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Abstract

We presentan algebraic geometricapproach for seg-
mentingbothstaticanddynamicscenesfrom image inten-
sities. We introducethe multibodyaf�ne constraint as a
geometricrelationshipbetweenthe motionof multiple ob-
jectsandtheimageintensitiesgeneratedbythem.Thiscon-
straint is satis�edbyall thepixels,regardlessof thebodyto
which they belongandregardlessof depthdiscontinuitiesor
perspectiveeffects.We proposea polynomialfactorization
techniquethat estimatesthenumberof af�ne motionmod-
elsaswell as their motionparameters in polynomialtime.
Thefactorizationtechniqueis usedto initialize a nonlinear
algorithmthat minimizesthealgebraic error de�nedby the
multibodyaf�ne constraint. Our approach is basedsolely
onimageintensities,henceit doesnotrequirefeaturetrack-
ing or correspondences.It is thereforea natural generaliza-
tion of theso-calleddirectmethodsin single-bodystructure
from motionto multiple moving objects.We presentsimu-
lation andexperimentalresultsthat validateour approach.

1. Intr oduction

Segmentationof dynamic scenesis an important and
challengingproblemin visualmotionanalysis.Most of its
dif�culty is dueto theneedfor simultaneousestimationof
thenumberof moving objectsandtheir motions,aswell as
themotionof thecamera(egomotion).

Whenthesequenceis static,i.e. wheneitherthecamera
or the3D world undergoasingle3D motion,onecanmodel
thesceneasamixtureof af�ne motionmodels.Eventhough
a single3D motion is present,multiple 2D motionmodels
arisebecauseof perspective effectsand/ordepthdisconti-
nuities. In this casethe taskof 2D motionsegmentationis
thatof estimatingthesemodelsfrom theimagedata.Clas-
sical approachesto 2D motion segmentationtry to sepa-
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rate the image�o w into different regions either by look-
ing for �o w discontinuities[9], while imposingsomereg-
ularity conditions[1], or by �tting a mixtureof probabilis-
tic models[6, 14, 10]. The latter is usuallydoneusingan
iterative processthat alternatesbetweensegmentationand
motion estimatesusingthe EM algorithm. Alternative ap-
proachesarebasedon local featuresthat incorporatespa-
tial andtemporalmotion information. Similar featuresare
groupedtogetherusing,for example,normalizedcuts[8] or
theeigenvectorsof asimilarity matrix [15]. Oncea2D mo-
tion segmentationof thescenehasbeenobtained,theaf�ne
motionmodelsareestimatedseparatelyusing,for example,
theso-calleddirectmethods[5].

Whenthe sceneis dynamic,i.e. whenboth the camera
andmultiple objectsmove,onecanstill modelthesceneas
a mixture of af�ne motion models. Someof thesemodels
aredueto independent3D motions,e.g. whenthemotionof
anobjectrelativeto thecameracanbewell approximatedby
theaf�ne motionmodel. Othersaredueto perspective ef-
fectsand/ordepthdiscontinuities,e.g. whensomeof the3D
motionsarebroken into different2D motions. The taskof
3D motionsegmentationis to obtainacollectionof 3D mo-
tion models,in spiteof perspectiveeffectsand/ordepthdis-
continuities.Thiscanbedoneby �rst extractingacollection
of 2D motion modelsand thenmerging regions that have
a consistent3D motion. The estimationof the 2D motion
modelsis usuallydonein an ad-hocfashionthat �rst ex-
tractsthedominantaf�ne motionusingdirectmethodsand
then subdivides the misalignedregions by computingthe
next dominantmotion[4]. Alternative feature-basedmeth-
odsinfer the3D motionmodelsdirectlyfrom acollectionof
featurepoints.Previouswork in thisareaincludes[3, 7] for
pointsmoving linearly with constantspeed,[2] for objects
seenby anorthographiccamerain multipleviews,and[13]
for objectsseenby aperspectivecamerain two views.

In this paperwe proposean algebraicgeometricap-
proachto af�ne motion segmentationfrom imageintensi-
ties. We show that onecanestimatethe numberof af�ne
motion modelsand their parametersanalytically, with no
needfor featuretrackingor correspondences.We introduce



the multibodyaf�ne constraint asa geometricrelationship
betweenthemultiplemotionsandtheimageintensitiesgen-
eratedby them.Thisconstraintis satis�edby all thepixels,
regardlessof thebodyto which they belongandregardless
of depthdiscontinuitiesor perspective effects. We derive a
rankconstraintontheimagemeasurementsfrom whichone
canestimatethenumberof motionsn. Givenn, onecanlin-
earlysolve for themultibodyaf�ne motionafterembedding
all theimagemeasurementsin a higher-dimensionalspace.
Individualaf�ne motionsarerecoveredfrom themultibody
oneusinga novel polynomial factorizationtechniquethat
givesa uniqueglobal solutionto the motion segmentation
problem.This techniqueis thenusedto initialize a nonlin-
earalgorithmthatminimizesthealgebraicerrorde�ned by
themultibodyaf�ne constraint.We presentsimulationand
experimentalresultsthatvalidateourapproach.

2. Preliminaries

Considerandynamicscenewith anunknown numberof
independentlyandrigidly moving objects.We assumethat
the motion of the sequencecan be modeledas a mixture
of an unknownnumbern of af�ne motion models. Each
motionmodelis describedby theequations

u(x; y) = a11x + a12y + a13 (1)

v(x; y) = a21x + a22y + a23 (2)

whereu = [u; v; 1]T 2 P2 is the optical �o w of pixel
x = [x; y; 1]T 2 P2 anda11; : : : ; a23 aretheaf�ne motion
parameters.

If we assumethat thesurfaceof eachobjectis Lamber-
tian,thentheoptical�o w of pixel x is relatedto thepartials
of theimageintensityat pixel x by thewell-known bright-
nessconstancyconstraint

I x u + I y v + I t = 0: (3)

Combining(1), (2) and(3) weobtaintheaf�ne constraint

I x (a11x+ a12y+ a13)+ I y (a21x+ a22y+ a23)+ I t = 0; (4)

whichcanbecompactlywrittenas

y T Ax = [I x I y I t ]
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wherey = [I x ; I y ; I t ]T 2 R3 is the vectorof spatialand
temporalimagederivatives, A 2 R3� 3 is the af�ne mo-
tion, and x 2 P2 is the vector of pixel coordinates.For
simplicity, we will representx asan homogeneousvector
x = [x; y; z] 2 R3 from now on,unlessotherwisestated.

In the presenceof n = 1 motion, the af�ne constraint
y T Ax = 0 is bilinear on the imagemeasurements(x ; y )

andlinear on the af�ne motion A. Therefore,onecanes-
timateA linearly from a collectionof N � 6 imagemea-
surementsf (x j ; y j )gN

j =1 usingequation(5).
In thepresenceof n motions,f A i gn

i =1 , we cannotsolve
theproblemlinearlybecausewedonotknow

1. The af�ne motion associatedwith eachimagemea-
surement(x ; y ), i.e. thesegmentationof thedata.

2. Thenumberof af�ne motionmodelsn.

Therefore,wearefacedwith thefollowing problem:

Problem1 (Multibody af�ne motion segmentation)
Given a set of image measurementsf (x j ; y j )gN

j =1 corre-
spondingto anunknownnumberof af�ne motions,estimate
thenumberof motionsn, themotionparameters f A i gn

i =1 ,
and the segmentationof the image measurements,i.e. the
motionmodelassociatedwith each imagemeasurement.

3. Multibody af�ne motion segmentation

3.1.The multibody af�ne constraint

Let (x ; y ) beanimagemeasurementassociatedwith any
motion.Then,thereexistsamatrixof motionparametersA i

satisfyingtheaf�ne constrainty T A i x = 0. Thus,regard-
lessof themotionassociatedwith theimagemeasurement,
the following multibodyaf�ne constraint mustbe satis�ed
by the numberof af�ne motionsn, the motion parameters
f A i gn

i =1 andtheimagemeasurement(x ; y )

A (x ; y ) :=
nY

i =1

(y T A i x ) = 0: (6)

Themultibodyaf�ne constraintconvertsProblem1 into
that of solving for the numberof af�ne motions n and
the motion parametersf A i gn

i =1 from the nonlinear equa-
tion (6). This nonlinearconstraintde�nes a homogeneous
polynomialof degreen in eitherx or y . For example,if we
let x = [x; y; z]T , thenequation(6) viewed asa function
of x canbewrittenasa linearcombinationof thefollowing
monomialsf xn ; xn � 1y; xn � 1z; : : : ; zn g. It is readilyseen
thatthereareM n

:= (n + 1)(n + 2)=2 differentmonomials.
Therefore,we canusetheVeronesemapof degreen, � n :
R3 ! RM n , [x; y; z]T 7! [xn ; xn � 1y; xn � 1z; : : : ; zn ]T , to
write themultibodyaf�ne constraint(6) in bilinearform as
statedby thefollowing Lemma(See[12] for theproof).

Lemma 1 (The bilinear multibody af�ne constraint)
Themultibodyaf�ne constraint (6) canbewrittenas

� n (y )T A� n (x ) = 0; (7)

whereA 2 RM n � M n is a matrix representationof thesym-
metrictensorproductof all theaf�ne matricesf A i gn

i =1 .



We call thematrix A themultibodyaf�ne motionsinceit is
a naturalgeneralizationof the af�ne motion model to the
caseof multiple moving objects.Sinceequation(7) clearly
resemblesthebilinearform of theaf�ne constraintfor asin-
gle rigid body motion, we will refer to both equations(6)
and(7) asthemultibodyaf�ne constraint.

Example1 (The two-bodyaf�ne motion) In the caseof
n = 2 af�ne motionsA1 = [bij ] 2 R3� 3 andA2 = [cij ] 2
R3� 3, themultibodyaf�ne motionA 2 R6� 6 is givenby:
2

6
6
6
6
6
4

b11 c11 A 12 b11 c13 + b13 c11 b12 c12 b12 c13 + b13 c12 b13 c13
A 21 A 22 A 23 A 24 A 25 A 26

0 0 b11 + c11 0 b12 + c12 b13 + c13
b21 c21 A 42 b21 c23 + b23 c21 b22 c22 b22 c23 + b23 c22 b23 c23

0 0 b21 + c21 0 b22 + c22 b23 + c23
0 0 0 0 0 1
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7
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where

A 12 = b11 c12 + b12 c11 ; A 42 = b21 c22 + b22 c21 ;
A 22 = b11 c22 + b21 c12 + b12 c21 + b22 c11 ; A 21 = b11 c21 + b21 c11 ;
A 23 = b11 c23 + b21 c13 + b13 c21 + b23 c11 ; A 24 = b12 c22 + b22 c12 ;
A 25 = b12 c23 + b22 c13 + b13 c22 + b23 c12 ; A 26 = b13 c23 + b23 c13 :

3.2.Estimation of the number of motionsn
and of the multibody af�ne motion A

Notice that, by de�nition, the multibody af�ne motion
A dependsexplicitly on the numberof af�ne motionsn.
Therefore,eventhoughthemultibodyaf�ne constraint(7) is
linear in A, wecannotuseit to estimateA withoutknowing
n in advance.Fortunately, we canderive a rankconstraint
ontheimagemeasurementsfrom whichonecanestimaten,
henceA. We rewrite themultibodyaf�ne constraint(7) as
(� n (y ) 
 � n (x ))T a = 0, wherea 2 RM 2

n is thestackof
thecolumnsof A and
 representstheKronecker product.
Given a collectionof imagemeasurementsf (x j ; y j )gN

j =1 ,
thevectora satis�esthesystemof linearequations

Pn a = 0; (8)

wherethej th row of Pn 2 RN � M 2
n is (� n (y j ) 
 � n (x j ))T ,

for j = 1; : : : ; N .
In additionto equation(8), the matrix A hasto satisfy

otherconstraintsdueto thefactthatthe3r d row of eachA i

equalseT
3 = [0; 0; 1]. We show in AppendixA (Seealso

Example1) thatZn
:= n(n + 1)(n + 2)(3n + 5)=24entries

of A areequalto zeroandthattheentry(M n ; M n ) is equal
to one. Therefore,in order to determinea we solve the
homogeneousequation

~Pn ~a = 0; (9)

where~a 2 RM 2
n � Z n is thesameasa with thezeroentries

removedand ~Pn 2 RN � (M 2
n � Z n ) is thesameasPn with the

columnsassociatedto zeroentriesremoved.Thescaleof a

is obtainedby enforcingtheadditionalconstraintaM 2
n

= 1.
In orderfor thesolutionof (9) to beunique,wemusthave

rank( ~Pn ) = M 2
n � Zn � 1: (10)

This rank constrainton ~Pn providesan effective criterion
to determinethenumberof af�ne motionsn from thegiven
imageintensities,asstatedby thefollowing Theorem.

Theorem1 (Number of af�ne motion models) Let ~Pi 2
RN � (M 2

i � Z i ) be the matrix in (9), but computedwith the
Veronesemap� i of degree1 � i � n. If rank(A i ) � 2
for i = 1; : : : ; n, N � M 2

n � Zn � 1 andat least6 points
correspondto each motion,then

rank( ~Pi )

8
><

>:

> M 2
i � Z i � 1; if i < n;

= M 2
i � Z i � 1; if i = n;

< M 2
i � Z i � 1; if i > n:

(11)

Therefore, thenumberof af�ne motionsn is givenby

n := minf i : rank( ~Pi ) = M 2
i � Z i � 1g: (12)

Proof: The proof for the caseof fundamentalmatrices
canbe found in [12]. Sincethe polynomialyA i x is irre-
duciblewhenrank(A i ) � 2, theproof is alsovalid for af�ne
matrices.

In summary, wecanuseTheorem1 to estimatethenum-
ber of af�ne motionsn incrementallyfrom equation(12).
Givenn, wecanlinearlysolve for themultibodyaf�ne mo-
tion A from (9). Noticehowever thattheminimumnumber
of imagepixelsneededisN � M 2

n � Zn � 1, whichgrowsin
theorderof O(n4) for largen. Sincein practicethenumber
of motionsis small,sayn � 10, this is nota limitation. For
example,for n = 10 motionswe needN � 2430pixels,
which is easilysatis�edby a100� 100image.

3.3.Estimation of individual af�ne motions f A i gn
i =1

Given the multibody af�ne motion A 2 RM n � M n , we
now show how to computethe individual af�ne motions
f A i 2 R3� 3gn

i =1 . From a mathematicalpoint of view,
this problemis equivalentto factoringthebi-homogeneous
polynomialA (x ; y ) into n bilinearexpressionsof theform
x T A i y . To thebestof our knowledge,this is a hardprob-
lem in realalgebraandwe arenot awareof anef�cient so-
lution to it1. Nevertheless,themultibodyaf�ne segmenta-
tion problemis aparticularcaseof thegeneralfactorization
problemin which the 3r d row of eachA i is of the form
[0; 0; 1]. This extra knowledgewill allow us to convert the
bi-homogeneousfactorizationprobleminto a factorization

1Of courseit canbesolvedin doubleexponentialtime usingGröebner
basisandquanti�er elimination.



of homogeneouspolynomials,problemfor whichwedevel-
opedapolynomialtimesolutionin [11].

The conversionof one probleminto the other goesas
follows. Let x bethecoordinatesof apixel in the�rst image
frame. If the pixel undergoesmotion A i , then its optical
�o w u i is givenby u i

:= A i x 2 R3, i = 1; : : : ; n. Since

� n (y )T A� n (x ) =
nY

i =1

�
y T A i x

�
=

nY

i =1

(y T u i ); (13)

weconcludethatthevector~u := A� n (x ) 2 RM n represents
thecoef�cients of thehomogeneouspolynomialin y

gn (y ) := (y T u 1)(y T u 2) � � � (y T u n ) = � n (y )T ~u: (14)

We call the vector ~u := A� n (x ) 2 RM n the multibody
optical �ow associatedto pixel x since it is a combina-
tion of all the optical �o ws f u i gn

i =1 that the pixel canun-
dergo dependingon themotionassociatedwith it2. We can
also interpret the vectorsf u i gn

i =1 as linear combinations
of the columnsof A i . For example,A i e3 representsthe
3r d columnof A i , hence~u = A� n (e3) is a “combination”
of all the 3r d columnsof eachA i . Intuitively, this means
that if we knew how to recover theindividual optical �o ws
f u i gn

i =1 fromthemultibodyoptical�o w ~u = A� n (x ), then
we would be ableto recover the individual af�ne motions
f A i gn

i =1 from A in a “columnby column”basis3.
Fromequation(14), we observe that recovering theop-

tical �o ws f u i gn
i =1 associatedwith pixel x from themulti-

body optical �o w ~u = A� n (x ) is equivalent to factoring
thehomogeneouspolynomialof degreen, gn (y ), into then
homogeneouspolynomialsof degreeonef y T u i gn

i =1 . We
showed in [11] that this polynomial factorizationproblem
hasauniquesolution(up to ascalefor eachfactor)andthat
it is algebraicallyequivalent to solving for the roots of a
polynomialof degreen in onevariable,plussolvinga lin-
earsystemin n variables.

Given sucha solution for the polynomial factorization
problem,we show now how to actually recover the af�ne
motionsf A i gn

i =1 from A. To this end,let e1; e2; e3 2 R3

be the standardbasisfor R3. Then the 1st , (M n � n)th

andM th
n rows of A aregivenby � n (e1)T A, � n (e2)T A and

� n (e3)T A, respectively. Since

� n (ej )T A� n (x ) =
nY

i =1

�
eT

j A i x
�

(15)

we cancomputethej th row of A i , ~a ij = � � 1
ij AT

i ej , up to
a scale� ij 2 R, wherei = 1; : : : ; n, j = 1; 2, by applying
polynomialfactorizationto thevectorAT � n (ej ), j = 1; 2.

2Mathematically, themultibodyoptical�o w ~u is thesymmetrictensor
productof theindividualoptical�o ws f u i gn

i =1 .
3In asimilar fashion,A T � n (y ) is thesymmetrictensorproductof the

vectorsA T
i y , i.e. A T � n (y ) is a “combination”of therowsof eachA i .

In orderto solve for theunknown scales,weapplypoly-
nomialfactorizationto thevectorsAT � n (ej + e3) to obtain
vectors~cij = 
 � 1

ij AT
i (ej + e3) up to an unknown scale


 ij 2 R. SinceAT
i e3 = e3, wehave that


 ij ~cij = � ij ~a ij + e3 (16)

for vectors~a ij and~cij that correspondto thesamematrix
A i . We cancheckwhich ~cij correspondsto which ~a ij by
checkingthat ~cT

ij [e3]� ~a ij = 0. Thenthe unknown scales
aregivenby:

� ij = �
([~cij ]� ~a ij )T [~cij ]� e3

k[~cij ]� ~a ij k2 : (17)

Wenow haveall therowsof eachA i fully computed,ex-
ceptthatwe do not know which row correspondsto which
matrixA i . Theassociationof rowsto matricescanbeeasily
determinedby looking at the3r d columnof eachA i . Such
columnscanbecomputedup to scaleby applyingpolyno-
mial factorizationto the last columnof A, A� n (e3). The
scaleof the 3r d columnof A i is immediatelydetermined,
sinceA i (3; 3) = 1. Then,in orderto know which row cor-
respondsto which af�ne motion,we checkthat the3r d en-
try of the1st row matchesthe1st entryof the3r d column.
Similarly, for the2nd row. We thenobtain

A i =
�
� i 1 ~a i 1 � i 2 ~a i 2 e3

� T
i = 1; : : : ; n: (18)

Notice that this procedurefor determiningwhich row cor-
respondsto which columnfails whenthe entries(1; 3) or
(2; 3) of two af�ne matricesareequal. We leave this case
asanopenproblem.

In summary, weobtainf A i gn
i =1 from A asfollows:

1. Setthe3r d row of eachA i to [0; 0; 1].

2. Computethe3r d columnof eachA i up to scaleby ap-
plying polynomialfactorizationto theM th

n columnof
A, A� n (e3). Sincetheentry(3; 3) of eachA i is equal
to 1, thescaleof the3r d columnof eachA i equalsthe
inverseof theits 3r d entry.

3. The1st and2nd rows of eachA i , ~a i 1 and~a i 2, canbe
computedup to scaleby applyingpolynomial factor-
izationto the1st and(M n� n)th rowsof A i , AT � n (e1)
andAT � n (e2), respectively.

4. Thescaleof the1st and2nd row of eachA i , � i 1 and
� i 2, canbeobtainedfrom equation(17),where~ci 1 and
~ci 2 areobtainedby applyingpolynomialfactorization
to thevectorsAT � n (e1 + e3) andAT � n (e2 + e3), re-
spectively. In equation(17), the ~cij associatedwith
~a ij is determinedby checkingthat~cT

ij [e3]� ~a ij = 0.

5. In order to know which row correspondsto which
af�ne motion, we checkthat the 3r d entry of the 1st

row matchesthe 1st entry of the 3r d column. Simi-
larly for the2nd row.



3.4.Nonlinear motion segmentation
The segmentationalgorithm describedin the previous

sectionprovidesa uniqueglobal solutionto themultibody
af�ne motion segmentationproblem. Although the prob-
lem is nonlinear, the solution is basedon linear algebraic
techniquesthanksto theembeddingof the imagedatainto
a higher-dimensionalspacevia the Veronesemap. How-
ever, sucha linear solution is obtainedat the cost of ne-
glectingthealgebraicstructureof themultibodyaf�ne mo-
tion A. Recallthatwe treattheM 2

n � Zn � O(n4) entries
of A asunknowns, althoughthereareonly 6n unknowns
in f A i gn

i =1 . While it is algebraicallycorrectto neglect the
internalstructureof A providedthattheconditionsof Theo-
rem1 aremet,theestimationof A canbecomenumerically
unstablein thepresenceof noise.

In thissection,weproposeasimplenonlinearsegmenta-
tion algorithmthatdirectly recoverstheaf�ne motionmod-
els f A i gn

i =1 , without previously computingA. We assume
that the numberof motion hasbeenpreviously estimated
from equation(12) andsearchfor the6n af�ne parameters
thatminimize thealgebraicerrorde�ned by themultibody
af�ne constraint.Thatis, weminimizetheerror:

E (A1; : : : ; An ) =
NX

j =1

 
nY

i =1

(y j T A i x j )

! 2

: (19)

Notice that if n = 1, theminimizationof E reducesto the
standardlinear leastsquaresestimationof a single af�ne
motion model. For n > 2 we usestandardoptimization
routinesstartingfrom the solutionprovided by the factor-
izationalgorithm.

4. Experiments

We�rst testtheproposedapproachonsyntheticallygen-
erateddata. We randomlypick n = 2; 3; 4 collectionsof
N = 600pixel coordinatesandapplyadifferent(randomly
chosen)af�ne motionmodelto eachoneof themto generate
theiroptical�o ws. Fromtheoptical�o w associatedto each
pixel, we randomlychoosea vectory of spatialandtem-
poral imagederivativessatisfyingthebrightnessconstancy
constraint(3). Uniform noisefrom 0% to 5% is addedto
thepartialderivativesy . We run 1000trials for eachnoise
level. For eachtrial the error betweenthe true af�ne mo-
tionsf A i gn

i =1 andtheestimatesf Â i gn
i =1 is computedas

error=
1
n

nX

i =1

(
kA i � Â i k

kA i k

)

%: (20)

Figure1 plots themeanerrorasa functionof thenoise
level. In all thetrials,thenumberof af�ne motionswascor-
rectly estimatedfrom equation(12) asn = 2; 3; 44. Notice

4We declaredtherankof ~Pn to be r if � r +1 =(� 1 + � � � + � r ) < � ,
where� i is thei -th singularvalueof ~Pn and� = 3 � 10� 3 .

that the estimatesof the factorizationalgorithmarewithin
6% of the true af�ne motionsfor n = 2, even for a noise
level of 5% in the imagederivatives. However the perfor-
mancedeterioratesfor n = 3. This is expected,because
thefactorizationalgorithmusesanover-parameterizedrep-
resentationof the multibody af�ne matrix. On the other
hand,the estimatesof the nonlinearalgorithm are within
2.1%, 8.2% and 13.3%of the groundtruth for n = 2; 3
and4, respectively. The nonlinearalgorithmis lesssensi-
tive to noise,becauseit usesa minimal parameterizationof
themultibodyaf�ne motion.
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Figure 1. Error in the estimation of the af�ne
models as a function of noise in the image
par tial deriv atives.

Wealsotestedtheproposedapproachby segmentingthe
realsceneshown in Figure2. Thescenedisplaysa leader-
follower con�guration with two robotsmoving in a circle
anda staticbackground.Eventhoughthefollower is track-
ing the leader, their 3D motionsarenot identical,yet they
aresimilarenoughto make their segmentationchallenging.

We computedthe imagepartial derivatives using stan-
dardderivative �lters in onedimensionandsmoothing�l-
tersin theothertwo dimensions.Outof the150� 200pixels
in theimagederivatives,we extractedN = 1995pixelsfor
which jI t j > � = 0:115. We observedexperimentallythat
it is importantfor the numericalstability of the algorithm
not to considerpixelswhichareactuallynotmoving.

Figure 2. Two robot sequence

Figure3 shows the resultsof applyingour factorization
techniqueto the imagesequence.Notice that eachoneof
themoving robotsis correctlysegmented.



(a)Robot1 (b) Robot2 (c) Background

Figure 3. Segmentation results

5. Conclusionsand Futur e Work

Wehaveproposedageometricapproachfor theanalysis
of dynamicscenesfrom imageintensities.We showedthat
onecandeterminethenumberof af�ne motionsandthemo-
tionparametersdirectlyfrom imageintensitieswith noprior
segmentationor correspondencesandin spiteof perspective
effectsor depthdiscontinuities. Our solution is basedon
a clear geometricinterpretationthe multibodyaf�ne con-
straint which transformsthe af�ne motion segmentation
probleminto that of factoringhomogeneouspolynomials.
Sincethe latter problemhasa uniqueglobal solution, so
doesthemotionsegmentationproblem.Weusedsuchaso-
lution to initialize a nonlinearalgorithmthatminimizesthe
error de�ned by the multibody af�ne constraint. We pre-
sentedsimulationand experimentalresultsvalidating the
proposedapproach. We concludethat the current imple-
mentationof thefactorizationalgorithmis sensitiveto noise
due to an over-parameterizedrepresentationof the multi-
body af�ne motion. The nonlinearalgorithm hasan im-
provedperformance,becauseit usesa minimal representa-
tion. Futurework will includethedevelopmentof anopti-
mal segmentationtechniquebasedon themultibodyaf�ne
constraint. Sincethis constraintis segmentationindepen-
dent,we expect to obtainan EM-type algorithmin which
theexpectationstepis completelyeliminated.

References

[1] M. Black andP. Anandan.Robustdynamicmotionestima-
tion over time. In InternationalConferenceon Computer
VisionandPatternRecognition, pages296–302,1991.

[2] J.CosteiraandT. Kanade.Multi-body factorizationmethods
for motion analysis. In IEEE InternationalConferenceon
ComputerVision, pages1071–1076,1995.

[3] M. HanandT. Kanade.Reconstructionof ascenewith mul-
tiple linearly moving objects. In InternationalConference
on ComputerVision and Pattern Recognition, volume 2,
pages542–549,2000.

[4] M. Irani andP. Anandan.A uni�ed approachto moving ob-
ject detectionin 2D and3D scenes.IEEE Trans.on Pattern
AnalysisandMachineIntelligence, 20(6):577–589,1998.

[5] M. Irani andP. Anandan.About directmethods.In Work-
shoponVisionAlgorithms, pages267–277,1999.

[6] A. JepsonandM. Black. Mixture modelsfor optical �o w
computation.In InternationalConferenceon ComputerVi-
sionandPatternRecognition, pages760–761,1993.

[7] A. ShashuaandA. Levin. Multi-frame in�nitesimal motion
modelfor thereconstructionof (dynamic)sceneswith mul-
tiple linearlymoving objects.In IEEEInternationalConfer-
enceonComputerVision, volume2, pages592–599,2001.

[8] J. Shi andJ. Malik. Motion segmentationandtrackingus-
ing normalizedcuts. In IEEE InternationalConferenceon
ComputerVision, pages1154–1160,1998.

[9] A. SpoerriandS. Ullman. The early detectionof motion
boundaries.In IEEEInternationalConferenceonComputer
Vision, pages209–218,1987.

[10] P. H. S. Torr. Geometric motion segmentation and
model selection. Phil. Trans.Royal Societyof LondonA,
356(1740):1321–1340,1998.

[11] R. Vidal, Y. Ma, andS. Sastry. Generalizedprincipalcom-
ponentanalysis. TechnicalReportUCB/ERL 02/15, UC
Berkeley, May 2002.

[12] R. Vidal, Y. Ma, S. Soatto,andS. Sastry. Two-view multi-
bodystructurefrom motion. InternationalJournal of Com-
puterVision, 2002.Submitted.

[13] R. Vidal, S. Soatto,Y. Ma, andS. Sastry. Segmentationof
dynamicscenesfrom themultibodyfundamentalmatrix. In
WorkshoponVisualModelingof DynamicScenes, 2002.

[14] Y. Weiss. Smoothnessin layers: Motion segmentationus-
ing nonparametricmixtureestimation.In InternationalCon-
ferenceon ComputerVisionandPatternRecognition, pages
520–526,1997.

[15] Y. Weiss. Segmentationusing eigenvectors: a unifying
view. In IEEE InternationalConferenceon ComputerVi-
sion, pages975–982,1999.

Appendix A: Zerosof the multi-af�ne matrix
In additionto equation(8), the matrix A hasto satisfy

other constraintsdue to the fact that the 3r d row of each
A i equalseT

3 = [0; 0; 1]. In orderto determinetheseaddi-
tional constraints,considerthe polynomialA (x ; y ) in (6),
wherex = [x; y; z]T andy = [I x ; I y ; I t ]T . Weobservethat
the monomialsof yA i x involving I t mustalso involve z.
Therefore,thecoef�cients of monomialsin A(x ; y ) which
aremultiplesof I i

t zj with 0 � j < i � n arezero. Since
thenumberof monomialswhicharemultiplesof I i

t zj is the
numberof polynomialsof degree(n � i ) in 2 variables(I x
andI y ) timesthenumberof polynomialsof degree(n � j )
in 2 variables(x andy), i.e. (n � i + 1)(n � j + 1), the
numberof zerosin A is:

Zn =
nX

i =1

i � 1X

j =0

(n � i + 1)(n � j + 1) =
nX

i =1

(n � i + 1)(2n + 3 � i )i
2

=
(n + 1)(2n + 3)

2

nX

i =1

i �
3n + 4

2

nX

i =1

i 2 +
1

2

nX

i =1

i 3

=
n(n + 1)

2

�
(n + 1)(2n + 3)

2
�

(3n + 4)(2n + 1)
2

+
n(n + 1)

4

�

=
n(n + 1)(n + 2)(3n + 5)
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In orderto obtaintheentriesof theA thatarezero,for each
row of A associatedto I i

t , i = 1; : : : ; n, we look for the
columnsof A associatedto zj , for j = 0; : : : ; i � 1. Finally,
noticethat the lastmonomialof A (x ; y ) is exactly (I t z)n ,
hencetheentry(M n ; M n ) of A is one.


