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Abstract

We studytherankandgeometryof themultibodyfundamen-
tal matrix, a geometricentity characterizingthe two-viev
geometryof dynamicscenesconsistingof multiple rigid-
bodymotions.We derivean upperboundon therankof the
multibodyfundamentamatrix that dependn the number
of independentranslations. We also derive an algebraic
characterizationof the SVD of a multibody fundamental
matrix in the caseof two or odd numberof rigid-body mo-
tionswith a commorrotation. This characterizationallows
usto projectanarbitrary matrix ontothespaceof multibody
fundamentamatricesusinglinear algebraic techniques.

1. Intr oduction

Giventwo perspectie views of a scenecontainingmultiple
rigidly moving objectswe consideithe problemof estimat-
ing themotionof eachobjectrelative to the camerayithout
knowing which measurementselongto which object.
Whenthe sceneis static i.e., when eitherthe camera
or asingleobjectmove rigidly, it is well-known [7] thatif
X1;X2 2 P? aretwo perspectie imagesof a pointin 3-D
spacethenthey mustsatisfythe epipolarconstaint

X3 Fx1=0; (1)

whereF 2 R® 3 is arank-2matrix calledthe fundamen-
tal matrix. The epipolarconstraintcanbe usedto estimate
F andthe cameramotion from a setof point correspon-
denceausinglineartechniquesuchasthe eight-pointalgo-
rithm. In the caseof a calibratedcameraijt is alsoknown

thatF factorsasF = [T] R, where[T] 2 so(3) isa
skew-symmetricmatrix associateavith the cameraransla-
tion T 2 R3 andR 2 SO(3) is the camerarotation. The
spaceso(3) SO(3) is known astheessentiamanifoldand
can be characterizeds the spaceof matriceswith singu-
lar valuesfk Tk; kT k; 0g. Sucha characterizatiofis crucial

whenestimatingF from noisy correspondencebgcausét

allows usto projectanoisylinearestimateof F ontoageo-
metrically correctessentiamatrix.
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Thework of [14] proposes generalizatiorof the eight-
point algorithmto the more generaland challengingcase
of dynamicscenesn which both the cameraand an un-
known numberof objectswith unknavn 3-D structuremove
independently The papershaws that applying a polyno-
mial embeddingo the imagepointsleadsto the so-called
multibodyepipolar constaint andits associateanultibody
fundamentamatrix F. The methodcomputeshe number
of motionsfrom a rank constrainton the image measure-
ments, estimateghe multibody fundamentaimatrix using
leastsquaresandthe individual fundamentamatricesus-
ing multivariatepolynomialfactorizationor differentiation.

Unfortunately the methodis not yet reliablein the pres-
enceof noise becausef thefollowing reasons:

1. The polynomial embeddingis not invariant with re-
spectto rotationsor translationsof the image data,
which malesit dif cult to characterizehe spaceof
multibodyfundamentamatrices.Sucha characteriza-
tion is crucialfor improving the performancef linear
algorithmsin the presencef noisydata.

2. The multibody fundamentalmatrix F is computed
linearly, without taking into accountnonlinearcon-
straintsdictatedby its rank andgeometry Therefore,
the estimateof F may not be geometricallycorrectin
thepresencef noise meaninghatit maynotperfectly
factorinto the multiple fundamentaimatricesassoci-
atedwith eachoneof therigid-bodymotions.

In this paper we shav how to overcomethesedif cul-
ties by exploiting the rank and geometryof the multibody
fundamentamatrix. More speci cally,

1. Rank: we shav thatthe rank of F dependson the
numberof independentranslationalmotionsand on
the numberof times they are repeated. Our results
completeheanalysisn [14], whichdealswith thepar
ticular caseof onerepeatedranslationamotion.

2. Geometry: we shav thatin the caseof n rigid-body
motionswith commonrotation,F factorsasthe prod-
uct of a symmetric(n even) or skew-symmetric(n
odd) matrix timesa rotationmatrix. Whenthe number



of motionsis two or odd, this leadsto a characteriza-
tion of the SVD of F. This characterizations possi-

ble thanksto a slightly new de nition of the polyno-

mial embeddinghat makesthe singularvaluesof the

multibody fundamentalmatrix invariantwith respect
to rotationsof theimagedata.

3. Projection: we shaw thatthe characterizatiorof the
SVD of F canbe usedto projectan arbitrary matrix
estimatedrom noisy correspondencesnto the space
of multibody fundamentamatricesusinglinear alge-
braictechniques.

To the bestof our knowledge, thereis no prior work
studying the geometryand projection onto the spaceof
multibodyfundamentainatrices.In fact, nding alinearal-
gebraiccharacterizatioof this spaceis an extremelychal-
lenging problem. Therefore,althoughthe caseof two or
odd numberof motionswith commonrotationsmayappear
to be restrictive, we believe this caseis an importantstep
towardsolvingthegenerakase.

Previous work. Most prior work on dynamicscenerecon-
structionproceeddy rst sggmentingimagemeasurements
into various motion models,and then estimatinga single
motion modelfor eachgroup of measurementgr elsein
aniterative mannemwith the aid of the EM algorithm. The
numberof modelscanalsobe estimatedn a probabilistic
frameavork usingmodelselectiortechniquesuchas[10, 6].
However, thecorvergenceof iterative/probabilistianethods
to the global optimum dependsstrongly on correctinitial-
ization[10, 9]. This hasmotivatedthe recentdevelopment
of geometricapproaches$o dynamicscenereconstruction
which do not requireinitialization. Algebraic approaches
includemethoddor multiple moving objectsseenby anor-
thographiccamerdl, 5, 17, 11], self-calibrationfrom mul-
tiple motions[2], multiple pointsmoving in planed8], seg-
mentationof two [16] andmultiple [14, 15] rigid-body mo-
tionsfrom two or three[4] perspectie views.

2. Multibody Epipolar Geometry

Given a setof point correspondencels(x}; x5)gf; gen-
eratedfrom n independentlyand rigidly moving objects,
ourgoalisto estimatdheirassociateflindamentainatrices
fFigl,; andtheobjectto whicheachimagepairbelongs.
Tothisend,let (x 1; X 2) beanarbitraryimagepair asso-
ciatedwith anyof then moving objects.Then,thereexists
a fundamentalmatrix F; 2 R3® 2 suchthat the epipolar
constaint x5 Fix, = 0 is satis ed. Therefore regardless
of the objectassociatedvith the imagepair, the following
multibodyepipolar constaint [14] mustbe satis ed by the
fundamentamatrices F; g, andtheimagepair(X1;X2)

.Y
MEC(x 1;X2) =
i=1

X3 Fix1 =0 @)

The multibody epipolarconstrain(MEC) is a homoge-
neouspolynomialof degreen in eachof x; or x,. There-
fore,if weletx; = [X1;y1;21]”, thenequation(2) viewed
asafunctionof x ; canbewrittenasalinearcombinatiorof
thefollowing M, = (n + 1)(n + 2)=2 independeninono-
mials fx7;x] ty;;x] zg;:::;20g. After collecting all
thesemonomialsinto avector

— [ ni,N2,N3....1> Mnq .
n(X1) = [0 nonainaXg'yr?z% ] 2R (3)
9 —
where nin,ins = gompmer With O nagnzing

n; + ny+ nz = n, theMEC canbewritten asthefollowing
abilinearexpressionin ,(x1) and ,(X2) (see[14]):

n(x2)” F n(x1) = 0 (4)

ThematrixF 2 RM» Mn js calledthemultibodyfunda-
mentalmatrix, andis a naturalgeneralizatiorof the funda-
mentalmatrix F 2 R® 2 to the caseof n moving objects.
The embedding , : R® ! RMn is known in algebraic
geometryasthe Veronesanapof degreen [3].

Remark 1 (Rotation invariant) Noticethat our de nition
of the\Veronesemapis slightly differentfromtheonein [14],
aswedeliberatelymultiplythemonomialx}*y}'?z;'? bythe
coefcient ,:n,:n,. Aswewill showin Theoem 2, this
new de nition of the Veronesanapmalesit rotationinvari-
ant, a propertythatwill be shownto becrucial for charac-
terizingthe spaceof multibodyfundamentamatrices.

Thanksto the Veronesamap, we canwrite the epipolar
constrainfor all N pointcorrespondencess
Vaf 2 a(x3) oD a(xY)  a(x}) T=0:(5)
wheref 2 RM+ is thestackof therows of F and repre-
sentsthe Kronecler product. Given F , which canbe com-
putedastheleastsquaresolutionof (5), theindividual fun-
damentaimatricesf FiglL, areobtainedby factorizingthe

bi-homogeneoupolynomial

Y
n(XZ)> F n(xy) =
i=1

x5 Fix1 =0 (6)

into a productof bilinear forms [14], or from the second
orderderivativesof theMEC [12].
NoticethatthemultibodyfundamentaimatrixF is deter
mined by the fundamentamatricesof the individual rigid
motionsfF;g, . Sincethesefundamentalmatricesare
of rank two and/orbelongto the essentialmanifold, the
multibody fundamentamatrix is not an arbitrarymatrix in
RMn Mn put mustsatisfysomenonlinearconstraintssuch
asrankconstraintand/orgeometricconstraints Suchcon-
straintsareclearly not exploited by the linear algorithmof



[14]. Thereforethelinearestimateof the multibodyfunda-
mentalmatrix may not be geometricallycorrectin the pres-
enceof noise, meaningthat its associatedEC may not
perfectlyfactorasa productof epipolarconstraints.

Suchproblemsmotivate our developmentin the restof
this paper

3. Rank of the Multibody Fundamen-
tal Matrix

It is well-known [7] thatthe rank of a fundamentamatrix
F is two. The vectore in its left null spaceis calledthe
epipoleandsatis esthefollowing relationshipe” F = 0.

In the case of n rigid-body motions, there exist n
epipolesfeig™; suchthate] F; = 0. Thisimpliesthat

e’ Fix e Fax e Fnx = n(e) F n(x)=0;
for all x 2 P?. Sincethevector ,(x) spansall of RMn
whenx rangesover P?,! we immediatelyhave [14]

n(e)>F=0 for i=1;:::;n: ©)
ThereforethemultibodyfundamentaimatrixF is alsorank
de cient, becaus¢hen embeddeepipoles ,(ei)gl, lie
in its left null space.Notice, however, thatthe dimension
of the null spaceof F neednot be n, becausd¢he embed-
dedepipolesmaynotbelinearlyindependentfor instance,
if two differentrigid-body motionshave the sametransla-
tion, but differentrotation,thenthey have the sameepipole,
hencethe sameembeddeeapipole.

The purposeof this sectionis to characterizehe null
spaceof F as a function of the numberof motionsn,
the numberof different epipolesne n (different up
{o a scalefactor) and the numberof timesfk;gs; , with

i”:el ki = n, thateachepipoleis repeated. More speci -
cally, we prove thefollowing theorem.

Theorem 1 (Null spaceof F) LetF bethemultibodyfun-
damentalmatrix geneatedby n fundamentamatrices.Let

be the numberof timesead different epipoleis repeated.

Therank of the multibodyfundamentaimatrix is bounded
by
Xe
ranKF) Mjy Mk, 1 My (8)
i=1
wheletheinequalityontheright handsideis trueregardless
of whetherthe epipolesare repeatedr not.

1This is simply becausghe M, monomialsin | (x) arelinearly in-
dependent.

2The particularcasein which oneepipoleis repeated times,andthe
othern  k epipolesaredifferentcanbefoundin [14].

Theformal proof of thetheoremis organizedasfollows.
In Section3.1, we shaw thatif anepipoleg; is repeated;
times, thenall the derivativesof | of orderlessthank;
evaluatedate; lie in theleft null spaceof F . In Section3.2,
we show thatonly My, 1 of thesederiativesarelinearly
independenthuseachdifferentepipolecontrituteswith an
My, 1-dimensionabubspacéo null(F). In Section3.3we
shawv thatthesen, subspaceareindependentneaninghat
they interseconly atO. Ti"greforethedimensionalit)of the
null spaceof F isatleast |5, My, 1 n.

3.1. Partial derivativesat repeatedepipoles

In this subsectionye shav thatwhenan epipoleeg; is re-
peatedk; times,notonly ,(e;) isin the null spaceof F,
asshowvn by equation(7), but alsothe derivativesof (x)
of orderlessthank; ate;. Beforeproving this, we needthe
following technicallemma,which allows usto expressthe
deriativesof thenth orderMEC asalinearcombinatiorof
MECsof lower order

Lemmal Let F (" be the multibodyfundamentamatrix
damentamatrix geneatedby a choiceofn | outofthen

fundamentainatricesforj = 1;:::; | . Then8(ly;l2;13),
suhthatly + I, + 13 = 1,8x =[x; y;z]”, 8y 2 P?, wehave

B x)F™ (y)) _ X
@|1@|2@|3 -

TS W)}
j=1

wheethecoefcient | 2 R dependonF (" andy, butis
independendf x .

We arenow readyto show thatthederivativesof |, ata
repeatecepipolelie in theleft null spaceof F .

Lemma?2 If e 2 P?isanepipolethatis repeated; times,
andx = [x;y;z]” ,then8(l1;1,;13), sudthatly + I, + I3 =
| ki 1,wehave

@ n(x)”
X' @:@' N

Proof Sincee; is repeated; times,therearek; fundamental
matriceswhoseleft null spaceis e;. Thenary choiceof n |

fundamentaimatriceswith | ki 1 will containat leastone
fundamentamatrix whoseleft null spaces e;. From(7) we have
thate; is an epipolefor eachone of the multibody fundamental

F=0: 9

ma’[ricest(n Dwithl ki 1,ie, o (&) Fj(” D = o.
This, togethemwith Lemmal, impliesthatfor all y 2 P? andfor
all (I1;12;13) suchthatly + I + I3 =1 ki 1
@ n(x)” - 0
X @@ . F n(y)=0:
Sincethisis truefor all y 2 P?, theclaimfollows. ™



3.2. Dimension of the subspacesspannedby
the partial derivatives

In thissubsectionwe shav thatanepipolerepeatedk; times
contritutesto thenull spaceof F with asubspacef dimen-
sionatleastMy, 1. Theresultis aconsequencef thefol-
lowing facts: 1) the subspacspannedy thepartialderiva-
tivesof orderl is includedin ary of the subspacespanned
by higherorderpartial derivatives;and?2) the dimensionof
thesubspacsepannedy thederivativesof orderl is M.

As for the rst fact,noticethateachentryof ,(x) is of
theform ,.n,:n,X"2y"22"¢ withny + Ny + nz = n. After
somesimplealgebraiccalculationswe canshav that

(0 Ngo2® (10
L@ @ a0 @ )

@|1+l @|2 @|3 ; @|1 @|2+1 @|3 ; @|1 @|2 @|3+1

Therefore jf we let A;(x) bethe spanof the Ith orderpar
tial derivativesof (x), then(10) implies that A,(x)
A4 (x) forall0 | < n. By simpleinductionwe have
thatif e; is anepipolethatis repeated; times,then
Ao(ei) Al(ei) Aki 1(8])1 (11)
As aconsequencef (11), studyingthedimensiornof the
subspacspannedy all the partialderivativesat arepeated
epipoleup to a certainorder boils down to nding the di-
mensionof the subspacspannedy the partial derivatives
of exactlythatorder The following lemmashaws thatall
the derivatives of a x ed order are linearly independent,
hencethedimensionof A|(x) is M.

Lemma3 Fprx 2 P2 apdl < n, all thelth order partial

derivatives _@.() are linearly indepen-
@(Il@/\z@l3 L+t lg=1 y p

dent.Hence thedimensiorof A (x) is M.

Proof. Our goalis to shawv that

X @ n(x)

|1;|z§|3m= 0 (12)

l1+ 1+ 13=1

if andonlyif ,.,15=0 forall (l1;l2;13) suchthatly+ o+ 13 = |.
Sincex = [x;y;z]” 6 0, without lossof generalitylet us as-

; @ n(x)
sumethatx 6 0. Noticeeachentryof lex@lg

x"t liynz 12703 13 Hencethe rst entryof (12) hasthe form

Lo:.0X™ ' = 0, andtherefore |.0.0 = 0. By sequentiallyapply-
ing thesamereasonindo entriesof , (x) of theformx"1y"2z"3,
where(ni;nz;n3) = (n+ly Il ls)forla =1 251 3;:::;0,
weobtain |,1,1,x" ' = 0,andso i,1,4, = Oasclaimed. m

is of theform

3.3. Independenceof subspacegorresponding
to different epipoles

In this subsectionwe shav that the subspacesssociated
with different epipolesare independentjn the sensethat
they intersectonly at 0. Therefore,the dimensionof the
left null spaceof F, which containsthe union of the sub-
spacesssociatewvith eachoneof then, differentepipoles,
is lower boundedy thesumof thedimension®f thesesub-
spacesThemainresultis summarizedn Lemmad4.

Lemma4 Giventwo differentepipolese; ande; thatare
repeatedk; andk;, times,respectivelythe spanof the par-
tial derivativesat e; ande; intersectonlyat0, i.e.,

Ak, 1(e1)\ Ay, 1(e2) = f0Og: (13)

Thiscompletegheproofof therankconstrailﬁpn themulti-

body fundamentamagsix rankF) ~ My ”Pel My, 1.
Furthermorepecause |5 My, 1 nwhen 5 ki =
n, weimmediatelyknow thatrankF) M, nregardless

of whetherthe epipolesarerepeatedr not.

4. Geometry of the Spaceof Multibody
Fundamental Matrices

Recallfrom Section2 that given enoughpoint correspon-
dencespnecancomputethe correspondingnultibody fun-

damentamatrix F by solvingthelinearsystemV ,f = 0

in (5). With perfectdata,thelinearly estimated~ will auto-
maticallysatisfytherankconstraintstudiedin theprevious

section.However, with noisy datathe so-computed may
not be geometricallycorrect,becausehe rank constraints
arenottakeninto account.

In this section,we proposeto enforcetheseconstraints
by rst estimatingthe null spaceof V |, ignoring theinter-
nal algebraic structue of F , andthenprojectingthe matrix
thusobtainedontothe spaceof multibodyfundamentama-
trices. Our analysisappliesto both the uncalibratedcase,
in which we only needto enforcerank constraintson F,
aswell asthe calibratedcase,in which the singularvalues
of F mustsatisfyadditionalconstraintsdueto the geome-
try of so(3) SO(3). First, we introducesomeinvariant
propertiesof the Veronesemap and multibody fundamen-
tal matrix. Then, we usethesepropertiesto characterize
the singularvaluesof F undersomeconstrainedcenarios.
Later, we proposealinearalgebraidechniqueo projectthe
linearly estimated= ontothemultibodyfundamentaspace,
by exploiting boththerankandsingularvalueconstraints.

4.1. Invariance propertiesof the Veronesemap

Beforestudyingthegeometryof themultibodyfundamental
matrix, let us rst exploresomeinvariancepropertief the

Veroneseamap, which will be importantfor the theoretical
developmentin thefollowing subsections.



Theorem2 TheVeronesanapasde nedin (3) hasthefol-
lowing propertiesfor all x;y 2 P?:

Inner productinvariance: ,(y)” n(x) = (y~x)".
Linear invariance: For all A 2 R3 2 there existsan
A 2 RMn Mn sydithatforall x, (Ax) = A ,(X).
Rotation invariance: For all R 2 SO(3) there exists
R 2 SO(My) sudthatforall x, ,(Rx)= R ,(X).

Note that the rotationinvariancepropertyof the Veronese
mapimpliesthatif theimagemeasurementy(x}; x,) g,
arerelatedby a multibody fundamentamatrix F , thenthe
rotatedimage measurement§(R1x}; Roxb)gl,; , where
R1;R2 2 SO(3), arerelatedby a multibody fundamen-
talmatrixF°= R FR, whereR1;R, 2 SO(M,,). This
is because

n(RaX2)” F2 1 (R1X1) = n(X2)” R3 FR1 n(X1):

Therefore F andF ° sharethe samesingularvalues. This
propertyis crucial for characterizinghe singularvaluesof
F, aswe shawv in the next subsection.

4.2. SVD of the multibody essentialmatrix

In the caseof one motion, if we further assumethat the
camerecalibrationparameterareknown, thenF is usually
calledthe essentiamatrix andcanbe expresse@s|[7]:

2 s0(3);

where[T] 2 se(3) is askew-symmetricmatrix generating
the crossproductby T 2 R3. This propertyallows us to
characterizeéhe singularvaluesof F asfk Tk; kTk; Og.

In this subsectionye aim to generalizethis resultto n
rigid-body motionsby characterizinghe singularvaluesof
themultibodyessentiaatrix F . To thebestof our knowl-
edge thereis no prior work addressinghis problem,which
webelieveto beverychallenging.Thereforewerestrictour
attentionto the caseof rigid-body motionswith common
rotation. This caseshavs up, e.g.,whena rigidly maving
cameraobseresmultiple translatingobjects.We shaow that
in this caseF canbewritten asthe productof a symmetric
(n even)or skew-symmetric(n odd) matrix with a rotation
matrix asstatedby thefollowing theorem.

F=[T] R; with [T] R 2 SO(3); (14)

Theorem3 Letf(R;Ti) 2 SE(3)g,; ben independent
rigid-body motionssharinga commonrotation matrix R.
Their multibodyessentiamatrix F canbeexpressedas
F=TR; (15)
whee T 2 RM» Mn js a multibody fundamentalma-
trix correspondingo purely translationalmotionsf T; gL,
which is either symmetric(n even) or skew-symmetrign
odd),andR 2 SO(M,) is a rotationmatrixin RM» .

Proof NoticethatF; = [Ti] R, henceforall x1;x2 2 P?, and
x? = Rx1, themultibodyepipolarconstraintanbewritten as

> Y > 0
(X2 [Ti] Rx1) = (X2 [Ti] x31) =
i=1 i=1

p (x2)T n(xD) = 7 (x2)T a(RX1) = o (X2)TR n(X1);

wherethe last stepfollows from the rotationinvarianceproperty
of theVeronesenap. ThereforeF = TR, whereT 2 RMn» Mn
is a multibody fundamentamatrix correspondingo purelytrans-
lational motionsf Ti g, , asclaimed. Furthermorenotethat T
is the symmetrictensorproductof n essentiamatricesassociated
with n purelytranslationamotions.Sincesuchessentiamatrices
are skew-symmetric,we have thatT> = ( 1)"T, henceT is
symmetricwhenn is evenandskew-symmetricotherwise. ]

n (X2)F n(x1) =

Thanksto Theorem3, we cancharacterize¢he SVD of a
multibody essentiamatrix with a commonrotationfor an
oddnumberof motions,asstatedby thefollowing theorem.

Theorem4 (Singular values of a multibody essential
matrix with odd number of motions) Let n be an odd
numberofindependentigid-bodymotionsf R; TigiL; with
a commorrotationR 2 SO(3). Thecorrespondingnulti-
bodyessentiamatrixhasa SVDF = U V=, with

(16)

whee 1 ::: m Oandm = b'V'"T”c, wheee bxc
is thelargestinteger thatis lessthanor equalto x 2 R.

Proof. Let T bethe multibodyfundamentamatrix corresponding
to n translationsf Tigi-; . Basedon Theorem3, T sharesthe
samesingularvalueswith F . T is askew-symmetricmatrixwhen
n is odd, andit is well-known that all non-zerosingularvalues
of a skew-symmetricmatrix mustappearin pairs. Furthermore,
by Theoreml, therankof T is upperboundedoy M,  n, which
meanghatT hasatleastn orn+ 1 zerosingularvaluesdepending
onwhetherM,,  n is amultiple of two or not, respectiely. m

Unfortunately the above singularvalue characterization
doesnot generalizeéo aneven numberof motions,because
in this casethe multibody essentiamatrix for purelytrans-
lational motionsis symmetric.However, whenthe number
of independentnotionsis two, we are still ableto com-
pletely specifythe singularvaluesof the multibody essen-
tial matrix, thoughusinganothemrmethod. More precisely
we have thefollowing result.

Theorem 5 (Singular valuesof two-body essentialmatrix)
Let F be the multibody essentialmatrix corresponding
to two independenimotions(R; T;) and (R; T,) with a

commorrotationR. Its singularvalues ; ¢ are
5 _ —  25iT1ji2ji T2ji2+2( Ty T2)2
1- 2 = 2

— i Taiii T2ji T1 T2 — i Taiiii Taji . T 17
2 3° 2 2 4~ 2 +t 3 (17)
. 5= = 0

2 - 2_- 2 2

Furthermoe, 1= 5= 5+ 3.



Proof. FromTheoren®, it is sufcient to characterizéhesingular
valuesof the multibody essentiamatrix T correspondindo two

translationaimotionsT; andT,. To this end,let Ro be arotation

matrix that mapsTy to T? = RoT: = jjT1jj[1;0;0] , andlet

T2 = RoT2. Thenthe multibody fundamentamatrix associated
with thetwo translationamotionsT and T2 = [u; s;v]”

2 3
0 0 0 0 0 0
o o o o &
2v u

To-kmkf? 0 @ = oz O

0 9 X 0 0 0

. 4 0 s 0

0 2u 0 s 0 0

N‘

is muchsimpler yet shareghe sameSVD with T andF dueto
therotationinvarianceproperty The proof of thetheorentollows
by directcalculationof thesingularvaluesof T °. u

4.3. Projection onto multibody essentialspace

Givenacharacterizationf the spaceof multibodyessential
matrices,our remainingtaskis to enforcetheseconstraints
in the estimationof F. We achieve this by projectingthe
linearly estimatedmultibody fundamentalmatrix onto the
multibody essentialmanifold. The projection consistsof
two main steps.First (Theorem6), we shov thatthe clos-
estmatrix B (in Frobeniusnorm)to an arbitrary matrix A
canbeobtainedby minimizing the sum-of-squaredistance
amongtheir correspondingingularvalues.Second Theo-
rems?7 and8) weshav how to nd theoptimalsingularval-
uesfor eachoneof the characterizationsf the multibody
essentiamatrix.

Theorem6 Let the singularvaluesof A;B 2 R™ ™ be
1(A) m(A) and 1(B) m(B). Then

min A UBVZjiZ= (i(A) (BN

>U=|-V>V=
Uu>u=1;Vv>Vv=l =1

P tracgA> A) istheFrobeniushorm. Fur-

wheejjAjjs =

thermoe, if A = Updiagf 1(A);:::; m(A)gVy ,thenthe
minimizingmatricesU andV aresudthatU BV T =
Updiagf 1(B);:::; m(B)aVy

Basedon this projectiontheorem,onecan nd a matrix
B with constrainegingularvaluesthatis closestn Frobe-
niusnormto anarbitrarymatrix A by replacingthesingular
valuesof A by thosewith the desiredstructure.

In the caseof uncalibratedcamerasasshovn in Theo-
rem1, the rank of the multibody fundamentamatrix F is
upperboundedby M, n whentherearen independent
motions,henceF hasat leastn zerosingularvalues.Such
a rank constraintcan be enforcedby simply settingthe n
smallestsingularvaluesof theestimated- to 0.

In the caseof calibratedcamerasthe next two theorems
shav how to enforceboth rank and singular value con-
straintsfor the motionswith commonrotation. The proof
of the theoremsds very straightforvard: We solve an opti-
mizationproblemin thespirit of Theorent with constraints
as speci ed in Theorems4 and 5 respectiely, usingthe
methodof Lagrangemultipliers.

Theorem 7 (Projection onto the n-body essentialspace
for an odd number of motions with common rotation)
LetF 2 RM» Mn pethe estimateof an n-bodyessential
matrix with commonrotation and n odd. Let the SVD of

F beF = Uodiagf 1;:::5™, 0V, ™ 50 m, -
The n-body essentiaimatrix F which minimizesthe error
iF  Fiji; isgivenby F = Ugdiagf 1;:::; M, Vs,
whee o 1= 5 = 23" for1 | pMe nc
andO otherwise

Theorem 8 (Projection onto two-body essentialspace)

Let F 2 R® © pe the estimateof a two-bodyessential
matrix with commonrotation. Let the SVD of F be
Ng. The
two-body essentialmatrix F which minimizesthe error

iF  Fjjs is giveany = Updiagf 1;:::; 69Vy s
whee 1 = = NH AT 3= Ny 4= Ny,
5= g=0and = %(p& + 1)

N2+ N2
3t

5. Experiments
In our experimentswe comparehefollowing algorithms:

1. GPCA The GeneralizedPrincipal ComponeniAnaly-
sis (GPCA) method[12, 13] is speci cally designed
for purely translationalmotions. In this case,the
epipolarconstrainreducedo thelinearequation

X3[Mi] Xx1=T7 (X2 x1)=T7 =0, (18)
where® = (x, Xx31) 2 R3. Consequentlythe sey-
mentatiorof 3-D translationamotionsis equivalentto
clusteringdataf * g lying onacollectionof hyperplanes
in R® whosenormalvectorsaref T; oL, -

2. Multibody epipolar constaint without projection
(MEC-nopbjection) Thismethods describedn [14].
Basedon the multibody epipolarconstrainttMEC) in
(4), the methodestimategshe multibody fundamental
matrix F linearly by solving (5). Then, it computes
theepipolarline in the secondview "}, associateavith
eachimagepair (x); x%) from the derivatives of the
MEC, andobtainstheepipolein thesecondriew e; for
eachindependenmotionby clusteringall the epipolar
lines using the GPCA algorithm[13]. The segmen-
tation of the imagedatais obtainedby assigningim-
agepair (x); x%) to the ith motion whoseassociated



epipolee; is closestto the epipolarline *%. Finally,
the single-bodyfundamentaimatrix F; andthe rigid-
body motionsf (R;; Ti)glL, are computedusing the
standard-pointalgorithm.

3. Multibody epipolar constaint with projection (MEC-
projection) This algorithmis essentiallythe sameas
MEC-noprojection,except for two main differences.
First, the linearly estimatedmultibody fundamental
matrix F is projectedonto the multibody essential
manifoldby enforcingtherankandsingularvaluecon-
straint,asdescribedn Section4.3. Secondthe sey-
mentationof the image featuresis obtainedby rst
computingtheepipolee! for eachimagepair (x;; x%)
by apolynomialdifferentiationmethodasdescribedn
[14], andthenassigningheimagepair (x}; x}) to the
ith motionwhoseassociateepipolee; is closesto the
epipoleel of (x);x%).

Synthesizeddata: First, we evaluatethe performanceof
our motion sggmentationalgorithm as a function of the
amountof noisein theimagemeasurementsn the synthe-
sizeddata.More speci cally, we randomlypick n = 2 col-
lectionsof N = 100featurepointseachandapplya differ-
entrigid-body motion (R; T;) 2 SE(3), with R 2 SO(3)

Zero-meanGaussiannoise with standarddeviation (std)
from 0 to 2.0 pixelsis addedto the imagesx ; andX in-
dependently Theimagesizeis 500 500 pixels, andwe
run 500trials for eachnoiselevel. For eachtrial, the error
betweenthe true motionsf (R;; Ti)glL; andthe estimates
f(Ri;T))g", iscomputedas

. 1 X 1
Translationerror= — acos ———— (degrees)
n._, KT; kkTik
. 1 X tracdRiR>) 1
Rotationerror= o acos M (degrees)

i=1 2

The sggmentatiorerroris estimatedoy computingthe per
centageof incorrectlyclassi edfeaturepoints.

The left column of Figures1(a)-(c) plots the meaner
ror in translation, rotation and sggmentationas a func-
tion of noise(standarddeviation in pixels), in the caseof
two purelytranslationamotionswith translationdirections
T, = [1,0;1] andT, = [1;0; 1] . We alsogenerated
dataundegoing two rigid-body motionswith translations
T, andT, anda commonrotationR. Therotationaxisis
chosenat random,and the rotation angleis graduallyin-
creasedrom 0 to 30 degrees.Thenoiselevelis x edat2.0
pixel standardeviation. Similarly to the puretranslational
casewe plotthemeanerrorin translationyotationandseg-
mentationasa function of the rotationanglefor the GPCA
andMEC-basedalgorithmsin theright columnof Figurel.

3We do notcomputetherotationerrorfor the GPCAmethodbecausét
assumeshateachrigid-bodymotionis puretranslational.

Notice that in the caseof purely translationalmotions,
the GPCA-basedalgorithmoutperformghe MEC-basedl-
gorithms. This is becauseGPCA is speci cally designed
for purely translationalmotions. However, notice that as
theamountof rotationincreasesthe performancef GPCA
deterioratesery quickly, while the MEC-basedhlgorithms
have almostconstanterror. This is expected,asthe GPCA
algorithmis only applicableto translationamotions.

Comparingheresultof MEC-projectionto thatof MEC-
noprojectionwe canclearlyobsene animprovementn the
recoveredrigid-bodymotionin thesensef reducingthero-
tationandtranslatiorerrors.However, on averagetheerror
in the sggmentatiorof the point correspondenceacreases
with the projection. This is becaus®ur methodminimizes
thesumof thesquare®f the MECs,which doesnotdepend
ontheseggmentation.Thereforetheprojectionstepis meant
toimprovetheestimatiorof motionparametersyhichdoes
notnecessarilyuarante¢hatfeatureclassi cationwill im-
prove.

Real images: We also evaluatethe performanceof our
motion segmentationalgorithmon 22 pairs of realimages
takenfrom thethree-caisequencehowvn in Figure2. Orig-

inally, thereare threeindependentnotionsbetweenevery
two frames,amongwhich the rst two are pure transla-
tional. In orderto usethe MEC-projectionalgorithm,we ar-

ti cially createasituationwherethereis acommorrotation
betweerevery pair of framesasfollows: Let f (x}; x})g be
asetof pointcorrespondencésetweerntwo framesandJ 1,

J, andJ 3 be threesetsof indicesof featurepointson the
threeindependentlymoving objectsrespectiely. We rst

computethe rigid-body motion (R; T3) of the third object
from its own imagecorrespondencegx’;x%) 1 j 2 Jag
usingthe standarckight-pointalgorithm,i.e.,

Kx, RKx}+Ts j2Js;
whereK is thecamerecalibrationmatrix. Becausehe rst
andsecondmotionsarepuretranslationalyve know that

Kx, Kxy{+T; j2J3; and i2f12g
Therefore,if welet®] = K R>Kxy ( 2 J1[ J2),
clearlytherotatedpoint correspondencd®’; x%) (j 2 Ji)
undegoeanew rigid-bodymotion(R; T;), wherei 2 f 1; 2g.

In particulay we collect the point correspondences
foelxh) 1 2 Jig[ f(x);xb) @ j 2 Jzg, whichun-
degoatwo-bodymotionwith acommonrotationfollowing
theabove reasoningandapplyour motionsegmentatioral-
gorithm. In Figure 2, the resultsasthe segmentationerror
of MEC-projectionand MEC-nonprojectiorare compared
at 22 pairsof frames.We canseethat projectionimproves
the segmentatiorresultssigni cantly in mostcasesThisis
encouragingasit suggestshat a betterestimationof mo-
tion parameterslueto the projectionindeedimprovesthe
featureclassi cationin somesituations.



6. Conclusions

We have presentedh new approachfor the analysisof dy-
namic scenescontainingmultiple rigidly moving objects.
Our approachis basedon a characterizatiorof the space
of multibodyfundamentamatricesin termsof its rankand
geometry which canbe usedto obtaina morerobust esti-
mateof the multibody fundamentamatrix in the presence
of noisevia a suitableprojection. Our characterizatioris
restrictedto the caseof two or odd numberof rigid-body
motionswith a commonrotation. It remainsopenhow to
characterizehe spaceof multibody fundamentaimatrices
with differentrotationsor with anevennumberof motions.

1 1.3
—A—MEC-projection : ——MEC projection
0.8}| ~*—MEC-noprojection | ... . .. .. 1.2} |—*=MEC noprojection |:......... /.
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(b) in rotation
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—4—MEC projection :
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Figurel: Errorin the estimationof thetranslationyotation
(dggrees)and segmentation(percentage).In the left col-
umn, thereare two purely translationalmotions, with the
x-axisindicatingthe standardleviation of the Gaussiarad-
ditive noisein theimagepoints(in pixels);in theright col-
umn, thereare two independentnotionswith a common
rotation, with the x-axis indicating the rotation angle (in
degrees).Thenoiselevel is 2.0 pixel standardieviation.

50 -
—4— MEC projection :

s0f MEC noprojection | =

20} -+

10p- Ao\l A

C'0 5 10 15 20 25

Figure2: Percentagef misclassi cationonarealsequence
with 2 independenimotionswith commonrotationfor dif-
ferentframepairs. The x-axisindicatesframepair index.
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