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Abstract

Westudytherankandgeometryof themultibodyfundamen-
tal matrix, a geometricentity characterizingthe two-view
geometryof dynamicscenesconsistingof multiple rigid-
bodymotions.Wederiveanupperboundon therankof the
multibodyfundamentalmatrix that dependson thenumber
of independenttranslations. We also derive an algebraic
characterizationof the SVD of a multibody fundamental
matrix in thecaseof two or oddnumberof rigid-bodymo-
tionswith a commonrotation.Thischaracterizationallows
ustoprojectanarbitrarymatrixontothespaceofmultibody
fundamentalmatricesusinglinear algebraic techniques.

1. Intr oduction
Giventwo perspectiveviewsof ascenecontainingmultiple
rigidly moving objects,weconsidertheproblemof estimat-
ing themotionof eachobjectrelativeto thecamera,without
knowing whichmeasurementsbelongto whichobject.

When the sceneis static, i.e., when either the camera
or a singleobjectmove rigidly, it is well-known [7] that if
x 1; x 2 2 P2 aretwo perspective imagesof a point in 3-D
space,thenthey mustsatisfytheepipolarconstraint

x >
2 F x 1 = 0; (1)

whereF 2 R3� 3 is a rank-2matrix calledthe fundamen-
tal matrix. Theepipolarconstraintcanbeusedto estimate
F and the cameramotion from a set of point correspon-
dencesusinglineartechniquessuchastheeight-pointalgo-
rithm. In the caseof a calibratedcamera,it is alsoknown
that F factorsas F = [T]� R, where[T]� 2 so(3) is a
skew-symmetricmatrix associatedwith thecameratransla-
tion T 2 R3 andR 2 SO(3) is the camerarotation. The
spaceso(3) � SO(3) is known astheessentialmanifoldand
canbe characterizedas the spaceof matriceswith singu-
lar valuesfk Tk; kTk; 0g. Sucha characterizationis crucial
whenestimatingF from noisycorrespondences,becauseit
allowsusto projectanoisylinearestimateof F ontoageo-
metricallycorrectessentialmatrix.
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Thework of [14] proposesa generalizationof theeight-
point algorithm to the more generaland challengingcase
of dynamicscenesin which both the cameraand an un-
known numberof objectswith unknown 3-Dstructuremove
independently. The papershows that applying a polyno-
mial embeddingto the imagepoints leadsto the so-called
multibodyepipolarconstraint andits associatedmultibody
fundamentalmatrix F . The methodcomputesthe number
of motionsfrom a rank constrainton the imagemeasure-
ments,estimatesthe multibody fundamentalmatrix using
leastsquares,andthe individual fundamentalmatricesus-
ing multivariatepolynomialfactorizationor differentiation.

Unfortunately, themethodis not yet reliablein thepres-
enceof noise,becauseof thefollowing reasons:

1. The polynomial embeddingis not invariant with re-
spect to rotationsor translationsof the image data,
which makes it dif�cult to characterizethe spaceof
multibodyfundamentalmatrices.Sucha characteriza-
tion is crucialfor improving theperformanceof linear
algorithmsin thepresenceof noisydata.

2. The multibody fundamentalmatrix F is computed
linearly, without taking into accountnonlinearcon-
straintsdictatedby its rankandgeometry. Therefore,
theestimateof F maynot begeometricallycorrectin
thepresenceof noise,meaningthatit maynotperfectly
factor into the multiple fundamentalmatricesassoci-
atedwith eachoneof therigid-bodymotions.

In this paper, we show how to overcomethesedif�cul-
ties by exploiting the rank andgeometryof the multibody
fundamentalmatrix. Morespeci�cally,

1. Rank: we show that the rank of F dependson the
numberof independenttranslationalmotionsand on
the numberof times they are repeated. Our results
completetheanalysisin [14], whichdealswith thepar-
ticular caseof onerepeatedtranslationalmotion.

2. Geometry: we show that in the caseof n rigid-body
motionswith commonrotation,F factorsastheprod-
uct of a symmetric(n even) or skew-symmetric(n
odd)matrix timesa rotationmatrix. Whenthenumber



of motionsis two or odd, this leadsto a characteriza-
tion of the SVD of F . This characterizationis possi-
ble thanksto a slightly new de�nition of the polyno-
mial embeddingthatmakesthesingularvaluesof the
multibody fundamentalmatrix invariant with respect
to rotationsof theimagedata.

3. Projection: we show that the characterizationof the
SVD of F canbe usedto projectan arbitrarymatrix
estimatedfrom noisy correspondencesonto the space
of multibody fundamentalmatricesusinglinear alge-
braictechniques.

To the bestof our knowledge, there is no prior work
studying the geometryand projection onto the spaceof
multibodyfundamentalmatrices.In fact,�nding alinearal-
gebraiccharacterizationof this spaceis anextremelychal-
lenging problem. Therefore,althoughthe caseof two or
oddnumberof motionswith commonrotationsmayappear
to be restrictive, we believe this caseis an importantstep
towardsolvingthegeneralcase.

Previous work. Most prior work on dynamicscenerecon-
structionproceedsby �rst segmentingimagemeasurements
into variousmotion models,and then estimatinga single
motion model for eachgroupof measurements,or elsein
an iterative mannerwith theaid of theEM algorithm. The
numberof modelscanalsobe estimatedin a probabilistic
frameworkusingmodelselectiontechniquessuchas[10, 6].
However, theconvergenceof iterative/probabilisticmethods
to the global optimumdependsstronglyon correctinitial-
ization [10, 9]. This hasmotivatedtherecentdevelopment
of geometricapproachesto dynamicscenereconstruction
which do not requireinitialization. Algebraicapproaches
includemethodsfor multiplemoving objectsseenby anor-
thographiccamera[1, 5, 17, 11], self-calibrationfrom mul-
tiple motions[2], multiplepointsmoving in planes[8], seg-
mentationof two [16] andmultiple [14, 15] rigid-bodymo-
tionsfrom two or three[4] perspective views.

2. Multibody Epipolar Geometry
Given a set of point correspondencesf (x j

1; x j
2)gN

j =1 gen-
eratedfrom n independentlyand rigidly moving objects,
ourgoalis toestimatetheirassociatedfundamentalmatrices
f Fi gn

i =1 andtheobjectto whicheachimagepairbelongs.
To this end,let (x 1; x 2) beanarbitraryimagepair asso-

ciatedwith anyof then moving objects.Then,thereexists
a fundamentalmatrix Fi 2 R3� 3 suchthat the epipolar
constraint x >

2 Fi x 1 = 0 is satis�ed. Therefore,regardless
of the objectassociatedwith the imagepair, the following
multibodyepipolarconstraint [14] mustbesatis�edby the
fundamentalmatricesf Fi gn

i =1 andtheimagepair (x 1; x 2)

MEC(x 1; x 2) :=
nY

i =1

�
x >

2 Fi x 1
�

= 0: (2)

Themultibodyepipolarconstraint(MEC) is a homoge-
neouspolynomialof degreen in eachof x 1 or x 2. There-
fore, if we let x 1 = [x1; y1; z1]> , thenequation(2) viewed
asafunctionof x 1 canbewrittenasalinearcombinationof
thefollowing M n

:= (n + 1)(n + 2)=2 independentmono-
mials f xn

1 ; xn � 1
1 y1; xn � 1

1 z1; : : : ; zn
1 g. After collecting all

thesemonomialsinto avector

� n (x 1) = [: : : ; 
 n 1 ;n 2 ;n 3 xn 1
1 yn 2

1 zn 3
1 ; : : :]> 2 RM n ; (3)

where
 n 1 ;n 2 ;n 3 =
q

n !
n 1 !n 2 !n 3 ! with 0 � n1; n2; n3 � n,

n1 + n2 + n3 = n, theMEC canbewrittenasthefollowing
abilinearexpressionin � n (x 1) and� n (x 2) (see[14]):

� n (x 2)> F � n (x 1) = 0: (4)

ThematrixF 2 RM n � M n is calledthemultibodyfunda-
mentalmatrix, andis a naturalgeneralizationof thefunda-
mentalmatrix F 2 R3� 3 to thecaseof n moving objects.
The embedding� n : R3 ! RM n is known in algebraic
geometryastheVeronesemapof degreen [3].

Remark 1 (Rotation invariant) Noticethat our de�nition
of theVeronesemapis slightlydifferentfromtheonein [14],
aswedeliberatelymultiply themonomialxn 1

1 yn 2
1 zn 3

1 bythe
coef�cient 
 n 1 ;n 2 ;n 3 . As we will showin Theorem2, this
new de�nition of theVeronesemapmakesit rotationinvari-
ant,a propertythat will beshownto becrucial for charac-
terizingthespaceof multibodyfundamentalmatrices.

Thanksto the Veronesemap,we canwrite the epipolar
constraintfor all N point correspondencesas

V n f :=
�
� n (x 1

2) 
 � n (x 1
1) � � � � n (x N

2 ) 
 � n (x N
1 )

� >
f = 0; (5)

wheref 2 RM 2
n is thestackof therows of F and
 repre-

sentstheKronecker product.GivenF , which canbecom-
putedastheleastsquaressolutionof (5), theindividual fun-
damentalmatricesf Fi gn

i =1 areobtainedby factorizingthe
bi-homogeneouspolynomial

� n (x 2)> F � n (x 1) =
nY

i =1

�
x >

2 Fi x 1
�

= 0 (6)

into a productof bilinear forms [14], or from the second
orderderivativesof theMEC [12].

NoticethatthemultibodyfundamentalmatrixF is deter-
minedby the fundamentalmatricesof the individual rigid
motions f Fi gn

i =1 . Since thesefundamentalmatricesare
of rank two and/orbelong to the essentialmanifold, the
multibodyfundamentalmatrix is not anarbitrarymatrix in
RM n � M n , but mustsatisfysomenonlinearconstraints,such
asrankconstraintsand/orgeometricconstraints.Suchcon-
straintsareclearlynot exploitedby the linearalgorithmof



[14]. Therefore,thelinearestimateof themultibodyfunda-
mentalmatrixmaynotbegeometricallycorrectin thepres-
enceof noise,meaningthat its associatedMEC may not
perfectlyfactorasaproductof epipolarconstraints.

Suchproblemsmotivateour developmentin the restof
thispaper.

3. Rank of the Multibody Fundamen-
tal Matrix

It is well-known [7] that the rank of a fundamentalmatrix
F is two. The vectore in its left null spaceis called the
epipoleandsatis�esthefollowing relationshipe> F = 0.

In the case of n rigid-body motions, there exist n
epipolesf ei gn

i =1 suchthate>
i Fi = 0. This impliesthat

�
e>

i F1x
� �

e>
i F2x

�
� � �

�
e>

i Fn x
�

= � n (ei )> F � n (x ) = 0;

for all x 2 P2. Sincethe vector � n (x ) spansall of RM n

whenx rangesoverP2,1 we immediatelyhave [14]

� n (ei )> F = 0 for i = 1; : : : ; n: (7)

Therefore,themultibodyfundamentalmatrixF is alsorank
de�cient, becausethen embeddedepipolesf � n (ei )gn

i =1 lie
in its left null space.Notice, however, that the dimension
of the null spaceof F neednot be n, becausethe embed-
dedepipolesmaynotbelinearly independent.For instance,
if two differentrigid-body motionshave the sametransla-
tion, but differentrotation,thenthey have thesameepipole,
hencethesameembeddedepipole.

The purposeof this sectionis to characterizethe null
spaceof F as a function of the numberof motions n,
the numberof different epipolesne � n (different up
to a scalefactor) and the numberof times f ki g

n e
i =1 , withP n e

i =1 ki = n, thateachepipoleis repeated.2 More speci�-
cally, weprove thefollowing theorem.

Theorem1 (Null spaceof F ) LetF bethemultibodyfun-
damentalmatrix generatedby n fundamentalmatrices.Let
ne bethenumberofdifferentepipolesandki , i = 1; : : : ; ne,
be the numberof timeseach different epipoleis repeated.
Therank of the multibodyfundamentalmatrix is bounded
by

rank(F ) � M n �
n eX

i =1

M k i � 1 � M n � n; (8)

wheretheinequalityontheright handsideis trueregardless
of whethertheepipolesare repeatedor not.

1This is simply becausetheM n monomialsin � n (x ) arelinearly in-
dependent.

2Theparticularcasein which oneepipoleis repeatedk times,andthe
othern � k epipolesaredifferentcanbefoundin [14].

Theformalproofof thetheoremis organizedasfollows.
In Section3.1,we show that if anepipoleei is repeatedki

times, then all the derivatives of � n of order lessthan ki

evaluatedatei lie in theleft null spaceof F . In Section3.2,
we show that only M k i � 1 of thesederivativesarelinearly
independent,thuseachdifferentepipolecontributeswith an
M k i � 1-dimensionalsubspaceto null(F ). In Section3.3we
show thatthesene subspacesareindependent,meaningthat
they intersectonly at0. Therefore,thedimensionalityof the
null spaceof F is at least

P n e
i =1 M k i � 1 � n.

3.1. Partial derivativesat repeatedepipoles
In this subsection,we show that whenan epipoleei is re-
peatedki times,not only � n (ei ) is in the null spaceof F ,
asshown by equation(7), but alsothederivativesof � n (x )
of orderlessthanki atei . Beforeproving this,weneedthe
following technicallemma,which allows us to expressthe
derivativesof thenth orderMEC asa linearcombinationof
MECsof lowerorder.

Lemma 1 Let F (n ) be the multibodyfundamentalmatrix
generatedby F1; : : : ; Fn . Let F (n � l )

j be a multibodyfun-
damentalmatrixgeneratedbya choiceof n � l outof then
fundamentalmatricesfor j = 1; : : : ;

� n
l

�
. Then8(l1; l2; l3),

such that l1 + l2 + l3 = l, 8x = [x; y; z]> , 8y 2 P2, wehave

@l (� n (x )> F (n ) � n (y ))
@x l 1 @yl 2 @zl 3

=
(n

l )X

j =1

� j � n � l (x )> F (n � l )
j � n � l (y );

where thecoef�cient � j 2 R dependsonF (n ) andy , but is
independentof x .

We arenow readyto show thatthederivativesof � n at a
repeatedepipolelie in theleft null spaceof F .

Lemma 2 If ei 2 P2 is anepipolethat is repeatedki times,
andx = [x; y; z]> , then8(l1; l2; l3), such that l1 + l2 + l3 =
l � ki � 1, wehave

@l � n (x )>

@x l 1 @yl 2 @zl 3

�
�
�
�
e i

F = 0: (9)

Proof. Sinceei is repeatedki times, thereare ki fundamental
matriceswhoseleft null spaceis ei . Thenany choiceof n � l
fundamentalmatriceswith l � k i � 1 will containat leastone
fundamentalmatrix whoseleft null spaceis ei . From(7) we have
that ei is an epipolefor eachoneof the multibody fundamental
matricesF ( n � l )

j with l � ki � 1, i.e., � n � l (ei )> F ( n � l )
j = 0.

This, togetherwith Lemma1, implies that for all y 2 P2 andfor
all (l1 ; l2 ; l3) suchthatl1 + l2 + l3 = l � ki � 1

@l � n (x )>

@x l 1 @yl 2 @zl 3

�
�
�
�
e i

F � n (y ) = 0:

Sincethis is truefor all y 2 P2 , theclaim follows.



3.2. Dimension of the subspacesspannedby
the partial derivatives

In thissubsection,weshow thatanepipolerepeatedki times
contributesto thenull spaceof F with asubspaceof dimen-
sionat leastM k i � 1. Theresultis a consequenceof thefol-
lowing facts:1) thesubspacespannedby thepartialderiva-
tivesof orderl is includedin any of thesubspacesspanned
by higherorderpartialderivatives;and2) thedimensionof
thesubspacespannedby thederivativesof orderl is M l .

As for the�rst fact,noticethateachentryof � n (x ) is of
theform 
 n 1 ;n 2 ;n 3 xn 1 yn 2 zn 3 with n1 + n2 + n3 = n. After
somesimplealgebraiccalculations,wecanshow that

(n � l )
@l � n (x )

@x l 1 @yl 2 @zl 3
(10)

= [
@l +1 � n (x )

@x l 1 +1 @yl 2 @zl 3
;

@l +1 � n (x )
@x l 1 @yl 2 +1 @zl 3

;
@l +1 � n (x )

@x l 1 @yl 2 @zl 3 +1 ]x :

Therefore,if we let A l (x ) bethespanof the lth orderpar-
tial derivatives of � n (x ), then (10) implies that A l (x ) �
A l +1 (x ) for all 0 � l < n. By simpleinductionwe have
thatif ei is anepipolethatis repeatedki times,then

A0(ei ) � A1(ei ) � � � � � Ak i � 1(ei ): (11)

As aconsequenceof (11),studyingthedimensionof the
subspacespannedby all thepartialderivativesata repeated
epipoleup to a certainorder, boils down to �nding the di-
mensionof thesubspacespannedby thepartialderivatives
of exactly that order. The following lemmashows that all
the derivatives of a �x ed order are linearly independent,
hencethedimensionof A l (x ) is M l .

Lemma 3 For x 2 P2 andl < n, all the l th order partial

derivatives
n

@l � n (x )
@x l 1 @y l 2 @z l 3

o

l 1 + l 2 + l 3 = l
are linearly indepen-

dent.Hence, thedimensionof A l (x ) is M l .

Proof. Ourgoalis to show that

X

l 1 + l 2 + l 3 = l

� l 1 ;l 2 ;l 3

@l � n (x )
@x l 1 @yl 2 @zl 3

= 0 (12)

if andonlyif � l 1 ;l 2 ;l 3 =0 for all (l1 ; l2 ; l3) suchthatl1 + l2 + l3 = l.
Sincex = [x; y; z]> 6= 0, without lossof generalitylet us as-

sumethatx 6= 0. Noticeeachentryof @l � n ( x )
@x l 1 @y l 2 @z l 3

is of theform

xn 1 � l 1 yn 2 � l 2 zn 3 � l 3 . Hencethe �rst entry of (12) hasthe form
� l; 0;0xn � l = 0, andtherefore� l; 0;0 = 0. By sequentiallyapply-
ing thesamereasoningto entriesof � n (x ) of theform xn 1 yn 2 zn 3 ,
where(n1 ; n2 ; n3) = (n+ l1 � l ; l2 ; l3) for l1 = l � 2; l � 3; : : : ; 0,
weobtain� l 1 ;l 2 ;l 3 xn � l = 0, andso� l 1 ;l 2 ;l 3 = 0 asclaimed.

3.3. Independenceof subspacescorresponding
to differ ent epipoles

In this subsection,we show that the subspacesassociated
with different epipolesare independent,in the sensethat
they intersectonly at 0. Therefore,the dimensionof the
left null spaceof F , which containsthe union of the sub-
spacesassociatedwith eachoneof thene differentepipoles,
is lowerboundedby thesumof thedimensionsof thesesub-
spaces.Themainresultis summarizedin Lemma4.

Lemma 4 Giventwo differentepipolese1 ande2 that are
repeatedk1 andk2 times,respectively, thespanof thepar-
tial derivativesat e1 ande2 intersectonlyat 0, i.e.,

Ak1 � 1(e1) \ Ak2 � 1(e2) = f 0g: (13)

Thiscompletestheproofof therankconstraintonthemulti-
bodyfundamentalmatrix rank(F ) � M n �

P n e
i =1 M k i � 1.

Furthermore,because
P n e

i =1 M k i � 1 � n when
P n e

i =1 ki =
n, weimmediatelyknow thatrank(F ) � M n � n regardless
of whethertheepipolesarerepeatedor not.

4. Geometryof the Spaceof Multibody
FundamentalMatrices

Recall from Section2 that given enoughpoint correspon-
dences,onecancomputethecorrespondingmultibodyfun-
damentalmatrix F by solvingthelinearsystemV n f = 0
in (5). With perfectdata,thelinearlyestimatedF will auto-
maticallysatisfytherankconstraintsstudiedin theprevious
section.However, with noisydatatheso-computedF may
not be geometricallycorrect,becausethe rank constraints
arenot takeninto account.

In this section,we proposeto enforcetheseconstraints
by �rst estimatingthenull spaceof V n ignoring the inter-
nal algebraic structureof F , andthenprojectingthematrix
thusobtainedontothespaceof multibodyfundamentalma-
trices. Our analysisappliesto both the uncalibratedcase,
in which we only needto enforcerank constraintson F ,
aswell asthecalibratedcase,in which thesingularvalues
of F mustsatisfyadditionalconstraintsdueto thegeome-
try of so(3) � SO(3). First, we introducesomeinvariant
propertiesof the Veronesemapandmultibody fundamen-
tal matrix. Then, we usethesepropertiesto characterize
thesingularvaluesof F undersomeconstrainedscenarios.
Later, weproposealinearalgebraictechniqueto projectthe
linearlyestimatedF ontothemultibodyfundamentalspace,
by exploiting boththerankandsingularvalueconstraints.

4.1. Invariancepropertiesof the Veronesemap
Beforestudyingthegeometryof themultibodyfundamental
matrix, let us�rst exploresomeinvariancepropertiesof the
Veronesemap,which will be importantfor the theoretical
developmentin thefollowing subsections.



Theorem2 TheVeronesemapasde�nedin (3) hasthefol-
lowingpropertiesfor all x ; y 2 P2:

� Inner product invariance: � n (y )> � n (x ) = (y > x )n .
� Linear invariance: For all A 2 R3� 3 there existsan

A 2 RM n � M n such thatfor all x , � n (Ax ) = A � n (x ).
� Rotation invariance: For all R 2 SO(3) there exists

R 2 SO(M n ) such thatfor all x , � n (Rx ) = R� n (x ).

Note that the rotation invariancepropertyof the Veronese
mapimpliesthatif theimagemeasurementsf (x j

1; x j
2)gN

j =1
arerelatedby a multibodyfundamentalmatrix F , thenthe
rotatedimage measurementsf (R1x j

1; R2x j
2)gN

j =1 , where
R1; R2 2 SO(3), are relatedby a multibody fundamen-
tal matrixF 0 = R >

2 F R 1, whereR 1; R 2 2 SO(M n ). This
is because

� n (R2x 2)> F 0� n (R1x 1) = � n (x 2)> R >
2 F R 1� n (x 1):

Therefore,F andF 0 sharethe samesingularvalues.This
propertyis crucial for characterizingthesingularvaluesof
F , asweshow in thenext subsection.

4.2. SVD of the multibody essentialmatrix
In the caseof one motion, if we further assumethat the
cameracalibrationparametersareknown, thenF is usually
calledtheessentialmatrixandcanbeexpressedas[7]:

F = [T]� R; with [T]� 2 so(3); R 2 SO(3); (14)

where[T]� 2 se(3) is askew-symmetricmatrixgenerating
the crossproductby T 2 R3. This propertyallows us to
characterizethesingularvaluesof F asfk Tk; kTk; 0g.

In this subsection,we aim to generalizethis resultto n
rigid-bodymotionsby characterizingthesingularvaluesof
themultibodyessentialmatrixF . To thebestof ourknowl-
edge,thereis noprior work addressingthisproblem,which
webelievetobeverychallenging.Therefore,werestrictour
attentionto the caseof rigid-body motionswith common
rotation. This caseshows up, e.g.,whena rigidly moving
cameraobservesmultiple translatingobjects.Weshow that
in this caseF canbewritten astheproductof a symmetric
(n even)or skew-symmetric(n odd)matrix with a rotation
matrixasstatedby thefollowing theorem.

Theorem3 Let f (R; Ti ) 2 SE(3)gn
i =1 be n independent

rigid-body motionssharing a commonrotation matrix R.
TheirmultibodyessentialmatrixF canbeexpressedas

F = T R; (15)

where T 2 RM n � M n is a multibody fundamentalma-
trix correspondingto purely translationalmotionsf Ti gn

i =1
which is either symmetric(n even) or skew-symmetric(n
odd),andR 2 SO(M n ) is a rotationmatrix in RM n .

Proof. Notice thatF i = [Ti ]� R, hencefor all x 1 ; x 2 2 P2 , and
x 0

1 = Rx 1 , themultibodyepipolarconstraintcanbewrittenas

� >
n (x 2)F � n (x 1) =

nY

i =1

(x >
2 [Ti ]� Rx 1) =

nY

i =1

(x >
2 [Ti ]� x 0

1) =

� >
n (x 2)T � n (x 0

1) = � >
n (x 2)T � n (Rx 1) = � >

n (x 2)T R � n (x 1);

wherethe last stepfollows from the rotationinvarianceproperty
of theVeronesemap.Therefore,F = T R , whereT 2 RM n � M n

is a multibodyfundamentalmatrix correspondingto purelytrans-
lational motionsf Ti gn

i =1 , asclaimed. Furthermore,notethat T
is thesymmetrictensorproductof n essentialmatricesassociated
with n purelytranslationalmotions.Sincesuchessentialmatrices
areskew-symmetric,we have that T > = (� 1)n T , henceT is
symmetricwhenn is evenandskew-symmetricotherwise.

Thanksto Theorem3, we cancharacterizetheSVD of a
multibody essentialmatrix with a commonrotationfor an
oddnumberof motions,asstatedby thefollowing theorem.

Theorem4 (Singular values of a multibody essential
matrix with odd number of motions) Let n be an odd
numberof independentrigid-bodymotionsf R; Ti gn

i =1 with
a commonrotationR 2 SO(3). Thecorrespondingmulti-
bodyessentialmatrixhasa SVDF = U� V > , with

� = diagf � 1; � 1; � 2; � 2; : : : ; � m ; � m ; 0; : : : ; 0g; (16)

where � 1 � : : : � � m � 0 andm = bM n � n
2 c, where bxc

is thelargestinteger that is lessthanor equalto x 2 R.

Proof. Let T bethemultibodyfundamentalmatrix corresponding
to n translationsf Ti gn

i =1 . Basedon Theorem3, T sharesthe
samesingularvalueswith F . T is askew-symmetricmatrixwhen
n is odd, and it is well-known that all non-zerosingularvalues
of a skew-symmetricmatrix mustappearin pairs. Furthermore,
by Theorem1, therankof T is upperboundedby M n � n, which
meansthatT hasatleastn orn+ 1 zerosingularvalues,depending
onwhetherM n � n is amultipleof two or not, respectively.

Unfortunately, theabove singularvaluecharacterization
doesnot generalizeto anevennumberof motions,because
in this casethemultibodyessentialmatrix for purelytrans-
lationalmotionsis symmetric.However, whenthenumber
of independentmotions is two, we are still able to com-
pletelyspecifythesingularvaluesof themultibodyessen-
tial matrix, thoughusinganothermethod. More precisely,
wehave thefollowing result.

Theorem5 (Singular valuesof two-bodyessentialmatrix)
Let F be the multibody essentialmatrix corresponding
to two independentmotions(R; T1) and (R; T2) with a
commonrotationR. Its singularvalues� 1 � : : : � � 6 are
8
>><

>>:

� 1 = � 2 =
p

2jj T1 jj 2 jj T2 jj 2 +2( T1 �T2 )2

2

� 3 = jj T1 jjjj T2 jj
2 � T1 �T2

2 ; � 4 = jj T1 jjjj T2 jj
2 + T1 �T2

2

� 5 = � 6 = 0

(17)

Furthermore, � 2
1 = � 2

2 = � 2
3 + � 2

4 .



Proof. FromTheorem3, it is suf�cient to characterizethesingular
valuesof the multibodyessentialmatrix T correspondingto two
translationalmotionsT1 andT2 . To this end,let R0 bea rotation
matrix that mapsT1 to T 0

1 = R0T1 = jjT1 jj [1; 0; 0]> , and let
T 0

2 = R0T2 . Thenthe multibody fundamentalmatrix associated
with thetwo translationalmotionsT 0

1 andT 0
2 = [u; s; v]>

T 0 = kT1k

2

6
6
6
6
6
6
6
4

0 0 0 0 0 0
0 0 0 0 v

2 �
p

2u
2

0 0 0 �
p

2v
2

u
2 0

0 0 �
p

2v
2 0 0 0

0 v
2

u
2 0 � s 0

0 �
p

2u
2 0 s 0 0

3

7
7
7
7
7
7
7
5

is muchsimpler, yet sharesthe sameSVD with T andF dueto
therotationinvarianceproperty. Theproofof thetheoremfollows
by directcalculationof thesingularvaluesof T 0.

4.3. Projection onto multibody essentialspace
Givenacharacterizationof thespaceof multibodyessential
matrices,our remainingtaskis to enforcetheseconstraints
in the estimationof F . We achieve this by projectingthe
linearly estimatedmultibody fundamentalmatrix onto the
multibody essentialmanifold. The projectionconsistsof
two mainsteps.First (Theorem6), we show that theclos-
estmatrix B (in Frobeniusnorm) to an arbitrarymatrix A
canbeobtainedby minimizing thesum-of-squaresdistance
amongtheir correspondingsingularvalues.Second(Theo-
rems7 and8) weshow how to �nd theoptimalsingularval-
uesfor eachoneof the characterizationsof the multibody
essentialmatrix.

Theorem6 Let the singular valuesof A; B 2 Rm � m be
� 1(A) � : : : � � m (A) and� 1(B ) � : : : � � m (B ). Then

min
U > U = I ; V > V = I

jjA � UB V > jj2
f =

mX

i =1

(� i (A) � � i (B ))2;

wherejjAjj f =
p

tr ace(A> A) is theFrobeniusnorm.Fur-
thermore, if A = U0diagf � 1(A); : : : ; � m (A)gV >

0 , thenthe
minimizingmatricesU � andV � are such that U � B V � T =
U0diagf � 1(B ); : : : ; � m (B )gV >

0 .

Basedon this projectiontheorem,onecan�nd a matrix
B with constrainedsingularvaluesthat is closestin Frobe-
niusnormto anarbitrarymatrixA by replacingthesingular
valuesof A by thosewith thedesiredstructure.

In the caseof uncalibratedcameras,asshown in Theo-
rem 1, the rank of the multibody fundamentalmatrix F is
upperboundedby M n � n whentherearen independent
motions,henceF hasat leastn zerosingularvalues.Such
a rank constraintcanbe enforcedby simply settingthe n
smallestsingularvaluesof theestimatedF to 0.

In thecaseof calibratedcameras,thenext two theorems
show how to enforceboth rank and singular value con-
straintsfor the motionswith commonrotation. The proof
of the theoremsis very straightforward: We solve anopti-
mizationproblemin thespirit of Theorem6 with constraints
as speci�ed in Theorems4 and 5 respectively, using the
methodof Lagrangemultipliers.

Theorem7 (Projection onto the n-body essentialspace
for an odd number of motions with common rotation)
Let F̂ 2 RM n � M n be the estimateof an n-bodyessential
matrix with commonrotation and n odd. Let the SVDof
F̂ be F̂ = U0diagf �̂ 1; : : : ; �̂ M n gV >

0 , �̂ 1 � : : : � �̂ M n .
Then-bodyessentialmatrix F which minimizesthe error
jj F̂ � F jj f is given by F = U0diagf � 1; : : : ; � M n gV >

0 ,
where � 2i � 1 = � 2i = �̂ 2 i � 1 + �̂ 2 i

2 for 1 � i � bM n � n
2 c

and0 otherwise.

Theorem8 (Projection onto two-bodyessentialspace)
Let F̂ 2 R6� 6 be the estimateof a two-bodyessential
matrix with commonrotation. Let the SVD of F̂ be
F̂ = U0diagf �̂ 1; : : : ; �̂ 6gV >

0 , where �̂ 1 � : : : � �̂ 6. The
two-body essentialmatrix F which minimizesthe error
jj F̂ � F jj f is given by F = U0diagf � 1; : : : ; � 6gV >

0 ,
where � 1 = � 2 = �

p
�̂ 2

3 + �̂ 2
4 , � 3 = � �̂ 3, � 4 = � �̂ 4,

� 5 = � 6 = 0 and� = 1
3 ( �̂ 1 + �̂ 2p

�̂ 2
3 + �̂ 2

4

+ 1).

5. Experiments
In ourexperiments,wecomparethefollowing algorithms:

1. GPCA: TheGeneralizedPrincipalComponentAnaly-
sis (GPCA) method[12, 13] is speci�cally designed
for purely translationalmotions. In this case, the
epipolarconstraintreducesto thelinearequation

x >
2 [Ti ]� x 1 = T>

i (x 2 � x 1) = T>
i ` = 0; (18)

where` = (x 2 � x 1) 2 R3. Consequently, the seg-
mentationof 3-D translationalmotionsis equivalentto
clusteringdataf ` g lying onacollectionof hyperplanes
in R3 whosenormalvectorsaref Ti gn

i =1 .
2. Multibody epipolar constraint without projection

(MEC-noprojection): Thismethodis describedin [14].
Basedon themultibodyepipolarconstraint(MEC) in
(4), the methodestimatesthe multibody fundamental
matrix F linearly by solving (5). Then, it computes
theepipolarline in thesecondview ` j

2 associatedwith
eachimagepair (x j

1; x j
2) from the derivatives of the

MEC,andobtainstheepipolein thesecondview ei for
eachindependentmotionby clusteringall theepipolar
lines using the GPCA algorithm [13]. The segmen-
tation of the imagedatais obtainedby assigningim-
agepair (x j

1; x j
2) to the i th motion whoseassociated



epipoleei is closestto the epipolarline ` j
2. Finally,

the single-bodyfundamentalmatrix F i andthe rigid-
body motionsf (Ri ; Ti )gn

i =1 are computedusing the
standard8-pointalgorithm.

3. Multibody epipolar constraint with projection(MEC-
projection): This algorithmis essentiallythe sameas
MEC-noprojection,except for two main differences.
First, the linearly estimatedmultibody fundamental
matrix F is projectedonto the multibody essential
manifoldby enforcingtherankandsingularvaluecon-
straint,asdescribedin Section4.3. Second,the seg-
mentationof the image featuresis obtainedby �rst
computingtheepipoleej for eachimagepair (x j

1; x j
2)

by apolynomialdifferentiationmethodasdescribedin
[14], andthenassigningtheimagepair (x j

1; x j
2) to the

i th motionwhoseassociatedepipoleei is closestto the
epipoleej of (x j

1; x j
2).

Synthesizeddata: First, we evaluatethe performanceof
our motion segmentationalgorithm as a function of the
amountof noisein theimagemeasurementson thesynthe-
sizeddata.More speci�cally, we randomlypick n = 2 col-
lectionsof N = 100featurepointseachandapplya differ-
ent rigid-bodymotion(R; Ti ) 2 SE(3), with R 2 SO(3)
the rotation and Ti 2 R3 the translation(i = 1; : : : ; n).
Zero-meanGaussiannoise with standarddeviation (std)
from 0 to 2.0 pixels is addedto the imagesx 1 andx 2 in-
dependently. The imagesizeis 500� 500 pixels, andwe
run 500trials for eachnoiselevel. For eachtrial, theerror
betweenthe true motionsf (R i ; Ti )gn

i =1 andthe estimates
f (R̂i ; T̂i )gn

i =1 is computedas3

Translationerror=
1
n

nX

i =1

acos
� T>

i T̂i

kTi kkT̂i k

�
(degrees):

Rotationerror=
1
n

nX

i =1

acos
� trace(Ri R̂>

i ) � 1
2

�
(degrees):

Thesegmentationerror is estimatedby computingtheper-
centageof incorrectlyclassi�edfeaturepoints.

The left column of Figures1(a)-(c) plots the meaner-
ror in translation, rotation and segmentationas a func-
tion of noise(standarddeviation in pixels), in the caseof
two purelytranslationalmotionswith translationdirections
T1 = [1; 0; 1]> andT2 = [1; 0; � 1]> . We alsogenerated
dataundergoing two rigid-body motionswith translations
T1 andT2 anda commonrotationR. The rotationaxis is
chosenat random,and the rotation angleis graduallyin-
creasedfrom 0 to 30degrees.Thenoiselevel is �x edat2.0
pixel standarddeviation. Similarly to thepuretranslational
case,weplot themeanerrorin translation,rotationandseg-
mentationasa functionof therotationanglefor theGPCA
andMEC-basedalgorithmsin theright columnof Figure1.

3Wedonotcomputetherotationerrorfor theGPCAmethodbecauseit
assumesthateachrigid-bodymotionis puretranslational.

Notice that in the caseof purely translationalmotions,
theGPCA-basedalgorithmoutperformstheMEC-basedal-
gorithms. This is becauseGPCA is speci�cally designed
for purely translationalmotions. However, notice that as
theamountof rotationincreases,theperformanceof GPCA
deterioratesvery quickly, while theMEC-basedalgorithms
have almostconstanterror. This is expected,astheGPCA
algorithmis only applicableto translationalmotions.

Comparingtheresultof MEC-projectionto thatof MEC-
noprojection,wecanclearlyobserveanimprovementin the
recoveredrigid-bodymotionin thesenseof reducingthero-
tationandtranslationerrors.However, onaverage,theerror
in thesegmentationof thepoint correspondencesincreases
with theprojection.This is becauseour methodminimizes
thesumof thesquaresof theMECs,whichdoesnotdepend
onthesegmentation.Therefore,theprojectionstepis meant
to improvetheestimationof motionparameters,whichdoes
notnecessarilyguaranteethatfeatureclassi�cationwill im-
prove.

Real images: We also evaluatethe performanceof our
motion segmentationalgorithmon 22 pairsof real images
takenfrom thethree-carsequenceshown in Figure2. Orig-
inally, therearethreeindependentmotionsbetweenevery
two frames,amongwhich the �rst two are pure transla-
tional. In orderto usetheMEC-projectionalgorithm,wear-
ti�cially createasituationwherethereis acommonrotation
betweeneverypairof framesasfollows: Let f (x j

1; x j
2)g be

asetof pointcorrespondencesbetweentwo frames,andJ 1,
J 2 andJ 3 be threesetsof indicesof featurepointson the
threeindependentlymoving objectsrespectively. We �rst
computethe rigid-body motion (R; T3) of the third object
from its own imagecorrespondencesf (x j

1; x j
2) : j 2 J 3g

usingthestandardeight-pointalgorithm,i.e.,

K x j
2 � RK x j

1 + T3; j 2 J 3;

whereK is thecameracalibrationmatrix. Becausethe�rst
andsecondmotionsarepuretranslational,weknow that

K x j
2 � K x j

1 + Ti ; j 2 J i and i 2 f 1; 2g:

Therefore,if we let ex j
1 = K � 1R> K x 1 (j 2 J 1 [ J 2),

clearlytherotatedpointcorrespondences(ex j
1; x j

2) (j 2 J i )
undergoeanew rigid-bodymotion(R; Ti ), wherei 2 f 1; 2g.

In particular, we collect the point correspondences
f (ex j

1; x j
2) : j 2 J 1g [ f (x j

1; x j
2) : j 2 J 3g, which un-

dergoatwo-bodymotionwith acommonrotationfollowing
theabovereasoning,andapplyourmotionsegmentational-
gorithm. In Figure2, the resultsasthesegmentationerror
of MEC-projectionandMEC-nonprojectionarecompared
at 22 pairsof frames.We canseethatprojectionimproves
thesegmentationresultssigni�cantly in mostcases.This is
encouragingas it suggeststhat a betterestimationof mo-
tion parametersdueto the projectionindeedimprovesthe
featureclassi�cationin somesituations.



6. Conclusions

We have presenteda new approachfor the analysisof dy-
namic scenescontainingmultiple rigidly moving objects.
Our approachis basedon a characterizationof the space
of multibodyfundamentalmatricesin termsof its rankand
geometry, which canbe usedto obtaina morerobust esti-
mateof the multibody fundamentalmatrix in the presence
of noisevia a suitableprojection. Our characterizationis
restrictedto the caseof two or odd numberof rigid-body
motionswith a commonrotation. It remainsopenhow to
characterizethe spaceof multibody fundamentalmatrices
with differentrotationsor with anevennumberof motions.
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Figure1: Error in theestimationof thetranslation,rotation
(degrees)and segmentation(percentage).In the left col-
umn, thereare two purely translationalmotions,with the
x-axisindicatingthestandarddeviationof theGaussianad-
ditive noisein theimagepoints(in pixels); in theright col-
umn, thereare two independentmotionswith a common
rotation, with the x-axis indicating the rotation angle(in
degrees).Thenoiselevel is 2.0pixel standarddeviation.

0 5 10 15 20 25
0

10

20

30

40

50
MEC�projection
MEC�noprojection

Figure2: Percentageof misclassi�cationonarealsequence
with 2 independentmotionswith commonrotationfor dif-
ferentframepairs.Thex-axisindicatesframepair index.
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