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Abstract

We presentan algebraic geometricapproach for seg-
mentingboth static and dynamicscenedrom image inten-
sities. We introducethe multibodyafne constaint as a
geometricrelationshipbetweerthe motion of multiple ob-
jectsandtheimage intensitieggeneatedby them.Thiscon-
straintis satis edby all the pixels,regardlessof thebodyto
which they belongandregardlessof depthdiscontinuitiesor
perspectiveeffects. e proposea polynomialfactorization
techniquethat estimateghe numberof af ne motionmod-
elsaswell astheir motionparametes in polynomialtime
Thefactorizationtechniqueis usedto initialize a nonlinear
algorithmthat minimizeghealgebraic error de ned by the
multibodyaf ne constaint. Our approad is basedsolely
onimage intensitieshencet doesnotrequire feature track-
ing or correspondencedt is therefore a natural generliza-
tion of the so-calleddirectmethodsn single-bodystructue
from motionto multiple moving objects. We presentsimu-
lation and experimentakesultsthat validateour approach.

1. Intr oduction

Sgmentationof dynamic scenesis an importantand
challengingproblemin visual motion analysis.Most of its
dif culty is dueto the needfor simultaneougstimationof
the numberof moving objectsandtheir motions,aswell as
themotionof the cameraegomotion).

Whenthe sequencés static,i.e. wheneitherthe camera
or the3D world undegoasingle3D motion,onecanmodel
thesceneasamixtureof af ne motionmodels.Eventhough
a single 3D motionis presentmultiple 2D motion models
arisebecausef perspectie effectsand/ordepthdisconti-
nuities. In this casethe taskof 2D motionsegmentationis
thatof estimatingthesemodelsfrom theimagedata. Clas-
sical approachego 2D motion sggmentationtry to sepa-
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rate the image o w into differentregions either by look-
ing for ow discontinuitieq9], while imposingsomereg-
ularity conditions[1], or by tting amixture of probabilis-
tic models[6, 14, 10]. The latteris usuallydoneusingan
iterative processhat alternatesetweensegmentationand
motion estimatesusingthe EM algorithm. Alternative ap-
proachesare basedon local featuresthat incorporatespa-
tial andtemporalmotioninformation. Similar featuresare
groupedogethelusing,for example normalizedcuts[8] or
theeigervectorsof a similarity matrix[15]. Oncea 2D mo-
tion segmentatiorof the scenehasbeenobtainedtheaf ne

motionmodelsareestimatedseparatelysing,for example,
the so-calleddirectmethodg5].

Whenthe sceneis dynamic,i.e. whenboththe camera
andmultiple objectsmove, onecanstill modelthesceneas
a mixture of af ne motion models. Someof thesemodels
aredueto independen8D motions,e.g. whenthemotionof
anobjectrelativeto thecameracanbewell approximatedby
theafne motion model. Othersaredueto perspectie ef-
fectsand/ordepthdiscontinuitiese.g. whensomeof the3D
motionsarebrokeninto different2D motions. The taskof
3D motionseggmentatioris to obtaina collectionof 3D mo-
tion models,in spiteof perspectie effectsand/ordepthdis-
continuities.Thiscanbedoneby rst extractingacollection
of 2D motion modelsand then memging regionsthat have
a consistenBD motion. The estimationof the 2D motion
modelsis usually donein an ad-hocfashionthat rst ex-
tractsthedominantaf ne motionusingdirectmethodsand
then subdvides the misalignedregions by computingthe
next dominantmotion[4]. Alternative feature-basecdeth-
odsinfer the 3D motionmodelsdirectly from a collectionof
featurepoints. Previouswork in thisareaincludes[3, 7] for
pointsmoving linearly with constantspeed|2] for objects
seerby anorthographiccameran multiple views, and[13]
for objectsseenby a perspectie cameran two views.

In this paperwe proposean algebraicgeometricap-
proachto af ne motion sgmentationfrom imageintensi-
ties. We shav that one can estimatethe numberof af ne
motion modelsand their parameteranalytically, with no
needfor featuretrackingor correspondencedVe introduce



the multibodyaf ne constaint asa geometricrelationship
betweerthemultiple motionsandtheimageintensitieggen-
eratedby them. This constrainis satis ed by all the pixels,
regardlessof the bodyto which they belongandregardless
of depthdiscontinuitiesor perspectie effects. We derive a
rankconstrainbntheimagemeasurementsom which one
canestimateghenumberof motionsn. Givenn, onecanlin-
earlysolve for themultibodyaf ne motionafterembedding
all theimagemeasurements a higherdimensionakpace.
Individual af ne motionsarerecoveredfrom the multibody
one usinga novel polynomial factorizationtechniquethat
givesa uniqueglobal solutionto the motion segmentation
problem. This techniqueis thenusedto initialize a nonlin-
earalgorithmthatminimizesthe algebraicerrorde ned by
themultibody af ne constraint.We presensimulationand
experimentakesultsthatvalidateour approach.

2. Preliminaries

Considerandynamicscenewith anunknovn numberof
independenthandrigidly moving objects.We assumehat
the motion of the sequencean be modeledas a mixture
of an unknownnumbern of af ne motionmodels Each
motionmodelis describedy the equations

a11X + apy + ais 1)
ax X + axpyt az 2

ux;y) =
V(X y) =

whereu = [u;v;1]" 2 P? is the optical ow of pixel

parameters.

If we assumehatthe surfaceof eachobjectis Lamber
tian, thentheoptical o w of pixel x is relatedto thepartials
of theimageintensityat pixel x by thewell-known bright-
nessconstancyconstaint

Ixu+ lyv+ Iy = 0O 3)
Combining(1), (2) and(3) we obtainthe af ne constraint
Ix(au1X+ a2y + a1z)+ ly (@ X+ azny+azs)+ly = 0; (4)
which canbe compactlywritten as

2 32 3
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wherey = [I4;ly;1:]" 2 R®is the vectorof spatialand
temporalimagedervatives, A 2 R® 2 is the afne mo-
tion, andx 2 P? is the vector of pixel coordinates. For
simplicity, we will represenk asanhomogeneousector
x = [x;y;z] 2 R® from now on, unlessotherwisestated.
In the presenceof n = 1 motion, the afne constraint
yTAx = 0is bilinear on the imagemeasurementé; y)

andlinear on the afne motion A. Therefore,onecanes-
timate A linearly from a collectionof N 6 imagemea-
surements$ (x!;y!)g; usingequation(5).

In the presencef n motions,f A; gL, , we cannotsolve
the problemlinearly becauseve do notknow

1. The afne motion associatedvith eachimage mea-
suremen{x;y), i.e. the sgmentatiorof thedata.

2. Thenumberof af ne motionmodelsn.
Thereforewe arefacedwith thefollowing problem:

Problem 1 (Multibody af ne motion segmentation)
Givena setof image measuementsf (x! ;y! )gj’\':1 corre-
spondingo an unknowmumberof af ne motions estimate
the numberof motionsn, the motionparametes f A; g, ,
and the sggmentationof the image measuementsj.e. the
motionmodelassociatedvith ead image measuement.

3. Multibody af ne motion segmentation
3.1.The multibody af ne constraint

Let(x;y) beanimagemeasuremergssociateavith arny
motion. Then,thereexistsamatrixof motionparameters;
satisfyingthe afne constrainty " A;jx = 0. Thus,regard-
lessof the motionassociateavith theimagemeasurement,
the following multibodyaf ne constaint mustbe satis ed
by the numberof af ne motionsn, the motion parameters
fAigl, andtheimagemeasuremerix;y)

oy
Ax;y) = (YTAX) = O (6)

i=1

Themultibodyaf ne constraintcorvertsProbleml into
that of solving for the numberof afne motionsn and
the motion parameterg A;g.; from the nonlinear equa-
tion (6). This nonlinearconstraintde nes a homogeneous
polynomialof degreen in eitherx ory. For example,if we
letx = [x;y;z]", thenequation(6) viewed asa function
of x canbewrittenasalinearcombinationof thefollowing
monomialsf x";x" ly;x" lz;:::;
thatthereareM, = (n+ 1)(n + 2)=2 differentmonomials.
Therefore we canusethe Veronesenapof degreen, , :
R31 RMn [x;y;z]" 70 [x";x" ly;x" 1z;:::;2"]7, to
write themultibodyaf ne constraint6) in bilinearform as
statedby thefollowing Lemma(Seg[12] for the proof).

Lemma 1 (The bilinear multibody af ne constraint)
Themultibodyaf ne constaint (6) canbewrittenas

n(Y)TA n(x)=0; Q)

where A 2 RMn Mn s a matrix representatiorof the sym-
metrictensorproductof all theaf ne matricesf A;gl.; .




We call thematrix A the multibodyaf ne motionsinceit is
a naturalgeneralizatiorof the af ne motion modelto the
caseof multiple moving objects.Sinceequation(7) clearly
resembleshebilinearform of theaf ne constrainfor asin-
gle rigid body motion, we will referto both equationg6)
and(7) asthemultibodyaf ne constaint.

Example 1 (The two-body af ne motion) In the case of
n = 2afne motionsA; = [b;]2 R® 3andA; = [¢;] 2
R® 3, themultibodyaf ne motionA 2 R® 8 is givenby:

2b11C11 A1z bpiciz + bizcin bipciz bipCiz + bizciz byscis s
Ao Az A Aog Azs A
0 0 b1 + cin 0 b1z + c12 b3 + ci13
bp1Co1 Agz bp1Cos + p3Co1 bp2Cop bpaCos + 3oz Ip3cos
0 0 b1 + c21 0 b2 + C22 bp3 + C23
0 0 0 0 0 1

whee

A1z
A2
A
Azs

bp1C22 + bp2C21;
b11Co1 + bp1C11;
b12C22 + p2Ci2;
b13C23 + p3Ci3:

brici2 + brocig v A2
bri1Co2 + bp1ciz + biaCor + bp2Caas Aoy
br1Co3 + Bp1cCiz + bi3Cor + bp3caa; Aog
b12C23 + bp2C13 + b13Co2 + Ip3C12; A2s

3.2.Estimation of the number of motionsn
and of the multibody af ne motion A

Notice that, by de nition, the multibody afne motion
A dependsxplicitly on the numberof afne motionsn.
Thereforegventhoughthemultibodyaf ne constrain(7)is
linearin A, we cannotuseit to estimateA withoutknowing
n in advance. Fortunately we canderive a rank constraint
ontheimagemeasuremenfsom which onecanestimaten,
henceA. We rewrite the multibody af ne constraint(7) as
(n(y) n(x))Ta= 0 wherea 2 RM: is the stackof
thecolumnsof A and representshe Kronecler product.
Given a collectionof imagemeasurements(x! ; y! )gj’\':1 ,
thevectora satis esthesystemof linearequations

Pha = 0; (8)

wherethej ™ rowof P, 2 RN Miis( n(yl) W(xI)7,

In additionto equation(8), the matrix A hasto satisfy
otherconstraintsiueto thefactthatthe 3"9 row of eachA;
equalse] = [0;0;1]. We shav in AppendixA (Seealso
Examplel) thatZ, = n(n+ 1)(n+ 2)(3n + 5)=24entries
of A areequalto zeroandthattheentry(M ;M) is equal
to one. Therefore,in orderto determinea we solve the
homogeneousquation

Pha= 0 9)

wherea 2 RM+ 20 is thezsameasa with the zeroentries
remasedandP;, 2 RN (Mn Zn) jsthesameasP, with the
columnsassociatetb zeroentriesremoved. The scaleof a

is obtainedoy enforcingtheadditionalconstrainty 2 = 1.
In orderfor the solutionof (9) to beunique,we musthave

rankP,) = M2 Z, 1L (10)

This rank constrainton P, providesan effective criterion
to determinghe numberof af ne motionsn from thegiven
imageintensities asstatedby thefollowing Theorem.

Theorem 1 (Number of af ne motion models) Let P; 2
RN (M? Zi) pethe matrix in (9), but computedwith the
\eronesemap ; of degreel i n. If rankAj) 2
fori=1:::;n,N M2 Z, 1landatleast6 points
correspondo ead motion,then

N

8

2>MZ2 z; 1 ifi<n;
ranle(F’i)> = M2 Z coifi=n; (11)

T<MZ zZ 1L ifi>n

=

\

Thelefore, thenumberof af ne motionsn is givenby

n= minfi :rankP) = M2 Z; 1g: (12)

Proof:  The proof for the caseof fundamentalmatrices
canbefoundin [12]. Sincethe polynomialyA;ix is irre-
duciblewhenrank(A;) 2, theproofis alsovalid for af ne
matrices. n

In summarywe canuseTheoreml to estimatehenum-
ber of afne motionsn incrementallyfrom equation(12).
Givenn, we canlinearly solve for the multibodyaf ne mo-
tion A from (9). Notice however thatthe minimumnumber
ofimagepixelsneededsN M2 Z, 1,whichgronsin
theorderof O(n*) for largen. Sincein practicethenumber
of motionsis small,sayn 10, thisis notalimitation. For
example,for n = 10 motionswe needN 2430pixels,
whichis easilysatis edby a100 100image.

3.3.Estimation of individual af ne motionsfA;g’,

Given the multibody afne motionA 2 RM» M we
now shav how to computethe individual af ne motions
fA; 2 R® 3g,. From a mathematicapoint of view,
this problemis equivalentto factoringthe bi-homogeneous
polynomialA (x;y) into n bilinearexpression®f theform
xTA;y. To the bestof our knowledge,this is a hardprob-
lemin realalgebraandwe arenot awareof anef cient so-
lution to it!. Neverthelessthe multibody afne segmenta-
tion problemis a particularcaseof the generafactorization
problemin which the 39 row of eachA; is of the form
[0; 0; 1]. This extra knowledgewill allow usto cornvertthe
bi-homogeneougactorizationprobleminto a factorization

10f courseit canbesolvedin doubleexponentiatime usingGroebner
basisandquanti er elimination.



of homogeneoupolynomials problemfor whichwe devel-
opeda polynomialtime solutionin [11].

The corversionof one probleminto the other goesas
follows. Letx bethecoordinate®f apixelin the rst image
frame. If the pixel undegoesmotion A;, thenits optical
owu; isgivenbyu; = Ajx 2 R3,i =

y ¥
n(Y)TA n(x)= (yu); (13)
i=1 i=1

weconcludethatthevectors = A n(X) 2 RMn represents
thecoefcients of thehomogeneoupolynomialin y

()2 (YTun(yTuz)  (YTun) = a(y) e (14)

We call the vectorer = A ,(x) 2 RMn» the multibody
optical ow associatedo pixel x sinceit is a combina-
tion of all the optical owsfu;gl; thatthe pixel canun-

dego dependingdn the motionassociatedvith it?. We can
alsointerpretthe vectorsfu; g, aslinear combinations
of the columnsof A;. For example, Aje; representshe

379 columnof A;, hencett = A ,(&3) is a“combination”
of all the 3¢ columnsof eachA;. Intuitively, this means
thatif we knew how to recover theindividual optical o ws

fuigl,; fromthemultibodyoptical ow e = A ,(x),then
we would be ableto recover the individual af ne motions
fAigh, fromA in a“columnby column”basis.

Fromequation(14), we obsere thatrecovering the op-
tical owsfu;gl, associateavith pixel x from the multi-
body optical ow & = A ,(X) is equivalentto factoring
thehomogeneoupolynomialof degreen, g, (y), into then
homogeneoupolynomialsof degreeonefy Tu;gl, . We
shavedin [11] that this polynomialfactorizationproblem
hasa uniquesolution(up to ascalefor eachfactor)andthat
it is algebraicallyequivalentto solving for the roots of a
polynomialof degreen in onevariable,plus solving a lin-
earsystemin n variables.

Given sucha solutionfor the polynomial factorization
problem,we shav now how to actuallyrecover the afne
motionsfA;glL; from A. Tothisend,lete;; ey e; 2 R3
be the standardbasisfor R3. Thenthe 15t, (M, n)™
andM " rows of A aregivenby ,(e;)TA, ,(e2)T A and

n(e3)T A, respectiely. Since

Y
n(@)TA n(X)= g AX (15)
i=1

we cancomputethej ™ row of A;, &j = ATe , upto

ascale j 2 R,wherei = 1;:::;n,j = 1,2, by applying
polynomialfactorizatiorto thevectorA™ ,(g),j = 1;2.

2Mathematicallythe multibody optical o w & is the symmetrictensor
productof theindividual optical owsfu;g_, .

3In asimilarfashion AT |, (y) is thesymmetrictensorproductof the
vectorsAiT y,i.e. AT ,(y) isa“combination”of therows of eachA; .

In orderto solve for theunknown scalesye applypoly-
nomialfactorizatiorto thevectorsA™ (g + e3) to obtain

vectorsej = AT (g + e3) up to anunknavn scale
i 2 R.SinceA[ e; = e, we have that
i = & & (16)

for vectorsa;; ande; thatcorrespondo the samematrix
A;. We cancheckwhich &; correspondso which &;; by
checkingthat e{ [e3] &; = 0. Thentheunknowvn scales
aregivenby:
o (ey] &)"[ey] es
b Klej ] & k2 ()

We now have all therows of eachA; fully computedex-
ceptthatwe do not know which row correspondso which
matrixA;. Theassociatiomf rowsto matricescanbeeasily
determinecby looking atthe 3" columnof eachA;. Such
columnscanbe computedup to scaleby applyingpolyno-
mial factorizationto the lastcolumnof A, A ,(e3). The
scaleof the 3" columnof A; is immediatelydetermined,
sinceA;(3;3) = 1. Then,in orderto know which row cor
respondgo which af ne motion,we checkthatthe 379 en-
try of the 15t row matcheshe 15 entryof the3'® column.
Similarly, for the2"® row. We thenobtain

T
A= i1&1 282 €& (18)
Notice that this proceduregfor determiningwhich row cor

respondgo which columnfails whenthe entries(1; 3) or

(2; 3) of two af ne matricesareequal. We leave this case
asanopenproblem.

In summarywe obtainf A;g.; from A asfollows:
1. Setthe3"? row of eachA; to [0; 0; 1].

2. Computethe3'® columnof eachA; upto scaleby ap-
plying polynomialfactorizationto theM " columnof
A, A ,(&3). Sincetheentry(3; 3) of eachA; is equal
to 1, thescaleof the3' ¢ columnof eachA; equalsthe
inverseof theits 3% entry,

3. The1st and2™ rows of eachA;, &;; anda;,, canbe
computedup to scaleby applying polynomialfactor
izationto the1t and(M,, n)" rowsofA;, AT ,(e1)
andAT (&), respectiely.

4. Thescaleof the 1t and2" row of eachA;, ;; and

i2, canbeobtainedrom equation17),wheree;; and

€2 areobtainedby applyingpolynomialfactorization

tothevectorsAT (e, + e3) andAT (e + &), re-

spectvely. In equation(17), the &; associatedvith
& is determinedy checkingthate{ [es] & = 0.

5. In order to know which row correspondg€o which
afne motion, we checkthatthe 3'¢ entry of the 15
row matchesthe 15t entry of the 3'9 column. Simi-
larly for the2"® row.



3.4.Nonlinear motion segmentation

The segmentationalgorithm describedin the previous
sectionprovidesa unigueglobal solutionto the multibody
afne motion sggmentationproblem. Although the prob-
lem is nonlinear the solutionis basedon linear algebraic
techniqueghanksto the embeddingof theimagedatainto
a higherdimensionalspacevia the Veronesemap. How-
ever, sucha linear solutionis obtainedat the cost of ne-
glectingthe algebraicstructureof the multibodyaf ne mo-
tion A. RecallthatwetreattheM ? Z, O(n*) entries
of A asunknawns, althoughthereare only 6n unknavns
in fAijglL; . While it is algebraicallycorrectto neglectthe
internalstructureof A providedthattheconditionsof Theo-
rem1 aremet,theestimationof A canbecomenumerically
unstablédn the presencef noise.

In this sectionwe proposea simplenonlinearseggmenta-
tion algorithmthatdirectly recorerstheaf ne motionmod-
elsf Aigl, , without previously computingA. We assume
that the numberof motion hasbeenpreviously estimated
from equation(12) andsearchor the 6n af ne parameters
thatminimize the algebraicerrorde ned by the multibody

afne constraint.Thatis, we minimizetheerror:
|

Xow oo 02

(' TAx)) (19)
Noticethatif n = 1, theminimizationof E reducedo the
standardinear leastsquaresestimationof a single af ne
motion model. For n > 2 we usestandardoptimization
routinesstartingfrom the solution provided by the factor
izationalgorithm.

4. Experiments

We rst testtheproposedapproacton syntheticallygen-
erateddata. We randomlypick n = 2; 3; 4 collectionsof
N = 600pixel coordinatesindapplyadifferent(randomly
chosenpf ne motionmodelto eachoneof themto generate
theiroptical o ws. Fromtheoptical o w associatetb each
pixel, we randomlychoosea vectory of spatialandtem-
poralimagederiativessatisfyingthe brightnessconstang
constraint(3). Uniform noisefrom 0% to 5% is addedto
the partial derivativesy. We run 1000trials for eachnoise
level. For eachtrial the error betweenthe true afne mo-
tionsf A;gl., andtheestimate$ Aigf, is computedas

X ( KA, Aik) %
error= = AR 0
i=1

Figure 1 plotsthe meanerrorasa function of the noise
level. In all thetrials, thenumberof af ne motionswascor-
rectly estimatedrom equation(12) asn = 2; 3; 4*. Notice

(20)

4We declaredtherankof P, tober if ;41 =( 1 + + )<
where ; isthei-th singularvalueof P, and = 3 10 3.

thatthe estimateof the factorizationalgorithmarewithin
6% of the true af ne motionsfor n = 2, evenfor a noise
level of 5% in the imagederiatives. However the perfor
mancedeterioratedor n = 3. This is expected,because
thefactorizationalgorithmusesan over-parameterizedep-
resentationof the multibody af ne matrix. On the other
hand, the estimatesf the nonlinearalgorithm are within
2.1%, 8.2% and 13.3% of the groundtruth for n = 2;3
and4, respectiely. The nonlinearalgorithmis lesssensi-
tive to noise,becausédt usesa minimal parameterizatioof
themultibodyaf ne motion.

Error vs. noise: factorization algorithm Error vs. noise: nonlinear algorithm
5

—=- n=2
20| - n=3

15

& n=2
—-©- n=3
A n=4

10

o8
S

Figure 1. Error in the estimation of the af ne
models as a function of noise in the image
partial deriv atives.

We alsotestedhe proposedipproactby sggmentingthe
realsceneshavn in Figure2. The scenedisplaysa leader
follower con guration with two robotsmoving in a circle
anda staticbackgroundEventhoughthefollower is track-
ing the leader their 3D motionsarenot identical,yet they
aresimilarenoughto make their sggmentatiorchallenging.

We computedthe image partial derivatives using stan-
dardderivative lters in onedimensionand smoothing I-
tersin theothertwo dimensionsQOutof the150 200pixels
in theimagederiatives,we extractedN = 1995pixelsfor
whichjl{j > = 0:115 We obsened experimentallythat

it is importantfor the numericalstability of the algorithm
notto considerpixelswhich areactuallynot moving.

Figure 2. Two robot sequence

Figure 3 shaws the resultsof applyingour factorization
techniqueto the imagesequence Notice that eachone of
themoving robotsis correctlysegmented.



(a) Robotl ﬂ (c) Backgrorund

Figure 3. Segmentation results

(b) Robot2

5. Conclusionsand Futur e Work

We have proposedh geometricapproactor theanalysis
of dynamicscenegrom imageintensities.We shavedthat
onecandeterminghenumberof af ne motionsandthemo-
tion parameterdirectlyfromimageintensitieswvith noprior
segmentatioror correspondencemdin spiteof perspectie
effects or depthdiscontinuities. Our solutionis basedon
a clear geometricinterpretationthe multibodyaf ne con-
straint which transformsthe afne motion segmentation
probleminto that of factoringhomogeneougolynomials.
Sincethe latter problemhasa unique global solution, so
doesthe motionsegmentatiorproblem.We usedsucha so-
lution to initialize a nonlinearalgorithmthatminimizesthe
error de ned by the multibody af ne constraint. We pre-
sentedsimulation and experimentalresultsvalidating the
proposedapproach. We concludethat the currentimple-
mentatiorof thefactorizatioralgorithmis sensitve to noise
due to an over-parameterizedepresentatiorof the multi-
body afne motion. The nonlinearalgorithm hasan im-
proved performancebecausét usesa minimal representa-
tion. Futurework will includethe developmentof an opti-
mal sggmentationtechniquebasedon the multibody af ne
constraint. Sincethis constraintis sggmentationindepen-
dent, we expectto obtainan EM-type algorithmin which
the expectatiorstepis completelyeliminated.
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Appendix A: Zerosof the multi-af ne matrix

In additionto equation(8), the matrix A hasto satisfy
other constraintsdue to the fact that the 3" row of each
A equalse] = [0;0;1]. In orderto determinetheseaddi-
tional constraintsconsiderthe polynomial A(x;y) in (6),
wherex = [x; y;z]" andy = [I4;1y;1¢]". Weobserethat
the monomialsof y Ajx involving I, mustalsoinvolve z.
Therefore the coefcients of monomialsin A (x;y) which
aremultiplesof 1]z with0 j < i  n arezero. Since
thenumberof monomialswhich aremultiplesof 1zl isthe
numberof polynomialsof degree(n i) in 2 variables(l
andly) timesthenumberof polynomialsof degree(n )

in 2 variables(x andy), i.e. (n i+ 1)(n j + 1), the
numberof zerosin A Is:
x X1 X i i
7, = (h i+ j+1)= (n i+1)@2n+3 )i
i=1 j=0 i=1 2
_(n+1)(2n+3)><“i 3n+4X1i2+}X1i3
B 2 i=1 2 i=1 2i=1
_nn+1) (n+1)(2n+3) (Bn+ 4)(2n+ 1) N n(n+ 1)
T2 2 2 4

_n(n+ 1)(n+ 2)(3n+ 5)
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In orderto obtainthe entriesof the A thatarezero,for each
row of A associatedo |, i =
1. Finally,
noticethatthelastmonomialof A(x;y) is exactly (I:z)",
hencetheentry(M; M) of A is one.



