di(by), with b; the first column of B;, (3.84)
end;

end;

assign point 7 to subspace S; if i = argmin,—y,__, || Bf z7|.

In the case in which all the subspaces are hyperplanes, Algorithm 7 reduces exactly to Algorithm 4.

Remark 28 (Avoiding polynomial division) Similarly to the case of hyperplanes (see Remark 6),
one may avoid computing P; by choosing the points y; with a heuristic function. Since a point in

Uz, S, must satisfy || B z|| - - - || BT = 0, we can choose a point y;_; on U/_1S; as:
P, DP, TDP, TP, 45
y; 1 = arg min V() ;(:”) "T@) n(@) +9 (3.85)
2EX:D Py (2)£0 1B x| - [ BTz|| + o

where 6 > 0 is chosen to avoid cases in which both the numerator and the denominator are zero

(e.g., with perfect data).
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3.6 Optimal GPCA in the presence of noise

In the previous sections, we addressed the GPCA problem in a purely algebraic fashion
and proposed various algorithms for estimating a collection of subspaces using polynomial factor-
ization or polynomial differentiation and division. In essence, all the algorithms we have presented

so far use linear algebraic techniques to solve for the bases B; = [b;1, ..., bj(x—,)] Of Sii, where
i =1,...,n, from a set of nonlinear equations of the form (see equation (3.4))
puo(@’) = [[(0L,a’) =0 for j=1,... N, (3.86)
=1

with o representing a particular choice of one normal vector b; ;) from basis B;.

However, the algebraic algorithms provide a “linear” solution to the GPCA problem at the
cost of neglecting the nonlinear constraints that the entries of each one of the vector of coefficients
¢, € RM» must satisfy, the so-called Brill’s equations (see Remark 14). In the presence of noise,
one could set up an optimization problem that searches directly for the bases { B;}, instead of the
searching first for the polynomials {p,,}. This can be done by minimizing the violation of the
above algebraic equations (or some variation of them) in a least squares sense. For example, we

could minimize the algebraic error

N n

Ea(Bi,...,Ba) =Y [ IB |, (3.87)

j=1i=1
which should be zero if there was no noise. Minimizing this algebraic error in fact provides a more
robust estimate of the subspace bases, because it uses a minimal representation of the unknowns.
However, the solution to this optimization problem may be biased, because the algebraic error
in (3.87) does not coincide with the negative log-likelihood (up to constant factors) of the data given
the parameters.

In this section, we derive an optimal algorithm for reconstructing the subspaces when the
sample data points are corrupted with i.i.d. zero-mean Gaussian noise. We show that the optimal so-
lution can be obtained by minimizing a function similar to the algebraic error in (3.87), but properly
normalized. Since our derivation is based on segmentation independent constraints, we do not need
to model the membership of each data point with a probability distribution. This represents a great
advantage over EM-like techniques, because we do not need to iterate between the Expectation and
Maximization steps. In fact, our approach eliminates the Expectation step algebraically and solves
the GPCA problem by directly optimizing over the subspace parameters (Maximization step).
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Let X = {z/ ¢ RK}jyzl be the given set of data points, which are generated by adding
i.i.d. zero-mean Gaussian noise to a set of noise free points {&’ € RK}j\’Zl lying on a collection
of subspaces {S; c R¥}7_, of dimension k; = dim(S;), where 0 < k; < K, fori = 1,...,n.
Given the number of subspaces n, the subspace dimensions {k;}!" ;, and the collection of noisy data
points X, we would like to find a basis B; € RX>* K=k for S:- by minimizing the error between

the data and the noise free points
N
> ll@ - al|? (3.88)
j=1

subject to the fact that the noise free points {&’ }é-V:l must lie on one of the subspaces.
To this end, notice that for each noise free data point &’ there exists a subspace S; such
that #7 € S;. In other words, there exists a matrix B; such that B}’ %’ = 0. Therefore, a point

belongs to one of the subspaces if and only if

n
pa(@) = [T 1B @] = 0. (3.89)
=1
Therefore, we can estimate the bases By, Bo, . . ., B, by solving the following constrained
optimization problem
min YL, &7 - 27|
subjectto [, |BT&’|| =0 j=1,...,N (3.90)

BI'B; =1 ¢ RE—k)x(K=ki) =1 p,
where the last constraint forces the columns of each basis B; to be orthonormal.
By using Lagrangian multipliers \7 for each constraint on &’ and a matrix of Lagrange
multipliers A; = AT € RUE—k)x(K=k:) for each constraint on B;, the above optimization problem

is equivalent to minimizing
N . ' N n . n
STl@l — a2+ Y N I1BF &)+ trace(Ay(I — BE By)). (3.91)
j=1 j=1  i=1 i=1
After taking partial derivatives with respect to &’ and setting them to zero we obtain

2(&7 — x?) + N Dp,(27) = 0. (3.92)

After multiplying on the left by Dp,, (/)" and (2 — /)T we obtain

No— oD@ (393)
T 1Dpa(@)|? |
) ) 1 . o
|27 — 27| = <&/ Dp,(39)N, (3.94)

2
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where we have used the fact that

BT % n 4 4
&7 Dp (@) =3 [] ”Bf} J”BBT & = n[[I1BI#| = npa(@) =0.  (3.95)
i=1 (#£i i=1

After substituting (3.93) and (3.94) on the objective function (3.88) we obtain

— X, (297 Dpy(37))?
Bolfa') 15y = 3 5 D2 )L

J=1

(3.96)

We can obtain an objective function on the bases only by considering first order statistics
of p,(27). Since this is equivalent to setting &/ = a7 in (3.96) and 2" Dp,,(z7) = np,(x’), we
obtain the simplified objective function

T
= | X2 1 [ es Hisz”B Bl i H

which is essentially the same as the algebraic error (3.87), but properly normalized according to the

2 N n2TT™ T 5|2
nPn [Liei 1B/ 2]
Eo(By,...,B § D )”2 = -, (3.97)

chosen noise model.

In summary, we can obtain an estimate of the bases { B;}?"_; by minimizing the objective
function Eo(B;, ..., By) subject to the constraints BiTBi =1, fori = 1,...,n. One can use
standard nonlinear optimization techniques to minimize Eo starting from the solution given by

Algorithm 7, or any of the other GPCA algorithms depending on the case.

Remark 29 (Optimal error in the case of hyperplanes) In the particular case of data lying on
hyperplanes, we have that B; = b; € RX for i = 1,...,n. Therefore, the objective function
in (3.97) becomes

obi,....b i(np" N i n? 1, (b, /) (3.98)
= 1Dpn | 0 T (0] 29)b;

as demonstrated in [58].

3.7 Initialization of iterative algorithms in the presence of noise

In this section, we briefly describe two algorithms for clustering subspaces: K-subspace
and Expectation Maximization (EM). Both algorithms start with a random initialization for the
subspace bases, and then iterate between the segmentation of the data and the estimation of the
bases. Therefore, we can use either K-subspace or EM to improve the linear algebraic estimate
given by GPCA (PFA or PDA).
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3.7.1 The K-subspace algorithm

The K-subspace algorithm is an extension of the K-means algorithm described in Sec-
tion 2.5.1 to the case of mixtures of subspaces. K-subspace minimizes a weighted square distance
from point 27 to subspace S; which is defined as

n N n N n
SN wil|BF 2P =)0 wijtrace(B] 2’2" B;) = ) " trace(B] T B;) (3.99)

i=1 j=1 i=1 j=1 i=1
where the weights w;; represent the membership of the data point j to subspace ¢ and ¥; =
Z;V:l wija:jij € REXK can be interpreted as the covariance matrix of the data points in sub-
space S;. The K-subspace algorithm starts by randomly initializing the bases {B;}! ;. Then, the
algorithm minimizes the error function (3.99) using a coordinate descent algorithm that iterates
between the following two steps.
In the first step it minimizes over {w;; } with {B;} held constant, which gives the follow-
ing formula for the weights
Wij = boi=agmine, o | Bl . (3.100)
0 otherwise
In the second step, K-subspace minimizes (3.99) over the bases { B;}"_; with the weights
{w;;} held constant. Since the bases are not uniquely defined, we impose the additional constraint
that the columns of B; are orthonormal, i.e., Bl B; = I. By using a matrix of Lagrange multipliers
A; = AT € RE=k)x(K=k:) we can minimize the Lagrangian
zn: trace(B] ¥;B;) + zn: trace(A;(I — B B;)). (3.101)
i=1 =1
After taking partial derivatives with respect to B; and setting them to zero we obtain

Y B; = B;A.. (3.102)

After multiplying by B! on the left and noticing that BY B; = I, we obtain B} %;B; = A;. This
implies that A; = 0, because ¥; > 0. Furthermore, after replacing BiTEiBZ- = A; on the the
objective function (3.99) we obtain

n N n
DO wy|| BI2|? =) trace(A,). (3.103)
i=1

i=1 j=1
Therefore, the objective function is minimized by choosing A; as a diagonal matrix with the eigen-
values of XJ; in the diagonal and B; as the matrix of eigenvectors of ;. Given the new B;, one can

recompute the weights w;; and then iterate until convergence.
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3.7.2 The Expectation Maximization algorithm

The EM algorithm assumes that the data points {x” };V:l are generated by firstly choos-
ing one of the subspaces {S;}"_,, say subspace .S;, according to a multinomial distribution with
parameters {0 < m; < 1}*,, > , m = 1, and secondly choosing a point z/ = &+ B;sij,
where & is a noise free point lying on S;, and s;; is zero-mean Gaussian noise with covariance
0?1 € RUS—R)x(K=ki) | et 2;; = 1 denote the event that point j corresponds to subspace i. Then
the complete log-likelihood (neglecting constant factors) on both the data 7 and the latent variables
2i; 1S given by

N n
log H H <7r, exp ( ‘B;Uscﬂ H2>) Z Z zij(log(m;) — log(o;)) — z”’B;ﬂiw;HZ'
j=14=1 j=1 i=1 7
E-step: Computing the expected log-likelihood. Given a current estimate for the parameters
0 = {(By,0i,m)}~, we can compute the expected value of the latent variables

i B =|?

=t —_ 2
g} exp( 201-2

BT gill2. "
S 2 exp(— 2

wij = Elzj|2?,0] = P(zi; = 1|27, 0) =

Then the expected complete log-likelihood is given by

n

N .
Bl 7|2
> wij(log(mi) —log(0s)) — wijw‘

20
j=1 i=1 i

M-step: Maximizing the expected log-likelihood. The Lagrangian for «; is

N ..
Zwalogm —l—/\l—Zm = Wi:#.

=1 j=1
The Lagrangian for B; is
n
BIs,B

Z —trace (%) +trace(A;(BIB; — 1)) = XiB; = 202B;A;.

=1 ¢
Similarly to the K-subspace algorithm, the objective function for B; becomes — """ , trace(A;),
with A; > 0. Thus B; is a matrix whose columns are the eigenvectors of X; associated with the
(K — k;) smallest eigenvalues. Finally, after taking derivatives of the expected log-likelihood with

respect to o; we obtain

. _
o e wil| Bl 2|
o; = N .
> jm1 Wij
If for all ¢ o; = o, then we have

N ,
9 D1 D j=1 wij|| B 27|
= ~ ,
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3.8 Experiments on synthetic data

In this section, we evaluate the performance of PFA and PDA (algebraic and recursive) by
comparing them with K-subspace and EM on synthetically generated data. The experimental setup
consists of choosing n = 2, 3, 4 collections of N = 200n points lying on randomly chosen k& = 2
dimensional subspaces of R3. Zero-mean Gaussian noise from with s.t.d. from 0% to 5% is added
to the sample points. We run 1000 trials for each noise level. For each trial the error between the

true (unit) normals {b;}7_, and the estimates {b;}?, is computed as

1< -
error = - ; acos (bi bl) (degrees). (3.104)

Error versus noise

Figure 3.4 (left) and Figure 3.4 (right) plot the mean error as a function of the noise level
for PFA, PDA, K-subspace, and EM for a number of subspaces of n = 4. Similar results were
obtained for n = 2, 3, though with smaller errors.

Notice that the estimates of PDA-alg with m = 1 line are only slightly better than those
of PFA, while the estimates of PDA-alg with m = 3 and PDA-rec with § = 0.02 have an error
of about 50% compared to PFA. For PDA-alg we observed that the error decreases as m increases,
though the increase of performance was not significant for m > 3.

For PDA-rec the choice of § was not important (results were similar for 6 € [0.001, 0.1]),
as long as it is a small number. The best performance (among the purely algebraic algorithms) is
obtained by PDA-rec, because it deals automatically with noisy data and outliers by choosing the
points in an optimal fashion.

Notice also that both K-subspace and EM have a nonzero error in the noiseless case, show-
ing that they frequently converge to a local minima when a single randomly chosen initialization
is used. When initialized with PDA-rec, both K-means and EM reduce the error to approximately

35-50% with respect to random initialization.

Error versus number of subspaces

Figure 3.5 plots the estimation error of PDA-rec as a function of the number of subspaces

n, for different levels of noise. As expected, the error increases as a function of n.
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Figure 3.4: Error versus noise for data lying on n = 4 subspaces of R? of dimension k& = 2. Left:
PFA, PDA-alg (m = 1 and m = 3) and PDA-rec (§ = 0.02). Right: PDA-rec, K-subspace and
EM randomly initialized, K-subspace and EM initialized with PDA-rec, and EM initialized with
K-subspace initialized with PDA-rec.
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Figure 3.5: Error versus noise for PDA-rec (6§ = 0.02) for data lying onn = 1, ..., 4 subspaces of
R? of dimension k = 2.

Computing time

Table 3.1 shows the mean computing time and the mean number of iterations for a MAT-
LAB implementation of each one of the algorithms. Among the algebraic algorithms, the fastest
one is PFA which directly factors p,,(x) given ¢,,. The extra cost of PDA-alg and PDA-rec relative
to PFA is on building the polynomial ¢, (¢) and computing Dp,(x) for all x € X, respectively.
Overall, PDA-rec gives half of the error of PFA in about twice as much time. Notice also that
PDA-rec reduces the number of iterations of K-subspace and EM to approximately 1/3 and 1/2,
respectively. The computing times for K-subspace and EM are also reduced even if the extra time

spent on initialization with PDA-rec or PDA-rec + K-subspace is included.



95

Table 3.1: Mean computing time and mean number of iterations for each one of the algorithms.

Algorithm | L,c=0 | PFA PDA-alg | PDA-alg | PDA-rec
Time (sec.) | 0.0854 0.1025 0.1765 0.3588 0.1818
# lterations 1 1 3 1

. PDA-rec PDA-rec | PDA-rec+
Algorithm | K-sub EM

+K-sub +EM K-sub+EM

Time (sec.) | 0.4637 0.2525 1.0408 0.6636 0.7528
# Iterations | 19.7 7.1 30.8 17.1 15.0

3.9 Applications of GPCA in computer vision

This section presents applications of GPCA in computer vision problems, such as vanish-
ing point detection, 2D and 3D motion segmentation, and face clustering with varying illumination.

3.9.1 Detection of vanishing points

Given a collection of parallel lines in 3D, it is well know that their perspective projections
intersect at the so-called vanishing point, which is located either in the image or at infinity. Given n
set of parallel lines, we represent their images in projective space as {£; € IF’Q}j.V:l and the vanishing
points as {v; € P2} ;. Since for each line j there exists a vanishing point v; such that v1'¢; = 0,
the problem of estimating the n vanishing points from the set of NV lines without knowing which
subsets of lines intersect in the same point, is equivalent to estimating a collection of n planes in
R? with normal vectors {v; € P}, from sample data points {¢; € P?}_,. Figure 3.6 (left)
shows an example from the Corel Database with n = 3 sets of NV = 30 manually extracted parallel
lines. For each one of the three set of lines we computed their intersecting point (assuming known
segmentation) and regarded those intersection points as ground truth data. We then applied recursive
PDA to the set of lines assuming unknown segmentation and used the resulting vanishing points to
initialize K-subspace. The vanishing points estimated by PDA and PDA + K-subspace are shown in
Figure 3.6 (center) and compared with the ground truth. The error in the estimation of the vanishing
points with respect to the ground truth are 1.7°, 11.1° and 1.5° for PDA and 0.4°, 2.0°, and 0.0° for
PDA+K-sub. Figure 3.6 (right) shows the segmentation of the lines obtained by PDA. There is only
one misclassified line, the top horizontal line in the image, because it approximately passes through

two of the vanishing points.
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Figure 3.6: Detecting vanishing points using GPCA. Left: Image #364081 from the Corel database
with 3 sets of 10 parallel lines superimposed. Center: Comparing the vanishing points estimated by
PDA and PDA followed by K-subspace with the ground truth. Right: Segmentation of the 30 lines
given by PDA.

3.9.2 Segmentation of 2-D translational motions from image intensities

In this section, we apply GPCA to the problem of segmenting the 2-D motion field of a
video sequence from measurements of the partial derivatives of the image intensities. We assume
that the scene can be modeled as a mixture of purely translational 2-D motion models.?® That is,
we assume that the optical flow at every pixel in the image sequence, u = [u,Vv, 1] € P2, can take
one out of n possible values {w;}? ;. Furthermore, we assume that the number of motion models is
unknown. If we assume that the surface of each object is Lambertian, then the optical flow of pixel
x = [r1,72,1]T € P? is related to the partials of the image intensity y = [I,,, I, ;)T € R3atx

by the well-known brightness constancy constraint
yTu= I, u+I,v+ I =0. (3.105)

Given the vector of partial derivatives y of an arbitrary pixel x in the scene, there exists an optical
flow w; such that y"u; = 0. Thus the following multibody brightness constancy constraint must

be satisfied by all the pixels in the image

n

gn(y) = (W y)(uzy) - (ufy) = [[(uly) = a"valy) = 0. (3.106)
=1

The multibody brightness constancy constraint, g,,(y), is a homogeneous polynomial of
degree n on y. We denote its vector of coefficients & € R», where M,, = (n + 1)(n + 2)/2,
as the multibody optical flow associated with the scene. Therefore, the segmentation of purely
translational motion models from image intensities can be interpreted as a GPCA problem with

20\We generalize to the affine motion model in Chapter 4.
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k =2and K = 3, i.e., the segmentation of planes in R3. The optical flows {u;}"_; correspond to
the normals to the planes, and the image partial derivatives {y’ }é\’:l are the data points. Therefore,
we can use any of the GPCA algorithms for hyperplanes (PFA or PDA) to determine the number of
motion models » and the motion models {w;}?_; from the image derivatives {y’ §V:1-

Figure 3.7 shows a frame of the flower garden and the corresponding image data projected
onto the I,,-I; plane to facilitate visualization. We observe from 3.7(b) that the image partial
derivatives lie approximately on three planes passing through the origin. Notice that the image data

is quite noisy and contains many outliers.

0.6

0.4

0.2

-0.21

-0.4

(@) A frame from the flower garden sequence (b) Image data projected onto the 7,.-I, plane
Figure 3.7: The flower garden sequence and its image derivatives projected onto the I..-1, plane.

Figure 3.8 shows segmentation results for frames 1, 11, 21 and 31 of the flower garden se-
quence. This results are obtained by applying PFA (Algorithm 2) to the image data, followed by the
EM algorithm for mixtures of subspaces described in Section 3.7.2. The sequence is segmented into
three groups: the tree, the houses and the grass.?! Notice that even though the purely translational
motion model is fairly simplistic and clearly inappropriate for this sequence, the GPCA algorithm
gives a relatively good segmentation that can be easily improved with some post-processing that in-
corporates spatial constraints. A better segmentation can also be obtained by using a richer motion
model, such as the affine motion model, as we will describe in Chapter 4.

We now apply GPCA to the segmentation of dynamic scenes with translucent motions.
We consider a scene in which a semi-transparent screen is moving horizontally in front of a hand

that is moving vertically. In this case, there is no notion of a connected group of pixels moving

21We did not cluster pixels without texture, such as pixels in the sky, because the image derivatives are approximately
zero for those pixels, i.e., y = 0., and hence they can be assigned to either of the three models.
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(@) Tree (b) Houses (c) Grass

Figure 3.8: Segmenting frames 1, 11, 21 and 31 of the the flower garden sequence using GPCA
applied to the image derivatives.

together. In fact, almost every pixel moves independently from its neighbors, yet there are two
groups of pixels moving together. Notice that any segmentation algorithm based on computing
either optical flow, or an affine model [65], or a motion profile [44], from a local neighborhood
would fail, since there is no local neighborhood containing a single motion model. Figure 3.9
shows the segmentation of the first five frames of the sequence using GPCA followed by EM. The
algorithm is able to segment out a reasonably good outline of the moving hand. Notice that it is not
possible to obtain the whole hand as a single group, because the hand has no texture.

3.9.3 Segmentation of 2-D affine motions from feature points or optical flow

In this section, we consider the problem of segmenting a collection of 2-D affine motions
from measurements of either the optical flow at each pixel, or the position of a set of feature points

in two frames of a video sequence, and show that they are GPCA problems with K = 5 and k& = 3.
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Figure 3.9: Segmenting a sequence with a hand moving behind a moving semi-transparent screen
using GPCA applied to the image derivatives.

2-D Motion segmentation from optical flow

Let {u; € P*}}_, be N measurements of the optical flow at the \V pixels {z; € P?}}_ .
We assume that the optical flow field can be modeled as a collection of n 2-D affine motion models

{A; € R¥3}1_ . That s, for each optical flow u; there exists an affine motion A; such that

ailp a2 ais
u] = AZ:B] = |a21 @92 as3 ch (3107)
0 0 1

In other words, the optical flow w = [u,v, 1]T at pixel x = [z1, 79, 1] € P? is related to the affine

motion parameters a1, ayo, . . ., asg by

aj1r1 +appxs +ai3—u = 0 (3108)

as1T1 + asexs +as3 —VvV = 0. (3109)
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Equations (3.108) and (3.109) define a three-dimensional subspace of a five-dimensional
space with coordinates [x1, 2,1, u,Vv]T € R5. The estimation of those subspaces from data points
[x1,22,1,u,V] lying on those subspaces is simply a GPCA problem with ky = --- =k, = k = 3
and K = 5.

According to our discussion in Section 3.4.1, we can reduce this problem to a GPCA
problem with £ = 3 and K = 4 by first projecting the data onto a four-dimensional space. The
particular structure of equations (3.108) and (3.109) with normal vectors [a11, a12, a13, —1,0]7 and
[a21, a2, as3, 0, —1]7 suggests to project the data onto two four-dimensional subspaces with coor-
dinates [x1, x5, 23, u]” and [z1, 22, x3,V]". Each one of these two projections allows us to compute
the first and second row of each affine motion model, respectively, by using any of the GPCA algo-
rithms for hyperplanes described in Section 3.3.

However, it could happen that, even though the affine motions {A4;}7_, are different from
each other, a particular row could be common to two or more affine motions. Therefore, in general
we will obtain ny < n first rows and ny < n second rows from each one of the two projections.
Furthermore, even if n; = ny = n, we still do not know which first and second rows correspond to
the same affine motion model.

Fortunately, we can exploit the structure of the problem in order to find the affine motions
{A;}*_, from the collection of first and second rows, {a;; € R*}"L; and {as; € R3}!2,, respec-
tively. To this end, let £, € R and £, € R” be vectors of labels giving the segmentation of the

data according to each projection, i.e.,

L) = @ if i:argi:rln.i“nm|a£:cj—uj| j=1,...,N (3.110)
L) = i if i:argi:rln.i“nm\a%;-wj—vj\ j=1,...,N. (3.111)

Then the N rows of the matrix of labels [€; £5] € RY>2 will take on only n different values. Let
the rows of £ = [¢;;] € R"*? be the n different rows in [¢; £5]. Then the affine motion models can

be computed as

T
ayp,

Ai=lal, | i=1...n (3.112)

T
€3

We therefore have the following algorithm (Algorithm 8) for segmenting a collection of

2-D affine motion models from optical flow measurements.
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Algorithm 8 (Segmentation of 2-D affine motions from optical flow)

Given measurements of optical flow {zg,}f’z1 at the NV pixels {zcj}le, recover the number of affine

motion models n, the affine matrix A; associated with motion ¢, and the segmentation of the image

measurements as follows:
1. Affine motions. Estimate the number of affine motions and the affine matrices as follows:

(a) Apply aGPCA algorithm with k = 3and K = 4 to the data {[, u;]" }}, to determine
the number of different first rows n; < n in the affine matrices {A4;}7, and the n,
different first rows {a;; € R3}1",. Cluster the data into n; groups and define a vector
of labels £; € R such that £;(j) = i if point x; belongs to group 1.

(b) Repeat step 1(a) with data {[x;, vj]T};\’:1 to obtain ny < n different second rows {as; €
R3}"2, and the corresponding vector of labels £; € RY.

(c) Extract the n different rows from the matrix of labels [£; £5] € RY*2 into the matrix

L = [¢;;] € R™?2 and use them to compute the affine motions {A4;}%_, as in (3.112).

2. Segmentation of the image measurements. Assign image measurement (x;,u;) to the

affine motion A; that minimizes ||u; — A;z;||%.

2-D Motion segmentation from feature points

Let {x] € P? A, and {x) € P?}¥ | be a collection of NV feature points in two frames
of a video sequence. We assume that the motion of those features can be modeled as a collection of
n 2-D affine motion models {A4; € R3*3}1 . That is, for each feature pair (m{,x;') there exist a

2-D affine motion A; such that

ain a2 a3
_ J
= |a21 a2 a23| Ti- (3.113)

0 0 1

We notice that if we replace x> = w in the above equations, then the problem of segmenting 2-D
affine motion models from feature points becomes identical to the problem of segmenting 2-D affine
motion models from optical flow. We can therefore use Algorithm 8 to estimate the collection of
affine motion models from the given feature points.
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3.9.4 Segmentation of 3-D translational motions from feature points

In this section, we apply GPCA to the problem of segmenting the 3-D motion of multiple
objects undergoing a purely translational motion. We assume that the scene can be modeled as a
mixture of purely translational motion models,?? {T;}™_,, where T; € R represents the translation
of object 7 relative to the camera between the two consecutive frames.

Given the images x; and x> of a point in object ¢ in the first and second frame, respec-
tively, the rays a1, @2 and T; are coplanar, as illustrated in Figure 3.10. Therefore x1, 2 and T;

must satisfy the well-known epipolar constraint for linear motions

2l (T; x 1) = 0. (3.114)
p
i
01 AA\‘ Yy
Yy 02

Figure 3.10: Epipolar geometry: Two projections =1, zo € R? of a 3-D point p from two vantage
points. The relative Euclidean transformation between the two vantage points is given by 7; € R3.
The intersection of the line (01, 02) with each image plane is the so-called epipole e;. The epipolar
line £ is the intersection of the plane (p, 01, 02) with the first image plane.

In the case of an uncalibrated camera, the epipolar constraint reads mQT(ei x x1) = 0,
where e; € R? is known as the epipole and is linearly related to the translation vector 7; € R3.

Since the epipolar constraint can be conveniently rewritten as
el (xy x 1) =0, (3.115)

where e; € R3 represents the epipole associated with the ¥ motion, i = 1, ..., n, if we define the
vector £ = (z2 x 1) € R3 as a data point, then we have that e £ = 0. Therefore, given any image

pair (1, x2) corresponding to one of the n moving objects, the vector £ = x2 x 1, the so-called

22\\e will generalize to the case of arbitrary rotation and translation in Chapter 5 where we consider the problem of
segmenting a mixture of fundamental matrices.



103

epipolar line, satisfies the following homogeneous polynomial of degree n

gn(£) = (e £)(e3€) - (ef£) = f[(e?@ = &' v, (€) = 0. (3.116)

n
i=1

We denote the vector of coefficients & € RM», where M,, = (n + 1)(n + 2)/2, as the multibody
epipole. We conclude that the segmentation of linearly moving objects can be interpreted asa GPCA
problem with k£ = 2 and K = 3, where the epipoles {e; }?_, correspond to the normal to the planes
and the epipolar lines {Ej}é.vzl are the data points.

Therefore, given a set of images {(m{, a:%) §V=1 of a collection of IV points in 3D under-
going n distinct linear motions ey, . . ., e,, € R3, one can use the set of epipolar lines £ = & x a7,
where j7 = 1,..., N, to estimate the number of motions n and the epipoles e; using the GPCA
algorithms for hyperplanes (PFA or PDA).

Figure 3.11 shows the performance of recursive PDA on synthetic image data. We choose
n = 2,3,4 collections of N = 100n image pairs undergoing a purely translational motion. Zero-
mean Gaussian noise from 0 to 1 pixel s.t.d. is added to the image data for an image size of
500 x 500. We run 1000 trials for each noise level. For each trial the error between the true (unit)
epipoles {e;}!"_, and the estimates {&;}]" ; is computed as

1 — T
error = — acos (e; e;) (degrees). 3.117
22005 (el é1) (degree) (3.117)

As expected, the performance deteriorates as the level of noise or the number of motion increases.
The maximum error is of 12° for n = 4 motions. Notice also that the percentage of correctly
classified image pairs reduces as the noise or the number of motions increases. The percentage of
correct classification is always above 70%.

We now apply PFA and recursive PDA to a sequence with n =2 linearly moving objects (a
truck and a car) and N =92 features (44 for the truck and 48 for the car), as shown in Figure 3.12 (a).
When PFA is applied with an ordering of (3, 1,2) for the coordinates of the data, then a perfect
segmentation is obtained (Figure 3.12 (c)), and the error in the translation estimates is 1.2° for the
truck and 3.3° for the car. However, if an ordering of (1, 2, 3) or (2, 3, 1) is chosen, PFA gives a very
poor segmentation of the data, as shown in Figures 3.12 (b) and (d), respectively. This shows that the
performance of PFA with noisy data depends on the choice of the ordering of the variables, because
the polynomial ¢, (t) is built from the last two coordinates only. On the other hand, if we apply
PDA to the data we obtain a perfect segmentation, regardless of the ordering of the coordinates, as

shown in Figure 3.12 (e). The mean error of PDA is 5.9° for the truck and 1.7° for the car.



104

12 T T T T 100

[T
BOWON

951

¢4 ¢

fuly
o

85 b

oo
I

80 b
75r 1

70t 1

IN
1

65 b

60r J

Mean Translation Error (degrees)
N (2]

; ;
Percentage of Correct Classification

55H —&— n=3 i

| | | | 50 i i i i
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Noise Standard Deviation [pixels] Noise Standard Deviation [pixels]

Figure 3.11: Performance of PDA on segmenting 3-D translational motions. Left: Estimation error
as a function of noise for n = 2, 3, 4 motions. Right: Percentage of correctly classified image pairs
as a function of noise for n = 2, 3,4 motions.

(a) First frame

truck —‘ car|
car ruc)
0 22 a4 68 92 0 20 40 60 80

(b) PFA: (1,2,3) (c) PFA: (3,1,2) (d) PFA: (2,3,1) (e) PDA: any order

°
I
H
8
°

22 a4 68 92

Figure 3.12: Segmenting 3-D translational motions using GPCA. Segmentation obtained by PFA
and PDA using different changes of coordinates.
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3.9.5 Face clustering under varying illumination

Given a collection of unlabeled images {I; € RK}j.V:l of n different faces taken under
varying illumination, we would like to cluster the images corresponding to the same person. For a
Lambertian object, it has been shown that the set of all images taken under all lighting conditions
forms a cone in the image space, which can be well approximated by a low-dimensional subspace.
Therefore, we can cluster the collection of images by estimating a basis for each one of those
subspaces, because the images of different faces will live in different subspaces.

Since in practice the number of pixels K is large compared with the dimension of the
subspaces, we first apply PCA to project the images onto RX" with K/ << K. More specifically,
we compute the SVD of the data [I; I - - - In] . v = USVT and consider a matrix X € RE'™*N
consisting of the first X’ columns of V. We obtain a new set of data points in RX" from each
one of the rows of X. We use homogeneous coordinates {x; € ]RK'“}jV:l so that each subspace
goes through the origin.?®> The new data set also lives in a collection of subspaces, because it is the
projection of the original set of subspaces onto a lower-dimensional linear space.

0.1 Face 8f
0.05 ﬂ 3
03 ’ "‘
’ t o Face 5
0.05 - %
0.1 K
0.5 s Face 101
0 B P
™ 0.05 0
05 .0.15

0 50 100 150 200

Figure 3.13: Clustering a subset of the Yale Face Database B consisting of 64 frontal views under
varying lighting conditions for subjects 5, 8 and 10. Left: Image data projected onto the three
principal components. Right: Clustering of the images using PDA.

We consider a subset of the Yale Face Database B consisting of N = 64n frontal views
of n = 3 faces (subjects 5, 8 and 10) under 64 varying lighting conditions. For computational
efficiency, we downsampled each image to K = 30 x 40 pixels. Then we projected the data onto

the first K’ = 3 principal components, as shown in Figure 3.13 (left). We applied GPCA to this

23The homogeneous coordinates of a vector z € R are [¢71]7 € R¥'+1.
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data set in homogeneous coordinates (R*). We fitted n = 3 (k = 3)-dimensional subspaces to the
data using the recursive PDA algorithm. Given the subspace normals, we clustered the images by

assigning each image to its closest subspace. Figure 3.13 (right) shows the segmentation results.

3.10 Application of GPCA to identification of linear hybrid systems

Hybrid systems are mathematical models that can be used to describe continuous phe-
nomena that exhibit discontinuous behavior due to sudden changes of dynamics. For instance, the
continuous trajectory of a bouncing ball results from the alternation between free fall and elas-
tic contact. However, hybrid dynamical models can also be used to approximate a phenomenon
that does not itself exhibit discontinuous behavior, by concatenating different models from a sim-
ple class. For instance, a non-linear dynamical system can be approximated by switching among
various linear dynamical models.

A particular but important class of hybrid systems is obtained by assuming that the dy-
namics between discrete events are linear. This class of systems is important not only because
the analysis and design of linear control systems is well understood, but also because many real
processes can be approximated arbitrarily well by models in this class.

In this section, we look at the problem of modeling input/output by a piecewise linear
(hybrid) dynamical models: Given input/output data, we want to simultaneously estimate the num-
ber of underlying linear models, the parameters of each model, the discrete state, and possibly the
switching mechanism that governs the transitions from one linear model to another.

For simplicity, we will concentrate on a class of discrete-time linear hybrid systems,
known as piecewise autoregresive exogenous systems (PWARX). The evolution of a PWARX sys-

tem is determined by a collection of n ARX models {>;}7_; of the form

Yt = a1Y—1 +aayt—2 + -+ Qp Yt—n, T C1U—1 + C2U—2 + - + Cp Ut—n, (3.118)

where {u;,t = 1,2,...} is the input, {y;,t = 1,2,...} is the output, and {a;};*; and {c;}<,
are the model parameters. The ARX models are connected by switches indexed by a number of
discrete states \; € {1,2,...,n}. The evolution of the discrete state \; can be described in a
variety of ways. In this section, we will restrict ourselves to the class of Jump-linear systems (JLS),
in which X\ is a deterministic but unknown input that is piecewise constant and finite-valued.

We consider the following identification problem:



107

Problem 4 (Identification of PWARX models)
Given input/output data {wu, v, }Z_, generated by a PWARX model with known dimensions n,, and

n., estimate the number of discrete states », the model parameters {a;};*,, {c;}¢, and the discrete
state {\;} L,

We now show that Problem 4 is simply a GPCA problem with K = n, + n. + 1 and
k = ng + ne, i.e., clustering of hyperplanes in R,

We start by noticing that if we let

Ty = (ut—nc> e U1 Yt—ngs - - - Yt—1, —yt)T € Rn“+n(:+1 (3119)

b= (cn, - ,C1,0an,...a;,1)T € Rratnetl (3.120)
then we can write equation (3.118) as
bley =0 t>n, (3.121)

which is simply the equation of a hyperplane in R%, where K = n, + n. + 1. This implies that the
input/output data generated by a single ARX models lives in a hyperplane whose normal vector b
encodes the parameters of the ARX model. Therefore if we are given a PWARX model generated
with ARX models {¥;}_,, then we can represent the PWARX model as a collection of hyperplanes
with normal vectors {b;}!" ; encoding the model parameters. Furthermore, the input/output data
generated by the PWARX model must live in the union of all the hyperplanes U, S;, where S; =
{x : bl = 0}. In fact, when )\; switches from \; = i to \;;; = 7, the input/output data jumps
from hyperplane S; to hyperplane .S;.

Notice also that if we are given input/output (dynamic) data {u,y;}._, generated by a
PWARX model, then we can always generate a new set of (static) data points {ﬂft}tT:na- Therefore,
according to our analysis in Section 3.3, if ' — n, + 1 > M, (K) — 1, and the evolution of the
discrete state is such that the the discrete mode ¢ = 1,...,n is visited at least £ = n, + n. times
in the time interval 1 < ¢ < T, then one can estimate the number of discrete states n and the
model parameters {b;}" ; uniquely using either the polynomial factorization or the polynomial
differentiation algorithms. Then, given the model parameters, one can determine the discrete state
as

A =arg min (bjx;)*>  for t>n. (3.122)

1,....n
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We present simulation results on the identification of PWARX systems with n = 3 dis-
crete states. Each ARX model has dimensions n, = 2 and n. = 1 and is corrupted with i.i.d.

zero-mean Gaussian noise w; with standard deviation o as
yr = a1(M\e)ye—1 + a2(Ae)ye—2 + 1 (A\p)ug—1 + wy. (3.123)

For each trial, the model parameters (a;, az) for each discrete state are randomly chosen so that
the poles of each linear system are uniformly distributed on the annulus 0.8 < |z|| < 1 c C.
The model parameter c¢; for each discrete state is chosen according to a zero-mean unit variance

Gaussian distribution. The value of the discrete state was chosen as

1 1<t<30

Ad=14¢2 31<t<60 (3.124)

3 61 <¢<100

The input sequence {u;} was drawn from a zero-mean unit variance Gaussian distribution. The
noise w; was drawn from a zero-mean Gaussian noise with standard deviation o € [0, 0.01], which
simulate a measurement error of about 1%. Figure 3.14 shows the mean error on the estimation of
the model parameters?* and the discrete state?®, respectively, as a function of . Both the model pa-
rameters and the continuous state are correctly estimated with an error that increases approximately
linearly with the amount of noise. Notice that the discrete state is incorrectly estimated approxi-
mately 8% of the times for = 0.01. Notice also that there is no error for 0 = 0. Figure 3.15
shows the reconstruction of the discrete trajectory for a particular trial with o = 0.01. Notice that
there are 5 time instances in which the estimates of the discrete state are incorrect.

3.11 Conclusions and open issues

We have proposed a novel approach to the identification of mixtures of subspaces, the
so-called Generalized Principal Component Analysis (GPCA) problem.

In the absence of noise, we casted GPCA in an algebraic geometric framework in which
the collection of subspaces is represented by a set of homogeneous polynomials whose degree n

corresponds to the number of subspaces and whose factors (roots) encode the subspace parameters.

24The error between the estimated model parameters (&1, G2, é1) and the true model parameters (a1, as, c1) was com-
puted as ||(a1, G2, é1) — (a1, a2, c1)l|, averaged over the number of models and trials.

25The error between the estimated discrete state A; and the true discrete state A; was computed as the number of times
in which A\, % X, averaged over the number of trials.



0.2

0.1

109

I
0.0025

L I 0 L I
0.005 0.0075 001 0 0.0025 0.005
o o

I
0.0075

0.01

Figure 3.14: Mean error over 1000 trials for the identification of the model parameters (top) and the

discrete state (bottom) as a function of the standard deviation of the measurement error o.

35

05 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100

Figure 3.15: Evolution of the estimated discrete state ;.
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In the case of n subspaces of equal dimension k, we derived rank constraints on the data from
which one can estimate the number of subspaces »n and their dimension k. We then proposed two
algorithms for estimating the subspaces from sample data. The polynomial factorization algorithm
(PFA) is designed for subspaces of co-dimension one, i.e., hyperplanes, and obtains a basis for each
hyperplane from the roots of a polynomial of degree n in one variable and from the solution of
a collection of linear systems in n variables. The polynomial differentiation algorithm (PDA) is
designed for subspaces of arbitrary dimensions and obtains a basis for each subspace by evaluating
the derivatives of the set of polynomials representing the subspaces at a collection of n points in
each one of the subspaces. The points are chosen automatically from points in the dataset that
minimize a certain distance function.

In the presence of noise, we casted GPCA as a constrained nonlinear least squares problem
which minimizes the error between the noisy points and their projections subject to all mixture
constraints. By converting this constrained problem into an unconstrained one, we obtained an
optimal function from which the subspaces can be recovered using standard non-linear optimization
techniques.

We applied GPCA to a variety of estimation problems in which the data comes simul-
taneously from multiple (approximately) linear models. We first presented experiments on low-
dimensional data showing that the polynomial differentiation algorithm gives about half of the error
of the polynomial factorization algorithm. We also showed that the polynomial differentiation al-
gorithm improves the performance of iterative techniques, such as K-subspace and EM, by about
50% with respect to random initialization. We then presented various applications of GPCA on
computer vision problems such as vanishing point detection, 2-D and 3-D motion segmentation,
and face clustering under varying illumination.

Open issues include a detailed analysis of the robustness of all the GPCA algorithms in the
presence of noisy data. At present, the GPCA algorithms work well when the number and dimension
of the subspaces is small, but the performance deteriorates as the number of subspaces increases.
This is because all the algorithms start by estimating a collection of polynomials in a linear fashion,
thus neglecting the nonlinear constraints among the coefficients of those polynomials, the so-called
Brill’s equations. Another open issue has to do with the estimation of the number of subspaces n
and their dimensions {k;}!"_,. In the case of hyperplanes and/or subspaces of equal dimension &, we
derived formulas for estimating » and k& in the absence of noise. However, the formulas are based
on rank constraints that are hard to verify in the presence of noise. In order to estimate n and k in a

robust fashion, one could for example combine our rank constraints with model selection techniques,
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similarly to [32]. Furthermore, in the case of subspaces of arbitrary dimensions, the estimation of
the number of subspaces is still an open question. In fact, as mentioned in Remark 25, it is possible
to underestimate the number of subspaces even in the noise free case. Finally, throughout the chapter
we hinted connections of GPCA with Kernel Methods, e.g., the Veronese map gives an embedding
that satisfies the modeling assumptions of KPCA (see Remark 11), and with spectral clustering
techniques, e.g., the polynomial differentiation algorithm allowed us to define a similarity matrix in
Remark 27. Further exploring these connections and others will be the subject of future research.
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Chapter 4

Segmentation of 2-D Affine Motions

from Image Intensities

4.1 Introduction

Motion estimation and segmentation refers to the problem of estimating multiple motion
models from the visual information collected by a moving or static camera. This is a challenging
problem in visual motion analysis, because it requires the simultaneous estimation of an unknown
number of motion models, without knowing which measurements correspond to which model.

The motion estimation and segmentation problem can be divided into two main categories.
2-D motion segmentation refers to the estimation of the 2-D motion field in the image plane, i.e.,
the optical flow, while 3-D motion segmentation refers to the estimation of the 3-D motion (rotation
and translation) of multiple rigidly moving objects relative to the camera. When the scene is static,
i.e., when either the camera or the 3-D world undergo a single 3-D motion, one can model the 2-D
motion of the scene as a mixture of 2-D motion models such as translational, affine or projective.
Even though a single 3-D motion is present, multiple 2-D motion models arise because of perspec-
tive effects, depth discontinuities, occlusions, transparent motions, etc. In this case, the task of 2-D
motion segmentation is to estimate these models from the image data. When the scene is dynamic,
i.e., when both the camera and multiple objects move, one can still model the scene with a mixture
of 2-D motion models. Some of these models are due to independent 3-D motions, e.g., when the
motion of an object relative to the camera can be well approximated by the affine motion model.

Others are due to perspective effects and/or depth discontinuities, e.g., when some of the 3-D mo-
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tions are broken into different 2-D motions. The task of 3-D motion segmentation is to obtain a
collection of 3-D motion models, in spite of perspective effects and/or depth discontinuities.

In this chapter, we will concentrate on the problem of segmenting 2-D affine motions from
image intensities. We covered the case of 2-D translational motions from feature points or optical
flow in Section 2.6.3, the case of 2-D translational motions from image intensities in Section 3.9.2,
the case of 2-D affine motions from feature points or optical flow in Section 3.9.3, and the case
of 3-D translational motions from feature points in Section 3.9.4. The problem of segmenting 3-D

rigid motions will be covered in Chapter 5.

41.1 Previous work

Classical approaches to 2-D motion segmentation are based on separating the image flow
into different regions by looking for flow discontinuities [50]. Due to the aperture problem, such
techniques have trouble dealing with noisy flow estimates, especially in regions with low texture.
Black and Anandan [4] deal with this problem by using some regularity constraints to interpolate
the flow field. However, since the location of motion discontinuities and occlusion boundaries is
unknown, these techniques often have the problem of smoothing across motion boundaries.

Alternative approaches model the scene as a mixture of 2-D parametric motion models,
such as translational, affine or projective. Irani et al. [27] propose to estimate such motion mod-
els through successive computation of dominant motions. That is, they use all the image data to
first extract one motion model (the dominant motion) using a least squares technique. Then, they
subdivide the misaligned regions by computing the next dominant motion and so on. Although this
technique can be improved by using robust M-estimators [5] and intensity information [3], it has the
disadvantage of erroneously assigning data to models, especially when there is no such a dominant
motion in the scene. It also fails in the presence of transparent motions.

To deal with this difficulties, Darrell and Pentland [12] proposed a new representation, the
so-called layered representation, based on multiple motion models with different layers of support.
They compute a translational model for each layer using robust M-estimation. Then they update
the regions of support based on the current estimation of the motion models. The number of layers
is obtained by minimizing a minimum description length (MDL)-like function. The layered repre-
sentation has also been formalized as a maximum likelihood estimation problem by modeling the
scene as a mixture of probabilistic motion models [28, 2, 66, 67, 55]. The estimation of the mod-

els and their regions of support is usually done using an iterative process, the so-called Expectation
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Maximization (EM) algorithm, that alternates between the segmentation of the image measurements
(E-step) and the estimation of the motion parameters (M-step). Jepson and Black [28] assume that
the number of models is known and estimate the motion parameters using least squares. Ayer and
Sawhney [2] use MDL to determine the number of models and robust M-estimation to estimate
the motion parameters. Weiss [66] incorporates spatial constraints in the E-step via a mean field
approximation of a Markov random field (MRF). The number of models is automatically estimated
by initializing the algorithm with more models than will be needed and then decreasing the num-
ber of models whenever two models are similar. Weiss [67] and Torr et al. [55] noticed that the
assumption of a parametric motion model (translational, affine or projective) is too restrictive for
scenes which are non planar. [67] proposes a non-parametric mixture model based on a probability
distribution that favors smooth motion fields. [55] proposes a parametric model that includes some
3-D information by associating a disparity with each pixel, similar to the plane+parallax model [26].
The model is initialized with using a Bayesian version of RANSAC.

While EM-like approaches have the advantage of providing robust motion estimates by
combining information over large regions in the image, they suffer from the disadvantage that the
convergence to the optimal solution strongly depends on correct initialization [44, 55]. To deal with
the initialization problem, various technigues have been proposed. [65] divides the image in small
patches and estimates an affine motion model for each patch using the optical flow of the patch. The
parameters of the affine models are then clustered using the K-means algorithm and the regions of
support of each motion model are computed by comparing the optical flow at each pixel with that
generated by the “clustered” affine motion models. The drawback of this algorithm is that it is based
on a local computation of optical flow which is subject to the aperture problem and to the estimation
of a single affine model across motion boundaries. Some of these problems can be partially solved
by incorporating multiple frames and a local process that forces the clusters to be connected [33].

Alternative approaches are based on first clustering the image data by using local features
that incorporate spatial and temporal motion information. Once the segmentation of the pixels has
been obtained, one can estimate a motion model for each cluster using, for example, the so-called
direct methods [26]. Shi and Malik [44] proposed the so-called motion profile as a measure of the
probability distribution of the image velocity at a given pixel. Such a motion profile is used to
build a similarity matrix from which pixels are clustered in two groups using the normalized cuts
(Ncut) algorithm. Each group is then further partitioned using recursive Ncuts. The drawback of this
approach are that it is unclear when to stop subdividing the clusters and that the two-way partitioning

is inappropriate in the presence of multiple motions, especially when no dominant motion is present.
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4.1.2 Contributions

In this chapter, we propose an algebraic geometric approach to the segmentation of affine
motion models from image intensities.! We show that one can estimate the number of affine motion
models and their parameters analytically, without knowing the segmentation of the data. There-
fore, one can combine information over large regions of the image, without having the problem of
smoothing across motion boundaries or estimating one model from data coming from more than one
model. In our approach all the image data is used at once to simultaneously recover all the motion
models, without ever iterating between data segmentation and motion estimation.

In Section 4.2 we introduce the so-called multibody affine constraint, which is a geometric
relationship between the number of models, the affine model parameters, and the image intensities.
This constraint is satisfied by all the pixels in the image, regardless of the motion model associated
with each pixel, and combines all the motion parameters into a single algebraic structure, the so-
called multibody affine matrix.

In Section 4.3 we derive a rank constraint on the image measurements from which one can
estimate the number of affine motions n. Given n, we show how to linearly solve for the multibody
affine matrix after embedding all the image measurements into a higher-dimensional space.

In Section 4.4 we show how to recover individual affine motions from the multibody
affine matrix. In principle this problem is mathematically equivalent to factoring a bi-homogeneous
polynomial of degree n in three variables into a product of bilinear forms. However, by exploiting
the algebraic structure of the multibody affine matrix, we show that one can reduce the factorization
problem to simple polynomial differentiation plus two GPCA problems in R* as follows. We first
show that one can compute the optical flow at each pixel in the image from the partial derivatives
of the multibody affine constraint. Given the optical flow field, we show that the estimation of the
affine motion models can be reduced to a collection of two GPCA problems in R*.

In Section 4.5 we show that, in the presence of zero-mean Gaussian noise in the image
measurements, using the algebraic error defined by the multibody affine constraint as an objective
function for motion segmentation is not optimal. Therefore, we cast the motion segmentation prob-
lem as a constrained nonlinear least squares problem which minimizes the negative log-likelihood
subject to all multibody affine constraints. By converting this constrained problem into an uncon-
strained one, we obtain an optimal objective function that depends on the motion parameters only

(the affine motions) and is independent on the segmentation of the image data.

part of the results in this chapter were published in [60].
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In Section 4.6 we present experiments on synthetic data that we evaluate the performance
of the proposed motion segmentation algorithm with respect to the number of motions n for different
levels of noise. We also present experimental results on the segmentation of an outdoor sequence.

4.2 Multibody affine geometry

In this section, we derive the basic equations of the affine motion segmentation problem.
We introduce the multibody affine constraint as a geometric relationship between the number of
models, the affine model parameters, and the image intensities generated by them. We also show
that this constraint can be written in bilinear form by combining all the motion parameters into a

single algebraic structure, the so-called multibody affine matrix.

4.2.1 The affine motion segmentation problem

We consider a static or dynamic scene whose 2-D motion field can be modeled as a mix-
ture of an unknown number n of different affine motion models. That is, we assume that the optical
flow u = [u,v,1]7 € P? at pixel = [x1, 72, 1]7 € P2 can be described by the equations

U(zi,z2) = anei + a2 + a3 (4.1)
V(z1,22) = a1+ axws + a3 (4.2)
where a11, . . ., ass are the so-called affine motion parameters.

We also assume that the surface of each object is Lambertian, so that the optical flow of
pixel x can be related to the partials of the image intensity at pixel « by the well-known brightness
constancy constraint

Ipu+ I,v+ 1, =0. 4.3)

Combining (4.1), (4.2) and (4.3) we obtain the affine constraint
I, (an121 + 1272 + a13) + Lo, (a2121 + a2 + azs) + Iy = 0, (4.4)
which can be compactly written in bilinear form as

a1 a2z aiz| |1
yTAm:[le Iy, It} as ax a| |zr2| =0, (4.5)
0 0 1 1



117

where y = [I,,, I.,, I;]7 € R3 is the vector of spatial and temporal image derivatives, A € R3*3
is the affine motion, and = € IP? is the vector of pixel coordinates.?

In the presence of n = 1 motion, the affine constraint y” Az = 0 is bilinear on the image
measurements (x, y) and linear on the affine motion A. Therefore, one can estimate A linearly from
a collection of N' > 6 image measurements {(z;, yj)}é\f:1 using equation (4.5). In the presence of
n different affine motions, {A4;}7" ,, we cannot solve the problem linearly because we do not know

1. The affine motion associated with each image measurement (x, y).

2. The number of affine motion models n.

Therefore, we are faced with the following problem.

Problem 5 (Multibody affine motion segmentation)
Given a set of image measurements {(x;,y,) §V:1 corresponding to an unknown number of affine

motions, estimate the number of motions n, the motion parameters {A4;}! ,, and the segmentation
of the image measurements, i.e., the motion model associated with each image measurement.

Remark 30 (The translational motion model) When a11 = a91 = a12 = ase = 0, the affine
motion model reduces to the translational motion model w = [a13, ass, 1]T that we discussed in
Section 3.9.2. In this case the affine constraint y” Az = 0 reduces to the brightness constancy
constraint y”u = 0. Therefore, the motion segmentation problem reduces to the estimation of a
mixture of translational flows {w;}7_, from the image data {y; ;V: 1 Since the brightness constancy
constraint is linear (rather than bilinear) on the image measurements, the motion segmentation

problem becomes a direct application of GPCA as discussed in Section 3.9.2.

4.2.2 The multibody affine constraint

Let (x,y) be an image measurement associated with any motion. Then, there exists
a matrix of motion parameters A; such that the affine constraint y” A;= = 0 holds. Therefore,
regardless of the motion associated with the image measurement (x, y), the following constraint
must be satisfied by the number of affine motions », the motion parameters {A;}?_, and the image

measurement (x, y)

n

E@,y) = [[(y" Aix) = 0. (4.6)
=1

2For simplicity, we will represent a as an homogeneous vector = [x1, z2, 23] € R* from now on, unless otherwise
stated.
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We call this constraint the multibody affine constraint, since it is a natural generalization
of the affine constraint valid for n = 1. The main difference is that the multibody affine constraint is
defined for an arbitrary number of motion models, which is typically unknown. Furthermore, even
if n is known, the algebraic structure of the multibody affine constraint is neither bilinear in the
image measurements nor linear in the affine motions, as it is in the case of n = 1 motion. However,
we can still convert it into a bilinear constraint after embedding the data into a higher-dimensional

space, as we discuss in the next subsection.

4.2.3 The multibody affine matrix

The multibody affine constraint converts Problem 5 into one of solving for the number
of affine motions n and the motion parameters {A;}!" ; from the nonlinear equation (4.6). This
nonlinear constraint defines a bi-homogeneous polynomial of degree » in (x,vy), i.e., a homoge-
neous polynomial of degree n in either « or y. For example, if we let © = [z1, 2o, x3]7, then
equation (4.6) viewed as a function of x can be written as a linear combination of the following
monomials {x7, 27 xe, 27 txs, ..., 2%}, Itis readily seen that there are M,, = (n+1)(n +2)/2
different monomials. Therefore, we can use the Veronese map of degree n, v, : R3 — RM»,
}T

-1

[1, 2, 3] > [z}, 2] xg,x?*lxg, ..., 23T, to write the multibody affine constraint (4.6) in

bilinear form as stated by the following Theorem.

Theorem 7 (The bilinear multibody affine constraint) The multibody affine constraint (4.6) can
be written in bilinear form as

yn(y)T.Ayn(ac) =0, 4.7

where A € RM»*Mn s g matrix representation of the symmetric tensor product of all the affine
matrices {A;}" ;.

Proof. Let u; = A;x € R3, fori = 1,...,n. Then, the multibody affine constraint

n

E@,y) = [[(¥"w)

=1
is a homogeneous polynomial of degree n iny = [y1, y2,y3]”, i.e.,

)T

5(17;:'!) = chhm,my?ly;@yéﬁ = Vn(y Cn,

where ¢, € RM» is the vector of coefficients. From the properties of polynomial multiplication,

each entry of ¢, ¢, ny.ng, Must be a symmetric multilinear function of (uy,...,u,), i.e., itis
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linear in each w; and ¢y, ny ng (U1, ..., up) = cmm,ng(ua(l), e ,ua(n)) forall o € G,,, where
6, is the permutation group of n elements. Since each w; is linear in x, then each ¢, j, n, Must

us i ninx, 1.8, Cnynons = Q@ vy (), wher
be a homogeneous polynomial of degree n in €., Cny nons T here each entr

ni,n2,n3

of an, noms € RM~ js a symmetric multilinear function of the entries of the A4;’s. Letting

. T M, x M,
A=[anoo, @Gn-110, --- , @p0,n) € RV

we obtain
5(:(3’ y) = Vn(y)T-AVn(m) =0.

Remark 31 (Multibody affine tensor) The multibody affine matrix is a matrix representation of
the symmetric tensor product of all the affine matrices

Z Ar(1) @ Ag2) @ -+ @ Ag(n), (4.8)
ceS,

where &, is the permutation group of n elements and ® represents the tensor product.

We call the matrix .A the multibody affine matrix since it is a natural generalization of the
affine matrix to the case of multiple affine motion models. Since equation (4.7) clearly resembles
the bilinear form of the affine constraint for a single affine motion, we will refer to both equations

(4.6) and (4.7) as the multibody affine constraint from now on.

Example 8 (The two-body affine motion) In the case of n = 2 affine motions 4; = [b;;] € R3*3

and Ay = [¢;;] € R3*3, the multibody affine motion A € R%*% is given by:

biici1 A1z biicig + biscin bigcia bizcas + bizciz bizcis ]
Agy Ago Ass Aoy Ass Ao
Ao 0 0 bi1 + c11 0 bigt+ciz2 bzt ’
ba1c21 Aga barcag + bascor boacaa bagcas + bagca bageas
0 0 ba1 + c21 0 ba2 + o2 bag + ca3
i 0 0 0 0 0 1 |
where
Ao = biicia + biacit , Aag = barcaa + baocat,

Ago = bi1caa + baiciz + biacar + baaci, A21 = biicar + baican,
Agz = bi1cas + barciz + bizcar + bageir, Aga = biacaa + baacia,

Ags = biacas + baaciz + bizcaa + basgcia, Azg = bizcaz + bascis.
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4.3 Estimating the number of affine motions n and the multibody

affine matrix A

Notice that, by definition, the multibody affine matrix .4 depends explicitly on the number
of affine motions n. Therefore, even though the multibody affine constraint (4.7) is linear in A, we
cannot use it to estimate A without knowing n in advance. Fortunately, we can derive a rank
constraint on the image measurements from which one can estimate n, hence A. We rewrite the
multibody affine constraint (4.7) as (v,(y) ® v,(x))Ta = 0, where a € RM: is the stack of the
rows of A and ® represents the Kronecker product. Given a collection of image measurements

{(x, yj)}j.V:l, the vector a satisfies the system of linear equations
Lya =0, (4.9)

where the 5% row of L,, € RN*M: is (vn(y;) @ v(ay)) T, forj=1,...,N.

In addition to equation (4.9), the matrix A has to satisfy other constraints due to the fact
that the 374 row of each A; equals e = [0,0, 1]. In order to determine these additional constraints,
consider the polynomial £(x,y) in (4.6), where = [z, 22, 23] and y = [y1,y2,y3]". We
observe that the monomials of y” A,z involving y5 must also involve 5. Therefore, the coefficients
of monomials in £(x, y) which are multiples of ygxé with 0 < j < ¢ < n must be zero. Since the
number of monomials which are multiples of yg,,xg is the number of polynomials of degree (n — )
in two variables (y; and y2) times the number of polynomials of degree (n — j) in two variables (1
and x2), i.e., (n — i+ 1)(n — j + 1), the number of zeros in A is given by

n 1—1 n . N -
Zy=3 Y (n—i+Yn—j+1)=> ("_ZH)(;”JF?’_Z)Z (4.10)
i=1 j=0 i=1
:(n—i—l)éQn—l—S)ii_3n2—i—4ii2+%ii3 (4.11)
i=1 i=1 i=1
~nn+1) [(n+1)2n+3) @Bn+4)2n+1) n(n+1)
== [ > - 5 + = } (4.12)
which reduces to
7 — n(n + 1)(n2—z 2)(3n + 5)‘ (4.13)

Now, in order to obtain the entries of A that are zero, we proceed as follows. For each row of A

associated to 3%, i = 1,...,n, we look for the columns of A associated to a:% forj=0,...,i—1.
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Finally, notice that the last monomial of £(x, y) is exactly (ys3xz3)™, hence the entry (M,,, M,,) of
A is one. Therefore, in order to determine a we solve the homogeneous equation

Lna =0, (4.14)

where @ € RM2—Zn is the same as a with the zero entries removed and L,, € RVN*(Mi—Zn) js the
same as L,, with the columns associated to zero entries of a removed. The scale of a is obtained by
enforcing the additional constraint a2 = 1.

In order for the solution of (4.14) to be unique, we must have
rank(L,,) = M2 — Z, — 1. (4.15)

This rank constraint on L,, provides an effective criterion for determining the number of affine
motions n from the given image intensities, as stated by the following Theorem.

Theorem 8 (Number of affine motion models) Let L; € RN *(M7~Zi) pe the matrix in (4.14), but
computed with the Veronese map v; of degree ¢ > 1. If rank(A4;) > 2foralli = 1,...,n,and a
large enough set of N image measurements in general configuration is given (N > M? — Z,, — 1
when n is known), with at least 6 measurements corresponding to each motion model, then

>M2—Z;,—1, ifi<n,
rank(L;) { = M2—Z—1, ifi=n, (4.16)
<M?-Z; -1, ifi>n.

Therefore, the number of affine motions n is given by

n = min{i : rank(L;) = M} — Z; — 1}. (4.17)

Proof. The proof for the case of fundamental matrices can be found in Section 5.3, Theorem 11.
Since the proof requires that the polynomial y” A,z be irreducible, and this is indeed the case when
rank(A;) > 2, the proof is also valid for affine matrices. n

In summary, we can use Theorem 8 to estimate the number of affine motions n incre-
mentally from equation (4.17). Given n, we can linearly solve for the multibody affine motion A
from (4.14). Notice however that the minimum number of image pixels needed is N > M2—Z,, 1,
which grows in the order of O(n*) for large n. Since in practice the number of motions is small,
say n < 10, this is not a limitation. For example, for n = 10 motions we need N > 2430 pixels,

which is easily satisfied by a 100 x 100 image.
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4.4 Multibody affine motion estimation and segmentation

Given the multibody affine motion A € RM»*Mn we now show how to compute the
individual affine motions {A; € R3*3}2_. In principle, this problem is equivalent to factoring the
bi-homogeneous polynomial £(x, y) into n bilinear expressions of the form y” A;x. To the best of
our knowledge, this is a hard problem in real algebra and we are not aware of an efficient solution
to it.3 However, in this case we can exploit the algebraic structure of the multibody affine matrix to
convert the bi-homogeneous factorization problem into a factorization of homogeneous polynomi-

als, i.e., the GPCA problem discussed in Chapter 3, as described in the following subsections.

4.4.1 Estimating the optical flow field from the multibody affine motion A

Given the multibody affine matrix A € RM»*Mn e now show how to compute the

optical flow at every pixel « in the image. We first notice that if the pixel = undergoes an affine

motion A;, then its optical flow w; is given by u; = A;x € R3,i=1,...,n. Since
va(y) T Avn () = [ ] (y" Aiz) = [[ (07w, (4.18)
=1 =1

the vector @ = A, () € RM» represents the coefficients of the homogeneous polynomial in y

gn(y) = (¥ ur) (Y ug) -+ (Y un) = va(y) . (4.19)

We call the vector & = A, (z) € RM» the multibody optical flow associated with pixel  since it
is a combination of all the optical flows {w;}" ; that pixel 2 can undergo depending on the affine
motion associated with it*. From equation (4.19), we observe that recovering the optical flows
{u;}7, associated with pixel « from the multibody optical flow @ = Av,(x) is equivalent to
factoring the homogeneous polynomial of degree n, g, (y), into the n homogeneous polynomials of
degree one {y%w;}? ;. This is simply a GPCA problem with k = 2 and K = 3, i.e., clustering of
two-dimensional subspaces of R3, which can be solved using any of the GPCA algorithms discussed
in Section 3.3. Recall that the GPCA problem has a unique solution (up to a scale factor for each
u;) provided that w; # wus # - - - # w,. Since in this case the vectors u; are of the form [u, v, 1]7,
the unknown scale can actually be computed. Therefore, all the optical flows {w;}} , associated
with pixel = can be uniquely recovered using GPCA provided that those optical flows are different.
Then, given the n candidate optical flows associated with pixel x, it remains to decide which one is

30f course it can be solved in double exponential time using Gréebner basis and quantifier elimination.
“Mathematically, the multibody optical flow 4 is the symmetric tensor product of the individual optical flows {; }7-;.
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the optical flow associated with that pixel. Since we should have y”u; = 0, where y is the vector
of image partial derivatives at , we choose the vector w; that minimizes (y”u;)2.

Remark 32 (Pixels with repeated flows) Notice that there could be pixels whose corresponding
optical flows {u;}?_, are not all different from each other. This happens whenever (A4; — A;)x =0
for some i # j = 1,...n. Therefore, if we think of the image plane as a compact subset of R?,
then the set of pixels with repeated optical flows is a zero-measure set in the image plane. In fact,
it is either a collection of up to n(n — 1)/2 points, or a collection of up to n(n — 1)/2 lines, or a

combination of both, depending on the number of solutions to the linear systems (A; — A;)x = 0.

Inspired by the GPCA polynomial differentiation algorithm described in Section 3.3.3, we
now present a simpler and more elegant way of computing the optical flow u at every pixel « from
the multibody affine matrix .4 and the vector of image partials y. To this end, we notice from (4.18)
that the partial derivate of the multibody affine constraint with respect to y is given by

0

a_”"( )T Av, (x Z [ A (Asa). (4.20)
Y i=1 {7#i

Therefore, if the image measurement (x, y) corresponds to motion i, i.e., if yT A;x = 0, then

5o ) (@) = [J" As) (@) ~ Az (421
i
In other words, the derivative of the multibody affine constraint evaluated at (x, y) is proportional
to the optical flow at pixel . In order to eliminate the scale factor, we notice that the third entry
of w must be equal to one. Therefore, we just need to divide the derivative of the multibody affine
constraint by its third coordinate. However, notice that this can be done only for pixels = whose
associated optical flows {A;x}? , are different from each other. Otherwise, the derivative of the
multibody affine matrix is zero because it becomes a polynomial with one or more repeated factors.

We summarize our discussion so far with the following statement.

Theorem 9 (Estimating the optical flow from the multibody affine matrix) Let A € RMnxMn
be a multibody affine matrix generated by n different affine motions {A4;} ;. Also let y be the
vector of image partial derivatives at pixel = and assume that (A; — A;)x # 0forall i # j =
1,...,n. Then, given A and y and without knowing the affine motion model associated with the

image measurement (x, y), one can compute the optical flow w at pixel « as

_ %Vn (y)TAVn(33>
eg%l/n ()T Avy ()

(4.22)




124

4.4.2 Estimating individual affine motions {A;}, from the optical flow field

Given the optical flow {u; }j-\’zl at each pixel {x; }j-\’zl, we are now interested in computing
the individual affine motions {A; € R3*3}7_,. We presented a complete solution to this problem in
Section 3.9.3, which we now repeat for the sake of completeness. Let us first recall that the optical

flow w = [u,v, 1]7 at pixel & = [x1, 29, 1] € P? satisfies the equations

a;1r1 + appxs +aiz3—u = 0 (423)

ao1x1 + ag0xo +as3 — Vv = 0. (4.24)

Equations (4.23) and (4.24) define a three-dimensional subspace of a five-dimensional space with
coordinates [z, x2,1,u,v]T € R®. The estimation of n affine motion models from measurements
of the optical flow w at each pixel x is then a GPCA problem with £k = 3 and K = 5.

According to our discussion in Section 3.4.1, we can reduce this problem to a GPCA
problem with & = 3 and K = 4 by first projecting the data onto a four-dimensional space. The
particular structure of equations (4.23) and (4.24) with normal vectors [a11, a12, a13, —1,0]7 and
[a21, a2, ass, 0, —1]T suggests to project the data onto two four-dimensional subspaces with coor-
dinates [x1, x5, 23, u]” and [z1, 22, x3,V]". Each one of these two projections allows us to compute
the first and second row of each affine motion model, respectively, by using any of the GPCA al-
gorithms for hyperplanes described in Section 3.3. However, it could happen that, even though the
affine motions {A4;}?_, are different from each other, a particular row could be common to two or
more affine motions. Therefore, in general we will obtain n; < n first rows and no < n second
rows from each one of the two projections. Furthermore, even if n; = ny = n, we still do not know
which first and second rows correspond to the same affine motion model. Fortunately, we can ex-
ploit the structure of the problem in order to find the affine motions {A4;}?_, from the collection of
first and second rows, {a;; € R3}", and {a2; € R3}12,, respectively. Let £, € RY and £, € RV
be vectors of labels giving the segmentation of the data according to each projection, i.e.,

L) = @ if i:mﬂm|@%—wjzhuﬂ (4.25)
1= 1

=L..,n

O(j) = i if di=arg min |alx;—v;| j=1,...,N. (4.26)
1=1,...,n2

Then the N rows of the matrix of labels [£1 £5] € R™V>2 will take on only n different values. Let
the rows of £ = [¢;;] € R"*2 be the n different rows in [€; £5]. Then the affine motion models can

be computed as

T
A; = ay,, Q2 63] 1=1,...,n. (4.27)
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Once the affine motion models { A;}!_, have been estimated, we can segment the image
measurements by assigning pixel x; to the affine motion A; that minimizes the algebraic error
(y]TAimj)Q. However, in the presence of noise on the image partials, we normalize the algebraic
error by its variance. That is, pixel x; is assigned to motion A, if

¢t =arg min M
t=1..n || Ag; |2

We therefore have the following algorithm for segmenting a collection of affine motion

(4.28)

models from image intensities.

Algorithm 9 (Multibody affine motion segmentation)
Given a collection of image measurements {(:I:j,yj)}j-\’:1 of pixels undergoing n different affine

motions {A4;}" ,, recover the number of affine motion models n, the affine matrix A; associated
with motion ¢, and the segmentation of the image measurements as follows:

1. Number of motions. Compute the number of different motions n from the rank constraint

in (4.17), by applying the Veronese map of degree : = 1, 2, ..., n to the image measurements.

2. Multibody affine matrix. Compute the multibody affine matrix A € RM»*M=» by solving
the linear system L,a = 0 in (4.14).

3. Optical flow field. Compute the optical flow u; = [u;, v;, 1] at pixel z; from the derivative

of the multibody affine constraint evaluated at (z;, y ), as shown in (4.22).

4. Individual affine motions. Estimate the individual affine motions {A;}}_; as follows:

(a) Apply a GPCA algorithm with k = 3and K = 4 (e.g., PDA) to the data {[x;,u;]" } [,
to determine the number of different first rows n; < n in the affine matrices {A4;}7,
and the n, different first rows {a,; € R?’}?:ll. Cluster the data into n1 groups and define

a vector of labels £, € R such that £, (j) =i if point ; belongs to groupi = 1,...,n;.

(b) Repeat step 4(a) with data {[a;, v;]” } ), to obtain ny < n different second rows {ay; €

R3}72 and the corresponding vector of labels £5 € RY.

(c) Extract the n different rows from the matrix of labels [£; €3] € R™V*2 and use them to

compute the affine motions {A;}7" , as in (4.27).

5. Segmentation of the image measurements. Assign image measurement (x;,y;) to the

(y] Ase;)?

affine motion A; that minimizes Az
g}
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4.5 Optimal segmentation of 2-D affine motions

The segmentation algorithm described in the previous section provides a unique global
solution to the multibody affine motion segmentation problem. Although the problem is nonlinear,
the solution is based on linear algebraic techniques thanks to the embedding of the image data into
a higher-dimensional space via the Veronese map. However, such a linear solution is obtained at
the cost of neglecting the algebraic structure of the multibody affine motion A. Recall that we treat
the M2 — Z, ~ O(n*) nonzero entries of A as unknowns, although there are only 6n unknowns
in {A4;}7_,. While it is algebraically correct to neglect the internal structure of A provided that the
conditions of Theorem 8 are met, the estimation of .4 may not be robust in the presence of noisy
image measurements.

One way of dealing with noisy image measurements is to set up an optimization prob-
lem that searches for the affine motions {A;}"_; that minimize the algebraic error defined by the
multibody affine constraint in a least squares sense, i.e.,

N n 2
Ea(A1,...,Ap) =) (H(y]TAia:j)) . (4.29)

j=1 \i=1
However, the solution to this optimization problem may be biased, because the algebraic error
in (4.29) does not coincide with the negative log-likelihood of the motion parameters.

In this section, we derive the optimal error function when the partial derivatives {y ; }éyzl
at pixel {:cj}év:l are corrupted with i.i.d. zero-mean Gaussian noise. The problem is to find a
collection of affine matrices {A4;}7, such that the corresponding noise free derivatives {;{;j}j.v:l
satisfy the multibody affine constraint un(@j)TAyn(acj) = 0. This is equivalent to the constrained

nonlinear least squares problem:

. N -
min Zj:l ||y] - yj||2

(4.30)
subjectto v, ()T Avp(x;) =0 j=1,...,N.

By using Lagrangian multipliers A; for each constraint, the above optimization problem is equiva-
lent to minimizing

N
D 15— yjlP + X (@) Ava (). (4.31)

J=1

From the first order condition for optimality we get

2(9; —y;) +Ajg; =0, (4.32)
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where g; = (Dyn(yj))TAl/n(xj) Since Dv,(9)y = nvp(y) and v, (g) Av,(x) = 0, we have
g]ng = 0. Therefore, after multiplying (4.32) on the left by gj , We obtain
—QQjTyj + )‘J'HQjHQ =0, (4.33)
from which we can solve for \; as
N 9y (Dva(y)" Ava()) (4:34)
2 gyl [1(Dvn(@;))" Avn(;)|?
Similarly, after multiplying (4.32) on the left by (g, — yj)T we get
2”@]' - yj||2 - /\jgjryj =0, (4.35)
from which the error in image derivative j is given by

T 2
2= Aot (9595)
2
After replacing g in the previous equation, we obtain the following expression for the total error

(87 (Dva ()" Avi(y))
FoltAdiur (9)%) Z (v () A ()

19; —y; (4.36)

(4.37)

Remark 33 Notice that the optimal error E, has a very intuitive interpretation. If measurement j

corresponds to motion 4, then g A;x; = 0. This implies that

g; = 8—~ (V’Vl(g]) -AVn CC] = Z Hy] AZ:E] A CC] (Hy] Ag.’lZ])(A w])
Yj i=1 \ {#i F£i

Therefore, the factor H}?#(iTAgwj) is in both the numerator and the denominator of Ep. Hence

(y] Aiz;)?
BE T

imize for a single affine motion model under the Gaussian noise. Therefore, the objective function

the contribution of point j to the error E, reduces to which is the optimal error to min-
Eo is just a clever algebraic way of simultaneously writing a mixture of optimal objective functions

for individual affine matrices into a single objective function for all the affine matrices.

We now derive an objective function the depends on the motion parameters only by con-
sidering first order statistics of v,(y;)" Av,(x;). It turns out that this is equivalent to setting

y; = y; in the above expression for Eo. Since Dv,(y)y = nvy(y) we get

-AVn(mJ))Z
Ay, ... .38
Eolds,..., 4 Z|| DT Avn ()P (439)

The affine motion parameters { A;}?_, are then recovered by minimizing the optimal error

function using standard nonlinear optimization techniques. We use Algorithm 9 for initialization.
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4.6 Experimental results

In this section, we present simulation results that we evaluate the performance of the
proposed motion segmentation algorithm with respect to the number of motions n for different
levels of noise. We also present experimental results on intensity based motion segmentation of an
outdoor sequence.

We first test the algorithm on synthetic data. We randomly pick n = 2, 3,4 collections
of N = 600 pixel coordinates and apply a different (randomly chosen) affine motion model to
each collection of pixels to generate their optical flow field. From the optical flow associated with
each pixel, we randomly choose a vector y of spatial and temporal image derivatives satisfying the
brightness constancy constraint (4.3). Zero-mean Gaussian noise with std. from 0% to 5% is added
to the partial derivatives y. We run 1000 trials for each noise level. For each trial the error between

the true affine motions {A,}7_, and the estimates { A;}"_, is computed as

|4i — Ail

a0 (4.39)

Affine error = Z |

Figure 4.1 plots the mean error as a function of the noise level. In all trials the number of
motions was correctly estimated from equation (4.17) as n = 2, 3,4°. Notice that the estimates of
the algebraic algorithm are within 6% of the true affine motions for n = 2, even for a noise level
of 5% in the image derivatives. However the performance deteriorates for n = 3. This is expected,
because the algebraic algorithm uses an over-parameterized representation of the multibody affine
matrix. On the other hand, the estimates of the optimal algorithm are within 2.1%, 8.2% and 13.3%
of the ground truth for n = 2,3 and 4, respectively. The nonlinear algorithm is less sensitive to
noise, because it uses a minimal parameterization of the multibody affine motion.

We also tested the proposed approach by segmenting the real scene shown in Figure 4.2.
The scene displays a leader-follower configuration with two robots moving in a circle and a static
background. Even though the follower is tracking the leader, their 3D motions are not identical, yet
they are similar enough to make their segmentation challenging. We computed the image partial
derivatives using standard derivative filters in one dimension and smoothing filters in the other two
dimensions. For computational efficiency, out of the 150 x 200 pixels in the image derivatives, we
extracted N = 1995 pixels for which |I;| > ¢ = 0.115. Figure 4.2 shows the results of applying

our algorithm to the image sequence. Notice that the two moving robots are correctly segmented.

We declared the rank of L, to be r if o,41/(01 + - -+ + 0,) < €, where o; is the i-th singular value of L,, and
e=3x107%
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Error vs. noise: nonlinear algorithm

Error vs. noise: algebraic algorithm
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Figure 4.1: Error in the estimation of the 2-D affine motion models as a function of noise in the
image partial derivatives (std. in %).

(@) Frame 2 (b) Frame 4

(d) Robot 1 (e) Robot 2 (f) Background

Figure 4.2: Segmenting a sequence with two affine motions from image intensities.



130

4.7 Conclusions

We have proposed a novel geometric approach for segmenting 2-D affine motion models
from image intensities. We showed that one can determine the number of affine motions and the
motion parameters directly from image intensities with no prior segmentation or correspondences
and in spite of depth discontinuities.

Our solution is based on a clear geometric interpretation the multibody affine constraint
and its associated multibody affine matrix. We first showed than one can estimate the number of
affine motions and the multibody affine matrix from a rank constraint on the image measurements.
Given the multibody affine matrix, one can estimate the optical flow at every pixel in the image from
the partial derivatives of the multibody affine constraint. Given the optical flow field, we showed
that the estimation of the affine motion parameters becomes a GPCA problem. Therefore, the affine
motion segmentation problem has a unique global solution that can be computed using all the image
measurements, without prior segmentation.

Such a unique solution can be used to initialize probabilistic methods such as [56, 67] or
any other EM-like algorithm. We used such a solution to initialize an optimal algorithm in the case
of zero-mean Gaussian noise in the image partial derivatives. Instead of iterating between feature
segmentation and single body motion estimation, our algorithm algebraically eliminates the feature
segmentation stage and directly optimizes over the motion parameters. We presented simulation
and experimental results validating the proposed approach.
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Chapter 5

Segmentation of 3-D Rigid Motions:
Multibody Structure from Motion

5.1 Introduction

3-D motion segmentation refers to the problem of estimating the 3-D motion (rotation
and translation) of multiple rigidly moving objects from image measurements collected by a static
or moving camera. This is a challenging problem in visual motion analysis, because it requires the
simultaneous estimation of an unknown number of rigid motion models, without knowing which
measurements correspond to which model.

Prior work on 3-D motion segmentation subdivides the problem in two stages: feature seg-
mentation and single body motion estimation. In the first stage, image measurements corresponding
to the same motion model are grouped together using algorithms such as K-means, normalized cuts,
spectral clustering, etc. In the second stage, a different motion model is estimated from the image
measurements corresponding to each group using, e.g., , the eight-point algorithm.

Since this two-stage approach to motion segmentation is clearly not optimal in the pres-
ence of noise, probabilistic approaches model the image data as being generated by a mixture of
motion models in which the image points are corrupted with noise, typically i.i.d zero-mean and
Gaussian. The membership of the data to each one of the groups is also modeled with a probability
distribution, typically multinomial, by using the so-called mixing proportions. Unfortunately, the
simultaneous maximum likelihood estimation of both mixture and motion parameters is in general

a hard problem. Therefore, most of the existing methods solve the problem in two stages. One first
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computes the expected value of the membership of the data given a prior on the motion parame-
ters and then maximizes the expected log-likelihood of the motion parameters given a prior on the
grouping of the data. This is usually done in an iterative manner using the Expectation Maximiza-
tion (EM) algorithm.

One of the main reasons for using either one of these two-stage approaches (iterative or
not) is that the problem of estimating a single motion model from image measurements is reasonably
well understood, both from a geometric and from an optimization point of view. For example, it
is well known that two views of a scene are related by the so-called epipolar constraint [35] and
that multiple views are related by the so-called multilinear constraints [24]. These constraints can
be naturally used to estimate the motion parameters using linear techniques, such as the eight-point
algorithm and its generalizations. In the presence of noise, many optimal nonlinear algorithms for
single body motion estimation have been proposed. For example, see [36, 51, 57, 69] for the discrete
case and [48] for the differential case.

The geometry of multiple moving objects is, on the other hand, not as well understood.
Previous work in this area includes particular cases such as multiple points moving linearly with
constant speed [20, 43] or in a conic section [1], multiple moving objects seen by an orthographic
camera [10, 31], self-calibration from multiple motions [17, 21], and two-object segmentation from
two perspective views [70]. Alternative probabilistic approaches to 3-D motion segmentation are
based on model selection techniques [56, 31], combine normalized cuts with a mixture of proba-

bilistic models [16], or compute statistics of the innovation process of a recursive filter [49].

5.1.1 Contributions

In this chapter, we present a novel approach to 3-D motion segmentation that does not
iterate between feature segmentation and single body motion estimation. Instead, our approach al-
gebraically eliminates the feature segmentation stage and directly solves for the motion parameters,
either in a purely algebraic fashion, or else using an optimal algorithm in the presence of noise.
Therefore, our results provide a natural generalization of the geometric, statistical, and optimization
theoretic aspects of the classical two-view structure from motion problem to the case of multiple
rigidly moving objects.t

In Section 5.2 we show how to eliminate the feature segmentation stage by using the so-

called multibody epipolar constraint, a geometric relationship between the motion of the objects

Part of the results in this chapter were published in [62, 59, 61].
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and the image data that is satisfied by all the image points, regardless of the body with which they
are associated. The multibody epipolar constraint combines all the motion parameters into a single
algebraic structure, the so-called multibody fundamental matrix, which is a natural generalization
of the fundamental matrix to the case of multiple rigid motions.

Section 5.3 shows that one can estimate the number of independent motions from a rank
constraint on the image data, which is obtained after embedding all the image points into a higher-
dimensional space. Given the number of independent motions, we show that one can linearly solve
for the multibody fundamental matrix given enough image points in general configuration.

In Section 5.4 we study the geometry of the multibody fundamental matrix. We prove that
the epipoles of each independent motion lie exactly in the intersection of the left null space of the
multibody fundamental matrix with the so-called Veronese surface.

In Section 5.5 we present an algebraic algorithm for simultaneous motion estimation and
segmentation. We show that, given the multibody fundamental matrix, one can estimate the epipolar
line associated with each image pair from the partial derivatives of the multibody epipolar constraint.
Given the epipolar lines, we show that the estimation of the individual epipoles is a GPCA problem
with & = 2 and K = 3, i.e., clustering a collection of two-dimensional subspaces of R3. Given
the epipoles and the epipolar lines, the estimation of the individual fundamental matrices becomes a
simple linear problem. Then, motion and feature point segmentation can be automatically obtained
from either the epipoles and epipolar lines or from the individual fundamental matrices.

In Section 5.6 we consider the 3-D motion segmentation problem in the presence of zero-
mean Gaussian noise in the image points. We cast the motion segmentation problem as a constrained
nonlinear least squares problem which minimizes the re-projection error subject to all multibody
epipolar constraints. By converting this constrained problem into an unconstrained one, we obtain
an optimal objective function that depends on the motion parameters only (fundamental matrices)
and is independent on the segmentation of the image data. We then use standard nonlinear opti-
mization techniques to simultaneously recover all the fundamental matrices, without prior feature
segmentation. As before, once the individual fundamental matrices have been estimated, one can
trivially obtain the segmentation of the image points.

In Section 5.7 we present experimental results on 3-D motion segmentation that evaluate
the performance of our algorithm with respect to the number of motions » and the level of noise.

We also present experimental results on the segmentation of an indoor sequence.
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5.2 Multibody epipolar geometry

5.2.1 Two-view multibody structure from motion problem

Consider two images of a scene containing an unknown number n of rigidly moving
objects. We describe the rigid motion of object i = 1,...,n relative to the camera between the
two frames with a rank-2 (nonzero) fundamental matrix F; € R3*3, 4 = 1,...,n. We assume that
the rigid motions of the objects relative to the camera are independent from each other, that is, we
assume that the n fundamental matrices are distinct (up to a scale factor).

The image of a point ¢/ € R in any of the objects with respect to image frame I, is
denoted as mff € P2, forj =1,...,Nand k = 1,2. In order to avoid degenerate cases, we will
assume that the image points are in general position in 3-D space, i.e., they do not all lie in any
critical surface, for example. We will drop the superscript when we refer to a generic image pair
(x1,22). Also, we will use the homogeneous representation = = [x,y, z]7 € R? to refer to an
arbitrary (image) point in P2, unless otherwise stated.

We define the two-view multibody structure from motion problem as follows:

Problem 6 (Two-view multibody structure from motion problem).

Given a collection of image pairs {(a:{, x;') j-Vzl corresponding to an unknown number of indepen-
dent and rigidly moving objects, estimate the number of independent motions n, the fundamental

matrices { F;}?_,, and the object to which each image pair belongs.

5.2.2 The multibody epipolar constraint

Given an image pair (z1, z2) corresponding to the i* moving object, we know that the
image pair and the associated fundamental matrix F; € R3*3 satisfy the so-called epipolar con-
straint [35]

xl Fx = 0. (5.1)

If we do not know the motion associated with the image pair (x1, x2), then we know that there
exists an object 4 such that =1 F;z; = 0. Therefore, regardless of the object to which the image
pair belongs, the following constraint must be satisfied by the number of independent motions n,

the fundamental matrices { F;}7_, and the image pair (x1, x2)

n

E(xy,xa) = H (mgFZml) =0. (5.2)
i=1
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We call this constraint the multibody epipolar constraint, since it is a natural generalization of
the epipolar constraint (5.1) valid for n = 1. The main difference is that the multibody epipolar
constraint is defined for an arbitrary number of objects, which is typically unknown (e.g., traffic
surveillance). Furthermore, even if n is known, the algebraic structure of the constraint is neither
bilinear in the image points nor linear in the fundamental matrices as illustrated in the following
example.

Example 9 (Two rigid body motions) Imagine the simplest scenario of a scene containing only
two independently moving objects as shown in Figure 5.1.

¥
(R1,Th)

Figure 5.1: Two views of two independently moving objects, with two different rotations and trans-
lations: (Ry,T1) and (Ra, T3) relative to the camera frame.

In this case, both image pairs (x1, z3) and (22, z3) satisfy the equation
(nglwl) (ngQ.’Bl) =0

for F| = [T1]x Ry and F» = [Ty]« R2.? This equation is no longer bilinear but rather bi-quadratic
in the two images x1 and x, of any point ¢ on one of these objects. Furthermore, the equation is no
longer linear in F3 or F; but rather bilinear in (F}, F5). However, if enough number of image pairs
(x1,x2) are given, we can still recover some information about the two fundamental matrices F;
and Fy from such equations, in spite of the fact that we do not know the object or motion to which
each image pair belongs. This special case (n = 2) has been studied in [70]. In this chapter, we

provide a general solution for an arbitrary number of motions n.

5.2.3 The multibody fundamental matrix

The multibody epipolar constraint allows to convert the multibody structure from motion
problem (Problem 6) into one of solving for the number of independent motions n and the funda-
mental matrices {F;}!"_, from the nonlinear equation (5.2). A standard technique used in algebra

2We use [u]x to denote the 3 x 3 skew symmetric matrix representing the cross product with a vector v € R?, i.e.,
we have that [u]xv = u x v for all v € R,
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to render a nonlinear problem into a linear one is to find an “embedding” that lifts the problem into
a higher-dimensional space. In this case, we notice that the multibody epipolar constraint defines a
homogeneous polynomial of degree n in either a1 or x5. For example, if we let 21 = [z, y1, 21]7,

then equation (5.2) viewed as a function of x; can be written as a linear combination of the follow-

ing monomials {7, x?‘lyl, a:?_lzl, ..., z'}. Itis readily seen that there are a total of
n+2 1 2
M, = _ % (5.3)
2

different monomials, thus the dimension of the space of homogeneous polynomials in 3 variables
with real coefficients is M,,. Therefore, we can use the Veronese map of degree n, v, : R3 — RM»,
(21,91, 21]7 = [}, 27 tyr, 27 e, 27T to wrrite the multibody epipolar constraint (5.2) as

a bilinear expression in v, (x1) and v, (x2) as stated by the following theorem.

Theorem 10 (The bilinear multibody epipolar constraint) The multibody epipolar constraint (5.2)

can be written in bilinear form as

vn(@2)" Frg(x1) = 0, (5.4)

where F € RM»xMx js a matrix whose entries are symmetric multilinear functions of degree » on

the entries of the fundamental matrices { F;}" ;.
Proof. See proof of Theorem 7. m

We call the matrix F the multibody fundamental matrix since it is a natural generalization
of the fundamental matrix to the case of multiple moving objects. Since equation (5.4) clearly
resembles the bilinear form of the epipolar constraint for a single rigid body motion, we will refer
to both equations (5.2) and (5.4) as the multibody epipolar constraint.

Remark 34 (Multibody fundamental tensor) The multibody fundamental matrix is a matrix rep-
resentation of the symmetric tensor product of all the fundamental matrices

Y Fo)® Fo) ® - ® Fypp), (5.5)
ce6,

where &, is the permutation group of n elements and ® represents the tensor product.

Although the multibody fundamental matrix F seems a complicated mixture of all the
individual fundamental matrices F1, ..., I, it is still possible to recover all the individual funda-
mental matrices from F (alone), under some mild conditions (e.g., the F;’s are distinct). The rest of
the chapter is devoted to providing a constructive proof for this. Section 5.3 shows how to recover

n and F from data, and Section 5.5 shows how to recover {F;}7_, from F.
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5.3 Estimating the number of motions n and the multibody funda-

mental matrix F

Notice that, by definition, the multibody fundamental matrix F depends explicitly on the
number of independent motions n. Therefore, even though the multibody epipolar constraint (5.4) is
linear in F, we cannot use it to estimate F without knowing n in advance. However, it turns out that
one can use the multibody epipolar constraint to derive a rank constraint on the image measurements
that allows to compute n explicitly. Given n, the estimation of F becomes a linear problem.

To this end, let us first rewrite the multibody epipolar constraint (5.4) as

(vn(z2) @ v (1)) f =0, (5.6)

where £ € RM is the stack of the rows of F and ® represents the Kronecker product. Then, given

a collection of image pairs {(m{, :n%) j.V:l, the vector f satisfies the system of linear equations

Lof = 2 f=0. (5.7)

In order to determine f uniquely (up to a scale factor) from (5.7), we must have that
rank(L,,) = M?> — 1.

The above rank condition on the matrix L,, provides an effective criterion to determine the number
of independent motions n from the given image pairs, as stated by the following Theorem.

Theorem 11 (Number of independent motions) Let {(m{, a:%)};\’zl be a collection of image pairs
corresponding to 3-D points in general configuration and undergoing an unknown number n of
independent rigid body motions with nonzero translation. Let L; € RY*M? pe the matrix defined
in (5.7), but computed using the Veronese map v; of degree « > 1. Then, if the number of image pairs
is big enough (N > M2 — 1 when n is known) and at least 8 points correspond to each motion, we
have
> M2 -1, ifi<n,
rank(L;) ¢ = M? — 1, if i =n, (5.8)

<M?-1, ifi>n.
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Therefore, the number of independent motions n is given by

n = min{i : rank(L;) = M? — 1}. (5.9)

Proof. Since each fundamental matrix F; has rank 2, the polynomial p; = :cQTFiacl is irreducible
over the real field R. Let Z; be the set of (@1, x2) that satisfy w%Fiwl = 0. Then due to the
irreducibility of p;, any polynomial p in 1 and x, that vanishes on the entire set Z; must be of the
form p = p;h, where h is some polynomial. Hence if F7,.. ., F, are distinct, a polynomial which
vanishes on the set U?"_, Z; must be of the form p = pyps - - - p,h for some h. Therefore, the only

polynomial of minimal degree that vanishes on the same set is
D=Dp1p2--Pn = (ngFlwl) (ngann) e (ZBQTanl) . (5.10)

Since the rows of L,, are of the form (v,,(x2) ® v, (21))T and the entries of v, (x2) ® v, (1) are
exactly the independent monomials of p (as we will show below), this implies that if the number of

data points per motion is at least 8 and N > M2 — 1, then:

1. There is no polynomial of degree 2i < 2n whose coefficients are in the null space of L, i.e.,
rank(L;) = M? > M? — 1 fori < n.

2. There is a unique polynomial of degree 2n, namely p, whose coefficients are in the null space
of Ly, i.e.,rank(L,) = M2 — 1.

3. There is more than one polynomial of degree 2i > 2n (one for each independent choice of
the 2(i — n)-degree polynomial & in p = p1ps - - - p,h) with coefficients in the null space of
L;, ie., rank(L;) < M2 —1fori > n.

The rest of the proof is to show that the entries of v, (z2) ® v, (x1) are exactly the in-
dependent monomials in the polynomial p, which we do by induction. Since the claim is obvious
for n = 1, we assume that it is true for n and prove it for n + 1. Let @1 = [ml,yl,zl]T and
xo = [79,y2, 22]T. Then the entries of v, (x2) @ vy, (1) are of the form (25" y5"2 20" ) (2] y 2 272)
with m; + ms + ms = ny + no + n3 = n, while the entries of x5 ® x; are of the form
(Y2 22) (@] y]?2J*) With iy + ia + i3 = ji + jo + js = 1. Thus a basis for the product of
these monomials is given by the entries of v, 11 (x2) ® vp41(21). n

The significance of Theorem 11 is that the number of independent motions can now be

determined incrementally using equation (5.9). Once the number n of motions is found, the multi-

body fundamental matrix  is simply the 1-D null space of the corresponding matrix L,,, which can
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be linearly obtained. Nevertheless, in order for this scheme to work, the minimum number of image
pairs needed is N > M2 — 1. For n = 1,2, 3, 4, the minimum N is 8, 35,99, 225, respectively. If
n is large, N grows approximately in the order of O(n*) — a price to pay for working with a linear
representation of Problem 6. In Section 5.5.5 we will discuss many variations to the general scheme
that will reduce the number of data points required, especially for large n.

5.4 Null space of the multibody fundamental matrix

In this section, we study the relationships between the multibody fundamental matrix F
and the epipoles e, . . . , e,, associated with the fundamental matrices 7, . .., F,,. The relationships
between epipoles and epipolar lines will be studied in the next section, where we will show how
they can be computed from the multibody fundamental matrix F.

First of all, recall that the epipole e; associated with the ¢ motion in the second image is
defined as the left kernel of the rank-2 fundamental matrix F;, that is

el Fy=0. (5.11)
Hence, the following polynomial (in x) is zero forany e;, i =1,...,n
(elrFlaz) (eiTngc) e (eZTFna:) = vp(e) ! Frn(x) = 0. (5.12)

We call the vector v, (e;) the embedded epipole associated with the it motion. Since v, (x) as a

vector spans the entire R*» when 2 ranges over P? (or R3),3 we have
vn(e))TF = 0. (5.13)

Therefore, the embedded epipoles {v,,(e;)}?_; lie on the left null space of F while the epipoles
{ei}~, lie on the left null space of {F;}! ;. Hence, the rank of F is bounded depending on the
number of distinct (pairwise linearly independent) epipoles as stated by Lemmas 5 and 6.

Lemma 5 (Null space of F when the epipoles are distinct) Let F be the multibody fundamental
matrix generated by the fundamental matrices 1, ..., F,. If the epipoles e4, ..., e, are distinct
(up to a scale factor), then the (left) null space of F € RM»*Mn contains at least the n linearly
independent vectors

vn(e)) e RMn i=1,... n. (5.14)

3This is simply because the M,, monomials in v, () are linearly independent.
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Therefore, the rank of the multibody fundamental matrix F is bounded by

‘ rank(F) < (M, —n). ‘ (5.15)

Proof. We only need to show that if the e;’s are distinct, then the v,,(e;)’s are linearly independent.

Ifwe lete; = [x;, 9, z:]7,i = 1,...,n, then we only need to prove the rank of the following matrix
_ - - . . -
vn(er)” L e VTR L NP0
T n n—1 n—1 n
| vn(e2) xh xy Y xy zy e 2y
U= _ = _ _ _ € R Mn (5.16)
[vn(en)” s T

is exactly n. Since the e;’s are distinct, we can assume without loss of generality that {[z;, z;]},
are already distinct and that z; # 0.* Then, after dividing the i*" row of U by 2! and letting

t; = x;/z;, we can extract the following Van Der Monde sub-matrix of U

Mon—1 -2
A P |
N |
V=" .| erM™ (5.17)
N

Since det(V) =[]
are distinct. Hence rank(U) = rank(V') = n. [

i<;(ti —t;), the Van Der Monde matrix V" has rank n if and only if ¢1,... ¢,
Even though we know that the linearly independent vectors v,,(e;)’s lie on the left null
space of F, we do not know if the n-dimensional subspace spanned by them will be exactly the left
null space of F, i.e., we do not know if rank(F) = M,, — n.
Now, if one of the epipoles is repeated, then the null space of F is actually enlarged by
higher-order derivatives of the \eronese map as stated by the following Lemma.

Lemma 6 (Null space of F when one epipole is repeated) Let F be the multibody fundamental
matrix generated by the fundamental matrices Fy,..., F,, with epipoles ei,...,e,. Let e; be
repeated & times, i.e., e; = - - - = e, and let the other n — & epipoles be distinct. Then the rank of
the multibody fundamental matrix F is bounded by

rank(F) < M,, — My_1 — (n — k). (5.18)

4This assumption is not always satisfied, e.g., for n. = 3 motions with epipoles along the X, Y and Z axis. However,
as long as the e;’s are distinct, one can always find a non-singular linear transformation e; — T'e; on R* that makes
the assumption true. Furthermore, this linear transformation induces a linear transformation on the lifted space R*» that
preserves the rank of the matrix U.
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Proof. When k = 2, e; = ey is a “repeated root” of v, (z)” F as a polynomial (matrix) in & =
[z,y, 2]T. Hence we have

T T T
@ o m@ @t

al‘ r=e] 8y xr=e; aZ Tr=e

Notice that the Jacobian of the Veronese map D, () is full rank for all = € P2, because for n > 2

we have Dv,(z)” D, () = xTx I3x3. Thus, the vectors a”ggfl), 8”35;31), ‘9"’5(;1)

independent, because they are the columns of Dv,,(e1) and e; # 0. In addition, their span contains

are linearly

vy (e1), because

Ovp(x) Ovp(x) Ovy(x)

Vo € R3 5.19
ax ) ay b 82’ w? x e ) ( )

nvy(x) = Dy (x)x =

but does not containt v,,(e;) fori = 3,...,n. Hence rank(F) < M,, — M; — (n — 1) = M,, —
3 — (n —1). Now if k > 2, one should consider the (¥ — 1) order partial derivatives of v,,(z)
evaluated at e;. There is a total of Mj_; such partial derivatives, which give rise to Mj_; linearly
independent vectors in the (left) null space of . Similarly to the case &£ = 2, one can show that the

embedded epipole v,,(e;) is in the span of these higher-order partials. n

Example 10 (Two repeated epipoles) In the two-body problem, if F; and F5 have the same (left)
epipole, i.e., Fi = [T]x Ry and F5 = [T]« Ra, then the rank of the two-body fundamental matrix F
is My — M; —(2—2) =6 —3 =3 instead of My — 2 = 4.

Since the null space of F is enlarged by higher-order derivatives of the Veronese map
evaluated at repeated epipoles, in order to identify the embedded epipoles v, (e;) from the left null
space of F we will need to exploit the algebraic structure of the Veronese map. Let us denote
the image of the real projective space P? under the Veronese map of degree n as v, (P?).> The
following theorem establishes a key relationship between the null space of F and the epipoles of
each fundamental matrix.

Theorem 12 (Veronese null space of multibody fundamental matrix) The intersection of the left
null space of the multibody fundamental matrix F, null(F), with the Veronese surface v,,(P?) is ex-

actly

NUIl(F) N v (P2) = {vn (€)1 (5.20)

5This is the so-called (real) Veronese surface in Algebraic Geometry [22].
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Proof. Let € IP? be a vector whose Veronese map is in the left null space of F. We then have
(@) TF=0 < uv(z) Fr.(y) =0,vy € P2 (5.21)

Since F is a multibody fundamental matrix,

va(@) Fra(y) = [ (=" Fiy) -
i=1

This means for this «,

n

[[@"Fiy) =0, vyeP (5.22)
=1

If «”F; # 0forall i = 1,...,n, then the set of y that satisfy the above equation is simply the
union of n 2-dimensional subspaces in P2, which will never fill the entire space P?. Hence we must

have =’ F; = 0 for some 4. Therefore z is one of the epipoles. n

The significance of Theorem 12 is that, in spite of the fact that repeated epipoles may
enlarge the null space of F, and that we do not know if the dimension of the null space equals n for
distinct epipoles, one may always find the epipoles exactly by intersecting the left null space of F

with the Veronese surface v, (P?), as illustrated in Figure 5.2.

/

vn (P2)

RMn

null(F)

Figure 5.2: The intersection of v, (IP?) and null(F) is exactly n points representing the Veronese
map of the n epipoles, repeated or not.

The question is now how to actually compute the intersection of null(F) with v, (P?).
One possible approach, explored in [70] for n = 2 and generalized in [64] to n > 2, consists of

determining a vector v € R™ such that Bv € v,,(P?), where B is a matrix whose columns form a
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basis for the (left) null space of F. Finding v, hence the epipoles, is equivalent to solving for the
roots of polynomials of degree n in n — 1 variables. Although this is feasible for n = 2 and even
for n = 3, it is computationally formidable for n > 3.

In the next section, we take a completely different approach that combines the multibody
epipolar geometry developed so far with the GPCA problem studied in Chapter 3. In essence,
we will show that the epipolar lines can be directly computed from the partial derivatives of the
multibody epipolar constraint, while the epipoles can be computed by applying GPCA to the set of
epipolar lines. Given the epipoles and the epipolar lines, the computation of individual fundamental

matrices becomes a linear problem.

5.5 Multibody motion estimation and segmentation

Given the multibody fundamental matrix F and the number of independent motions n,
we are now interested in recovering the motion parameters (or fundamental matrices) and the seg-
mentation of the image points. In this section, we show how to solve these two problems from the
epipoles of each fundamental matrix and the epipolar lines associated with each image point. We
first show that one can estimate the epipolar line associated with each image pair from the partial
derivatives of the multibody epipolar constraint. Given the epipolar lines, the estimation of the
epipoles will be based on the factorization of a given homogeneous polynomial of degree n in 3
variables into n distinct polynomials of degree 1, i.e., the GPCA problem discussed in Chapter 3.
Once the epipoles and the epipolar lines have been estimated, the estimation of individual funda-
mental matrices becomes a simple linear problem from which the segmentation of the image points
can be automatically obtained.

5.5.1 Estimating the epipolar lines {Ej}j.vzl

Given a point x4 in the first image frame, the epipolar lines associated with it are defined
as ¢; = Fyxzy € R3, i = 1,...,n. From the epipolar constraint, we know that one of such lines
passes through the corresponding point in the second frame x-, i.e., there exists an ¢ such that
xl£; = 0. Let F be the multibody fundamental matrix. We have that

E(xy, 22) = vp(22)T Frp(x1) H Fa:l H(azgf )s (5.23)
i=1 i=1
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from which we conclude that the vector £ = Frn(x1) € RMn represents the coefficients of the

homogeneous polynomial in «

gn(x) = (7)) (27 4s) - - - (72, = v, (x)T L. (5.24)

We call the vector £ the multibody epipolar line associated with 1. Notice that £ is a vector
representation of the symmetric tensor product of all the epipolar lines £+, ..., £, and is in general
not the Veronese map (or lifting) v,,(¢;) of any particular epipolar line £;,i = 1,...,n

From £, we can compute the individual epipolar lines {€;}}"_, associated with any image
point «; using the polynomial factorization technique given in Section 3.3.2. Given the n epipolar
lines {£;}" , associated with =, we can compute the epipolar line associated with the image pair
(x1, z2) in the second view as the vector £; that minimizes (z2£;)%.

In essence, the multibody fundamental matrix F allows us to “transfer” a point x; in the
first image to a set of epipolar lines in the second image. This is exactly the multibody version of
the conventional “epipolar transfer” that maps a point in the first image to an epipolar line in the

second image. The multibody epipolar transfer process can be described by the sequence of maps

Veronese

Epipolar Transfer
T vp(x1) —

Polynomzal Factorization {e }

Fvn(x1)

=1

which is illustrated geometrically in Figure 5.3.

Il IQ

(4]
T R £2
€9, En

. .. e,
—

Figure 5.3: The multibody fundamental matrix 7 maps each point = in the first image to n epipolar
lines £, ..., £, which pass through the n epipoles ey, ..., e, respectively. Furthermore, one of
these epipolar lines passes through x-.

Inspired by the GPCA polynomial differentiation algorithm described in Section 3.3.3,
we now present a simpler and more elegant way of computing the epipolar line £ associated with
an image pair (x1,x2). To this end, we notice from equation (5.23) that the partial derivate of the
multibody epipolar constraint with respect to x- is given by

0
8—$2yn(a}2 fl/n (x1) E H x5 Fgacl (Fyxq). (5.25)
i=1 {#1
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Therefore, if the image pair (x1, x2) corresponds to motion i, i.e., if acQTFiwl = 0, then

aimyn(mg)T}"Vn(ml) = H(xQT Fpx1)(Fyxy) ~ Fxy = £;. (5.26)
(#i

In other words, the partial derivative of the multibody epipolar constraint with respect to x eval-

uated at (a1, o) is proportional to the epipolar line associated with (x1, x2) in the second view.

Similarly, the partial derivative of the multibody epipolar constraint with respect to «; evaluated at

(x1,x2) is proportional to the epipolar line associated with (1, x2) in the first view.

Remark 35 Notice that if a particular image pair (x1, 22) belongs to two motions, then the multi-
body epipolar constraint has a repeated factor, hence its derivative at that image pair is zero. There-
fore, we cannot compute the epipolar line associated with image pairs that correspond to two or
more motions from the derivatives of the multibody fundamental matrix.

We summarize our discussion so far with the following statement.

Theorem 13 (Epipolar lines from the multibody fundamental matrix) Let F € RM»xMn pe g
multibody fundamental matrix generated by n different fundamental matrices {F;}? ;. Also let
(x1,x2) be an image pair associated with only one of the motions, i.e., 2 (F; — Fj)x1 # 0 for
i # j = 1,...,n. Then one can compute the epipolar line £, associated with the image pair

(x1,x2) in the first view as

0
£y ~ 8—331Vn(m2)T~7:Vn(wl)a (5.27)

and the epipolar line £, associated with the image pair (x1, x2) in the second view as

0
£y ~ a—xQVn(m2)T~7:Vn(wl)- (5.28)

5.5.2 Estimating the epipoles {e;}!" ,

Given a set of epipolar lines, we now describe how to compute the epipoles. Recall that
the (left) epipole associated with each rank-2 fundamental matrix F; € R3*3 is defined as the vector
e; € R? lying in the (left) null space of F}, that is e; satisfies that e/ F; = 0. Now let £ € R? be
an arbitrary epipolar line associated with some image point in the first frame. Then there exists
an i such that e/ £ = 0. Therefore, every epipolar line £ has to satisfy the following polynomial

constraint

hn(€) = (e{£)(e38) -~ (e, £) = &" v, (£) = 0, (5.29)
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regardless of the motion with which it is associated. We call the vector & € R» the multibody
epipole associated with the n motions. As before, & is a vector representation of the symmetric
tensor product of the individual epipoles eq, ..., e, and it is in general different from any of the
embedded epipoles v, (e;), i = 1,...,n.

Given a collection {Ej};-”:l of m > M,, — 1 epipolar lines (which can be computed from
the multibody epipolar transfer or from the derivatives of the multibody epipolar constraint), we can

obtain the multibody epipole & € RM» as the solution to the linear system

I/n(el)T

I/n(KZ)T
Pé = . e=0. (5.30)

[ (™) ]

In order for equation (5.30) to have a unique solution (up to a scale factor), we will need

to replace n by the number of distinct epipoles n., as stated by the following proposition:

Proposition 5 (Number of distinct epipoles) Let {Ej}gnzl be a given collection of m > M,, — 1
epipolar lines corresponding to 3-D points in general configuration and undergoing n distinct rigid
body motions with nonzero translation (relative to the camera). Let P; € RV *M: pe the matrix
defined in (5.30), but computed using the Veronese map v; of degree ¢ > 1. Then we have
> M; — 1, if i <ne,
rank(P;) § = M; — 1, if i = n., (5.31)
< M; -1, ifi>n,.

Therefore, the number of distinct epipoles n. < n is given by

ne = min{i : rank(P;) = M; — 1}. (5.32)

Proof. Similar to the proof of Theorem 11. m

Once the number of distinct epipoles, n., has been computed, the vector e € M,,, can
be obtained from the linear system P,,_e = 0. Once e has been computed, the individual epipoles
{e;};, can be computed from e by applying any of the GPCA algorithms for hyperplanes to the
data {ﬁj};-”:l, as described in Section 3.3. We illustrate the computation of the epipoles in Figure
5.4. Each epipole e; corresponds to the intersection of the epipolar lines associated with the "
motion. Either of the GPCA algorithms performs all such intersections simultaneously without

knowing the segmentation of the epipolar lines.



147

I

{1} ...

€1

Ly

Figure 5.4: When n objects move independently, the epipolar lines in the second view associated
with each image point in the first view form n. groups and intersect respectively at n. distinct
epipoles in the second view.

]

5.5.3 Estimating the individual fundamental matrices { F;}!- ,

Given the epipolar lines and the epipoles, we show now how to recover each one of the
individual fundamental matrices { F;}* ;. To avoid degenerate cases, we assume that all the epipoles
are distinct,% i.e.,

Ne = N.

We first notice that, thanks to Theorem 13, given each image pair (:c{, wg), j=1,...,N,
we know how to compute its epipolar line #7 in the second view. Furthermore, from our discus-
sion in Section 5.5.2, we also know how to compute the n different epipoles. Therefore, we can
immediately compute the fundamental matrices using either of the following procedures

1. Fundamental matrices from eight-point algorithm: Assign image pair (m{,mg) to group i if
i = argminy—;__,(el£7)2. Then compute the fundamental matrix F; by applying the eight-

point algorithm to the image pairs in group 7, where i = 1,...,n.

2. Fundamental matrices from epipolar lines: Assign the j* image point x{ togroup i ifi =

arg ming:Lmn(eiTEj)Q. If the image point zcjl belongs to group ¢, then we must have £/ ~

Notice that this is not a strong assumption. If two individual fundamental matrices share the same (left) epipoles,
one can consider the right epipoles (in the first image frame) instead, because it is extremely rare that two motions give
rise to the same left and right epipoles. In fact, this happens only when the rotation axes of the two motions are equal to
each other and parallel to the translation direction.
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E:c{ Therefore, we can compute fundamental matrix F; by solving the set of equations

0] Fal =0  forall j ingroup i. (5.33)

We summarize the results of Sections 5.5.1- 5.5.3 with the following statement:

Theorem 14 (Factorization of the multibody fundamental matrix)

Let 7 € RM»xMn pe the multibody fundamental matrix associated with fundamental matrices
{F;, € R¥3}1_ . If the n epipoles {e; : el F; = 0} are distinct, then the matrices {F;}?_, can
be uniquely determined (up to a scale factor) using polynomial factorization. Therefore, motion
estimation and segmentation can be solved in closed form if and only if n < 4.

5.5.4 Segmenting the feature points

Feature segmentation refers to the problem of assigning each image pair {(m{, mg) j-\’:l, to
the motion it corresponds. We notice from the previous section that both algorithms for estimating
the fundamental matrices are based on first clustering the image pairs from epipoles and epipolar
lines. More specifically, an image pair («/, «?) is assigned to group i if

i=arg min (ef #)%.

{=1,...n

In the presence of noise, one could improve the clustering of the feature points by using
the already computed fundamental matrices. For example, we can assign image pair (zc{, a:%) to
group ¢ if

i=arg min ()" Fia))?. (5.34)

=1,...,n
However, the square of the epipolar constraint is only an algebraic way of measuring how close an
image pair (x1, x2) is to satisfying the epipolar constraint. In the presence of noise, we assign image

pair (x{, xé) to the group 4 that minimizes the square of the normalized epipolar constraint” [36],

ie.,
IT 072
i=arg min T(? ) e (5.35)
=L ||[es] @ |? + [[[es] < Fiay |2
Figure 5.5 illustrates how a particular image pair, say (1, 22 ), which belongs to the i
motion, i = 1,...,n is successfully segmented.

"We will justify the choice of the normalized epipolar constraint in Section 5.6.
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T € R3
Veronese map i [@,y,2]7 — .. amyn2zne )T
l/n(.’lil) S R]\I”
Epipolar transfer i
fljn(ml) € RMx»
Polynomial factorization vn(@)T Frn(z1) = (2781) - (27¢,)

{El,...,En S RS}

<e?e>---<e£e>—0/\f§£k=o -~ BeR

{61,...,6n€R3} ékeR?’

Segmentation eiTZk =0,] or a:QTF,;:cl =0

(21, z2) € it" motion

Figure 5.5: Transformation diagram associated with the segmentation of an image pair (1, x2) in
the presence of n motions.

5.5.5 Two-view multibody structure from motion algorithm

We are now ready to present a complete algorithm for multibody motion estimation
and segmentation from two perspective views. Given a collection of N > M2 — 1 image pairs
{(a,2)) 21, Algorithm 10 determines the number of independent motions n, the individual fun-
damental matrices { F;}?_; and the segmentation of the image pairs. Therefore, Algorithm 10 is a
natural generalization of the eight-point algorithm to the case of multiple rigid motions.

However, we must notice that a drawback of Algorithm 10 is that it needs a lot of image
pairs in order to compute the multibody fundamental matrix, which often makes it impractical for
large n (See Remark 36 below). In practice, one can significantly reduce the data requirements by
incorporating partial knowledge about the motion or segmentation of the objects with minor changes
in the general algorithm. We discuss a few of such possible variations below.

Multiple linearly moving objects. In many practical situations, the motion of the objects can be
well approximated by a linear motion, i.e., there is only translation but no rotation. As discussed
in Section 3.9.4, in this case the epipolar constraint reduces to mg[ei]xml =0or e;f[a:Q]Xml =0,
where e; € R? represents the epipole associated with the i** motion, i = 1,...,n. Therefore,

the vector £ = [x2]xx1 € R3 is an epipolar line satisfying g,,(€) = (ef£)(el€)---(el£) = 0.
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Algorithm 10 (Two-view multibody structure from motion algorithm).

Given a collection of image pairs {(m{,wg) §V:1 of points undergoing n different rigid motions

relative to the camera, recover the number of independent motions n, the fundamental matrix F;

associated with motion ¢ = 1, ..., n, and the motion associated with each image pair as follows:

1.

Number of motions. Compute the number of independent motions n from the rank con-
straint in (5.9), by applying the Veronese map of degree i = 1,2, ..., n to the image points

{(&], 23)} s

. Multibody fundamental matrix. Compute the multibody fundamental matrix F as the so-

lution of the linear system L,, f = 0in (5.7), using the Veronese map of degree n.

. Epipolar transfer. For each image point {m{}j.v:l compute its epipolar line in the second

view {¢ };VZI from the partial derivative of the multibody epipolar constraint with respect to

x evaluated at (27, 23), as described in Theorem 13.

Multibody epipole. Use the epipolar lines {Ej}é\f:l to estimate the multibody epipole € as
the coefficients of the polynomial £, (£) in (5.29) by solving the system P,e = 0 in (5.30).

Individual epipoles. Use the polynomial factorization algorithm of Section 3.3.2 or the poly-
nomial differentiation algorithm of Section 3.3.3 to compute the individual epipoles {e;}" ;

from the multibody epipole & € RMr,

Individual fundamental matrices. Assign each image pair (m{,m%) to group i if ¢ =
arg mingzl,mn(eiTEj )2, and then compute the fundamental matrix F; from the set of linear

equations &}” Fy&) = 0 or [#/]« Fya)} = 0, as described in Section 5.5.3,

. Feature segmentation from fundamental matrices. Assign image pair (ac{, mg) to motion

1 if T 1 5\ 2
F:
1 =arg min T(a;2 Zml) R
=t |[eal FT @} |2 + |es]x Fu) 2
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Therefore, given a set of image pairs {(w{, a,-g) §V:1 corresponding to IV points undergoing n dis-
tinct linear motions {e; € R3}™_,, one can use the set of epipolar lines {¢/ = [mg]xm{};v:l to
estimate the epipoles e; using Steps 4 and 5 of Algorithm 10. Notice that the epipoles are re-
covered directly using polynomial factorization or differentiation without estimating the multibody
fundamental matrix F first. Furthermore, given the epipoles, the fundamental matrix is trivially
obtained as F; = [e;]x. The segmentation of the image points is then obtained from Step 7 of
Algorithm 10. We conclude that if the motions are linear, we only need N = M,, — 1 image pairs
versus N = M?2 — 1 needed in the general case. So when n is large, the number of image pairs
needed grows as O(n?) for the linear motion case versus O(n?) for the general case. In other words,
the number of feature points that need to be tracked on each object grows linearly in the number of
independent motions. For instance, when n = 10, one only needs to track 7 points on each object,

which is a mild requirement given that the case n = 10 occurs rather rarely in most applications.

Constant motions. In many vision and control applications, the motion of the objects in the scene
changes slowly relative to the sampling rate. Thus, if the image sampling rate is even, we may
assume that for a number of image frames, say m, the motion of each object between consecutive
pairs of images is the same. Hence all the feature points corresponding to the m — 1 image pairs
in between can be used to estimate the same multibody fundamental matrix. For example, when
m = 5and n = 4, we only need to track (M3 — 1)/4 = 225/4 ~ 57 image points between each of
the 4 consecutive pairs of images instead of 255. That is about 57/4 ~ 15 features on each object
on each image frame, which is rather feasible to do in practice. In general if m = O(n), O(n?)
feature points per object need to be tracked in each image. For example, when m = n+1 = 6, one
needs to track about 18 points on each object, which is not so demanding given the nature of the

problem.

Internal structure of the multibody fundamental matrix. The only step of Algorithm 10 that
requires O(n?) image pairs is the estimation of the multibody fundamental matrix . Step 2 requires
a lot of data points, because F is estimated linearly without taking into account the rich internal
(algebraic) structure of F (e.g., rank(F) < M,, — n). In the future, we expect to be able to reduce
the number of image pairs needed by considering constraints among entries of F, in the same spirit
that the well-known 8-point algorithm for n = 1 can be reduced to 7 points if the algebraic property
det(F) = 0 is used.
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Remark 36 (Comments about the algorithm)

1. Repeated epipoles. If two individual fundamental matrices share the same (left) epipoles, we
cannot segment the epipolar lines as described in Step 6 of Algorithm 10. In this case, one
can consider the right epipoles (in the first image frame) instead, since it is extremely rare

that two motions give rise to the same left and right epipoles.®

2. Repeated roots. If in Step 5 one uses polynomial factorization to recover the epipoles, then
recall from Section 3.3.2 that when the polynomial ¢, (¢) in (3.22) has repeated roots or more
than one of its leading coefficient is zero one must pre-apply a linear transformation (3.31) to

the polynomial p,,(x) before factoring it.

3. Algebraic solvability. The only nonlinear part of Algorithm 10 is to solve for the roots of
univariate polynomials of degree n in Step 5. Therefore, the multibody structure from motion
problem is algebraically solvable (i.e., there is closed form solution) if and only if the number
of motions is n < 4 (see [34]). When n > 5, the above algorithm must rely on a numerical
solution for the roots of those polynomials.

4. Computational complexity. In terms of data, Algorithm 10 requires O(n*) image pairs to
estimate the multibody fundamental matrix F associated with the » motions. In terms of
numerical computation, it needs to factor O(n) polynomials® and hence solve for the roots of
O(n) univariate polynomials of degree n.1° As for the rest of computation, which can be well
approximated by the most costly Steps 1 and 2, the complexity is about O(n®).

5. Special motions and structures. Algorithm 10 works for distinct motions with nonzero trans-
lation. Future research is needed for special motions, e.g., pure rotation or repeated epipoles
parallel to the rotation axis, and for special structures, e.g., planar objects. We gave a solu-
tion for the case of linearly moving objects in Section 3.9.4.

6. Noise sensitivity. Algorithm 10 gives a purely algebraic solution to the multibody structure

from motion problem. Future research will need to address the sensitivity of the algorithm to

8This happens only when the rotation axes of the two motions are equal to each other and parallel to the translation
direction.

90ne needs about M,, — 1 ~ O(n?) epipolar lines to compute the epipoles and fundamental matrices, which can be
obtained from O(n) polynomial factorizations since each one generates n epipolar lines. Hence it is not necessary to
compute the epipolar lines for all N = M2 — 1 ~ O(n*) image pairs in Step 3.

10The numerical complexity of solving for the roots for an n*" order polynomial in one variable is polynomial in » for
a given error bound, see [47].
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noise in the image measurements. In particular, one should pay attention to Step 2, which is
sensitive to noise, because it does not exploit the algebraic structure of the multibody funda-
mental matrix F.

7. Optimality. Notice that linearly solving for the multibody fundamental matrix through the
Veronese embedding is sub-optimal from a statistical point of view. We will derive the optimal

function for motion estimation and segmentation in Section 5.6.

At the end of our theoretical development, Table 5.1 summarizes our results with a com-
parison of the geometric entities associated with two views of 1 rigid body motion and two views

of n rigid body motions.

Comparison of H 2 views of 1 body ‘ 2 views of n bodies ‘
Animage pair 1,y € R3 Un(21), vp(22) € RMn
Epipolar constraint i Fxy =0 vn(x2)T Frp(z1) = 0
Fundamental matrix F ¢ R3x3 F € RMnXxMn

Ty @ x} vn(23) @ vy (1)

. . . x% ® m% V,L(a}%) ® V’rb(w%)

Linear estimation from ) f=0 ) f=0
N image pairs ' .

mé\l ® w{V Vn(mév) ® Vn(wiv)
Epipole eTF =0 vn(e)TF =0
Epipolar lines L=Fx, cR? L= Fuv,(x;) € RM»
Epipolar line & point x¥e=0 Un(22)TL =0
Epipolar line & epipole eTt=0 e, (0)=0

Table 5.1: Comparison between the geometry for two views of 1 rigid body motion and the geometry
of n rigid body motions.

5.6 Optimal segmentation of 3-D rigid motions

The two-view multibody structure from motion algorithm provides an algebraic geometric
solution to the problem of estimating a collection of fundamental matrices { F; }}*_, from image pairs
{(=], )}, Inessence, Algorithm 10 solves the set of nonlinear equations [}, (x}' F;x]) = 0,
j=1,...,N,ina"“linear” fashion by embedding the image pairs into a higher-dimensional space

via the Veronese map.
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However, such a “linear” solution is obtained at the cost of neglecting the internal non-
linear structure of the multibody fundamental matrix . For example, the algorithm solves for
M?2 — 1 unknowns in F € RM»xMn from equation (5.7), even though there are only 8n un-
knowns in the fundamental matrices { F;}?_, (5n in the calibrated case). In practice, solving for
an over-parameterized representation of the multibody fundamental matrix can be very sensitive in
the presence of noise. One way of resolving this problem is to replace the algebraic algorithm by an
optimization problem in which one obtains the individual fundamental matrices by minimizing the
algebraic error

N N
BA(Fy,... Fy) =Y (vn(@)) " Frp(2]))? =Y [ B =) (5.36)

n
j=1 j=1li=1
This nonlinear solution in fact provides a more robust estimate of the fundamental matrices, be-
cause it uses a minimal representation of the unknowns. However, the solution to this optimization
problem is not optimal, because the algebraic error in (5.36) does not coincide with the negative
log-likelihood of the motion parameters.

In this section, we derive an optimal algorithm for estimating the fundamental matrices
when the image pairs are corrupted with i.i.d. zero-mean Gaussian noise. We show that the optimal
solution can be obtained by minimizing a function similar to the algebraic error in (5.36), but prop-
erly normalized. We cast the motion segmentation problem as a constrained nonlinear least squares
problem which minimizes the re-projection error subject to all the multibody epipolar constraints.
Since the multibody epipolar constraint is satisfied by all image pairs, irrespective of the segmenta-
tion, we do not need to model the membership of the image pairs to each one of the rigid motions
with a probability distribution. Hence, we do not need to iterate between feature segmentation and
single body motion estimation, as in EM-like techniques. In fact, the segmentation (E-step) is alge-
braically eliminated by the multibody epipolar constraint, which leads to an objective function that
depends only on the motion parameters (fundamental matrices).

Let {(:c{, mé)}j.\’zl be the given collection of noisy image pairs. We would like to find
a collection of fundamental matrices {£;}}_; such that the corresponding noise free image pairs
{(i{, 5:%)}?’:1 satisfy the multibody epipolar constraint un(ﬁsg)Tfyn(:E{) = 0. Since for the Gaus-

sian noise model the negative log-likelihood is equal to the re-projection error (up to constant terms),
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we obtain the constrained optimization problem?!

_ [ o
min 30 [|#] - ) + 123 - @)

_ A . (5.37)
subjectto v, (25) T Frn(#]) =0 j=1,...,N.

By using Lagrange multipliers A’ € R for each constraint, the above optimization prob-

lem is equivalent to minimizing

N
> @] — &P + 1|5 — @b|* + N (@) Fra(@)). (5.38)
j=1
Let
1 0 0
A=10 1 0] =[es)%[es]x, (5.39)
0 0 O

with e3 = [0,0,1]7 € R3, be the projection matrix eliminating the third entry of any image point
x = [z,y,1]T € R3. Since A(z — x) = (& — =), after left-multiplying the partial derivatives of

the Lagrangian (5.38) with respect to 5c{ and :E% by the projection matrix A we obtain

<I i) 1\ N £T, (2
2(x] —x{) + NA (Dun(wl)) Frop(x)) =0, (5.40)

. . . N\T .
2(#), — al) + N A (Dyn(.f;cg)) Fun(#) =0, (5.41)

where Dv,,(x) € RM»>3 js the Jacobian of the Veronese map v,,.

For ease of notation, let us also define
gl = (Dup(@])) Flvn(#)) and g = (Dvy(23))T Fun(@)). (5.42)

Then, since ATA = A2 = A, after left-multiplying (5.40) and (5.41) by g°" A and g A, respec-
tively, we obtain
291 M@ — 1) + N|[es]xgi|* = 0, (5.43)
295" M@} — x3) + V|| [es]xga|* = 0. (5.44)

1 Notice that the optimization problem (5.37) does not include as an additional constraint the fact that the third entry
of each image point z = [z,y,1]7 € R® is equal to one. We will implicitly eliminate such constraints and their
associated Lagrange multipliers by left-multiplying the partial derivatives of the Lagrangian (5.38) by the projection
matrix A in (5.39).
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Since A(z — x) = (& — «), Dvp ()T = nvy (@) and v, (Z2)Fr,(21) = 0, we obtain

g)" @] = g)" &)} = 0. Therefore, we have

—2g7" 2] + N|[[es]«g]|I* = 0, (5.45)
—2g3 ) + M||[es]«g)|* =0, (5.46)

from which we can solve for \7 as

2(g1 @ + g3’ 3)

N = )
Iles]xg] |12 + [les] x g3

(5.47)

Similarly, after left-multiplying (5.40) by (z] — «?)” and (5.41) by (&} — 24)T we get

2”3:1 — asj H2 g a:l 0, (5.48)

2|\ — x))|? — Ng) ah =0, (5.49)

from which the re-projection error for point j is given by

N
“(g] %] + g x}). (5.50)

|3 — &]12 + 125 - @) = 2

After replacing (5.47) in the previous equation, we obtain the following expression for the

total re-projection error

N JT J 3T 532
Eo({Fymy, (@, &) - (g1 1 +95 =) _ 551
R g les X91||2 + |H63]x92||2 551
(@] (D (@) F v (@)) + @b (Dvn (@) Frn (@)
s Dvn( DYTF Ty (@5)|12 4| [ea] (D (3)) TFvn (@) |12

Since v1(x) = « and Dvy(x) = I, by letting n = 1 in the above expression we no-
tice that Eo is a natural generalization of the well-known optimal function for estimating a single

fundamental matrix F' € R3*3, which is given by [36]

(5.52)

:ZN: T FTE) + )" Fil)?

EN‘O(F‘a{(i
=1 llles] FT$2|\2+|H63] Fa]|*
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Remark 37 Notice that the optimal error Eo has a very intuitive interpretation. If point j belongs
to group 4, then " F;&/ = 0. This implies that

. 9 N
o1 = v (@) FDun@) = o5 (vn(@h) " Fra(@])) (5.53)
8% (sz ) Z Q“’ F@] | (&' F) (5.54)
(HwQ Fgw) TR, (5.55)
L#i
and similarly
T_ (ﬁ:&gTFg:i{>(5z{TﬂT). (5.56)

i
Therefore, the factor H’;#i(ﬁ:%TFgﬁ:{) is in both the numerator and the denominator of Eo. Hence
the contribution of point j to the error E¢ reduces to
(2)' Fiay + @}’ Fia])®
lles]x Fi @31 + ll[ea]x Fii [|°

(5.57)

which is the same as the contribution of point j to the optimal function for a single fundamental
matrix F; in (5.52). Therefore, the objective function Ey is just a clever algebraic way of simulta-
neously writing a mixture of optimal objective functions for individual fundamental matrices into a
single objective function for all the fundamental matrices.

We now derive an objective function that depends on the motion parameters only. As in
the case of a single fundamental matrix [36], this can be done by considering the first order statistics
of un(scg)T}“z/n(ml) It turns out that this is equivalent to setting 7 = 2 in the above expression
for Eo. Since Dv,,(z)x = nv, () we obtain the following function of the fundamental matrices

al An® (v ()T Fry ()2
i ;H < (Dun(@]) T FT vy (a)|2 + | [es]x (Dvn(ah) T Fr ()2

Notice that Eo is just a normalized version of the algebraic error (5.36). Furthermore,
when n = 1, Ep reduces to the well-known objective function, the so-called normalized epipolar
constraint or Sampson distance, for estimating a single fundamental matrix £ € R3*3 [36]

S 4w} Fai)?

Eo(F) = . —
i1 leslx FTay||? + || [es]x Fy |2

(5.58)
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Notice that (5.58) can also be obtained by setting £ = « in (5.52). Therefore, the objective function
Eo(Fy,. .., F,) isanatural generalization of well-known objective function Eo(F’) in single body
structure from motion.

In summary, we have derived an objective function from which one can simultaneously
estimate all the fundamental matrices { F; }_, using all the image pairs {(z7, )} =1, without prior
segmentation of the image measurements. The fundamental matrices can be obtained by minimizing
Eo using standard nonlinear optimization techniques. One can use the multibody linear algorithm

(Algorithm 10) to initialize the number of motions and the fundamental matrices.

Remark 38 (Pure translation and calibrated cases) The case of linearly moving objects (see Sec-
tion 3.9.4) or calibrated cameras can be easily handled by properly parameterizing the fundamental

matrices and then minimizing over fewer parameters.

5.7 Experimental results

In this section, we present simulation results that evaluate the performance of our nonlin-
ear motion segmentation algorithm with respect to the number of motions n for different levels of
noise. We also present experimental results on the segmentation of an indoor sequence.

We first test the algorithm on synthetic data. We randomly pick n = 1,2, 3, 4 collections
of N = 100 feature points and apply a different (randomly chosen) rigid body motion (R;, T;), with
R; € SO(3) the rotation and 7; € R? the translation. Zero-mean Gaussian noise with standard
deviation (std.) from 0 to 2.5 pixels is added to the images x1 and x5. We run 1000 trials for
each noise level. For each trial the error between the true motions {(R;, 7;)}!_, and the estimates
{(R;, T;)}7_, is computed as

Rotation error = — Z

(trace (R;RT) — ) (degrees).

2

Translation error = — (degrees).
; (\TIHTII)

Figure 5.6 plots the mean error in rotation and translation as a function of noise. The
algorithm gives an error of less than 3° for rotation and less than 10° for translation. As expected, the
performance deteriorates as the number of motions n increases, especially for the error in rotation.

We also tested the proposed approach by segmenting a real image sequence with n = 3
moving objects: a truck, a car and a box. Figure 5.7(a) shows the first frame of the sequence
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with the tracked features superimposed. We used the algorithm in [8] to track a total of N = 173
point features: 44 “o” for the truck, 48 “c” for the car and 81 “»” for the box. For comparison
purposes, we estimated the ground truth motion (R;,7;) of each object by manually segmenting
the feature points and then minimizing the standard error for single-body structure from motion
Eo(F;) in (5.52). Then, we estimated the number of motions from (5.9) as » = 3 and minimized
Eo(Fy, Fy, F3) to obtain (R;,T;). The error in rotation was 1.5°, 1.9° and 0.1° and the error in
translation was 1.7°, 1.8° and 0.4° for the truck, car and box, respectively.

In order to obtain the segmentation of the feature pairs, we computed the three re-projection
errors EO(E) for each feature pair as shown in Figures 5.7(c)-(e). Each feature pair was assigned
to the motion i = 1, 2, 3 with the minimum error. Figure 5.7(b) plots the segmentation of the image
points. There are no mismatches for motions 1 and 3. However 5 features corresponding to motion
2 are assigned to motion 1 and 6 features corresponding to motion 2 are assigned to motion 3. This

is because the motion of the car was smaller and hence its re-projection error is small for all F;’s.

5.8 Conclusions

We have presented a novel geometric approach for the analysis of dynamic scenes con-
taining multiple rigidly moving objects seen in two perspective views. Our approach exploited the
algebraic and geometric properties of the so-called multibody epipolar constraint and its associated
multibody fundamental matrix, which are natural generalizations of the epipolar constraint and of
the fundamental matrix to multiple moving objects. We derived a rank constraint on the image
points from which one can estimate the number of independent motions and linearly solve for the
multibody fundamental matrix. We proved that the epipoles of each independent motion lie exactly
in the intersection of the left null space of the multibody fundamental matrix with the so-called
\eronese surface. We then showed that epipolar lines can be computed from the derivatives of the
multibody epipolar constraint, and individual epipoles can be computed by applying GPCA to the
set of epipolar lines. Given the epipoles and epipolar lines, the estimation of individual fundamental
matrices becomes a linear problem. Then, motion and feature point segmentation is automatically
obtained from either the epipoles and epipolar lines or the individual fundamental matrices. We then
presented a novel algorithm for optimally segmenting dynamic scenes containing multiple rigidly
moving objects in the presence of noise. Instead of iterating between feature segmentation and sin-
gle body motion estimation, our approach eliminates the segmentation and directly optimizes over

the motion parameters.
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Figure 5.6: Error in the estimation of the rotation and translation as a function of noise in the image
points (std. in pixels).
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Figure 5.7: Segmenting a sequence with 3-D independent rigid motions.
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Chapter 6

Conclusions

This thesis presented an algebraic geometric approach to simultaneous data segmenta-
tion and model estimation, which is applicable to segmentation problems in which the data has a
piecewise constant, piecewise linear, or piecewise bilinear structure.

For these three classes of problems, we showed that one can represent the data with a col-
lection of multivariate polynomials of a certain degree. The degree of the polynomials corresponds
to the number of groups and the factors of the polynomials encode the model parameters associated
with each group. Therefore, we showed that the problem of estimating multiple models from data
is mathematically equivalent to factoring multivariate polynomials. We presented a novel solution
to such problem based on computing roots of univariate polynomials, plus a combination of linear
algebra with polynomial differentiation and division.

The development of our theory was motivated by various problems in computer vision.
We illustrated the piecewise constant case with applications to segmentation of static scenes based
on different cues such as intensity, texture and motion. We illustrated the piecewise linear case
with applications to detection of vanishing points, clustering of faces under varying illumination,
and segmentation of dynamic scenes with linearly moving objects. In the case of piecewise bilinear
data, we gave a complete solution to the multibody structure from motion problem, i.e., the problem
of segmenting dynamic scenes with multiple rigidly moving objects from two perspective views.

We also showed that our algebraic algorithms can be naturally used to initialize iterative
approaches to data clustering, such as K-means or EM, and established some basic connections with
other machine learning algorithms such as KPCA. Future research will further explore connections
with other probabilistic methods, and extend our theory to mixtures of models in which each class

has a possibly different algebraic structure.
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