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Abstract

Thecurrent state-of-the-artfor egomotionestimationwith
omnidirectionalcameras is to mapthe optical �ow to the
sphere and thenapply egomotionalgorithmsfor spherical
projection.In this paper, weproposeto back-projectimage
pointsto a virtual curvedretina that is intrinsic to the ge-
ometryof thecentral panoramiccamera, andcomputethe
optical �ow on this retina: the so-calledback-projection
�o w. We showthat well-knownegomotionalgorithmscan
be easily adaptedto work with the back-projection �ow.
We presentextensivesimulationresultsshowingthat in the
presenceof noise, egomotionalgorithmsperformbetterby
usingback-projection�ow whenthe camera translationis
in theX -Y plane. Thus,theproposedmethodis preferable
in applicationswhere there is no Z -axis translation,such
asgroundrobotnavigation.

1. Intr oduction
The panoramic�eld of view offered by omnidirectional
camerasmakes them ideal candidatesfor many vision-
basedmobile robot applications,suchasautonomousnav-
igation[17], localization [14], andformationcontrol [16].
Theegomotionestimationproblem(the taskof recovering
the cameramotion relative to the environment) is funda-
mentalto mostof thesevision-basedmobilerobotapplica-
tions.

The task of egomotionestimationtypically consistsof
�rst estimatingtheoptical �ow (the2D motion �eld in the
image plane) and then extracting the 3D cameramotion
from theoptical�o w. Previously, [7] studiedtheproblemof
egomotionestimationusingparabolicandhyperboliccata-
dioptriccamerasby mappingimagepointsto thesphereand
mappingtheoptical�o w to thespherethroughtheJacobian
of the transformation,andthenapplyingwell-known ego-
motionalgorithmsadaptedfor sphericalprojection.In [15]
this approachwas generalizedby computingmappingof
imagepointsto thesphereandits Jacobianasa functionof
theparametersof thecentralpanoramicprojectionmodel.

In this paper, we develop the notion of back-projection
�ow asa naturalgeneralizationof optical �o w for central
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panoramiccameras.We show that the uni�ed projection
modelfor centralpanoramiccameras[5] canbeconsidered
asa projectionontoa virtual curvedretinathat is intrinsic
to thecamerageometry. Theso-calledback-projection�o w
is obtainedby lifting theoptical �o w from theimageplane
onto this retina. We show that egomotionalgorithms[13]
canbeapplieddirectly to thisback-projection�o w.

We present extensive simulation results comparing
the performanceof egomotion algorithms using back-
projection �o w and spherical�o w undervarying camera
motions,centralpanoramiccameraparameters,andnoise
levelsin theoptical �o w. Our resultsshow thatin thepres-
enceof noise,egomotionalgorithmsperformbetterwhen
using back-projection�o w comparedwith spherical�o w
when the cameratranslationis mostly in the X -Y plane.
Thustheproposedmethodis preferablein applicationswith
smallZ -axistranslation,suchasgroundrobotnavigation.

2. Central Panoramic Imaging Model

A catadioptricrealization of an omnidirectionalcamera
combinesa curvedmirror anda lens. In [1], anentireclass
of catadioptricsystemscontaininga singleeffective focal
point is derived. A singleeffective focal point is necessary
for theexistenceof epipolargeometrythatis independentof
thescenestructure[12]. Camerasystemsthathaveaunique
effective focalpoint arecalledcentral panoramiccameras.

It wasshown in [5] that all centralpanoramiccameras
canbemodeledby a mappingof a 3D point ontoa sphere
followedby a projectionontotheimageplanefrom a point
in theopticalaxisof thecamera.By varyingtwo parameters
(� ; m), onecanmodelall catadioptriccamerasthathave a
single effective viewpoint, e.g. parabolicmirror with or-
thographiclens,or hyperbolicmirror with perspective lens.
Theparticularvaluesof (� ; m) in termsof theshapeparam-
etersof differenttypesof mirrorsarelistedin [2].

According to the uni�ed projectionmodel [5], the im-
agepoint (x; y)T of a 3D point q = (X ; Y; Z )T obtained
throughacentralpanoramiccamerawith parameters(� ; m)
is givenby:

�
x
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�
=

� + m

� Z + �
p
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�
sx X
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�
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�
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b = (x; y; z)T
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Figure 1: Showing the curved virtual retina in central
panoramicprojectionandback-projectionray b associated
with imagepoint (x; y)T .

where0 � � � 1, and(sx ; sy ) arescalesthatdependonthe
geometryof themirror, thefocal lengthandtheaspectratio
of thelens,and(cx ; cy )T is themirror center.

Sincecentralpanoramiccamerasfor � 6= 0 canbe eas-
ily calibratedfrom a single imageof threelines [6, 2], in
this paper, we assumethat thecamerahasbeencalibrated,
i.e. we know the parameters(sx ; sy ; cx ; cy ; � ; m). There-
fore, without lossof generality, we considerthe following
calibratedcentralpanoramicprojectionmodel:

�
x
y

�
=

1

� Z + �
p

X 2 + Y 2 + Z 2

�
X
Y

�
; (2)

which is valid for Z < 0. It is direct to checkthat � = 0
correspondsto thecaseof perspective projection,and� =
1 correspondsto paracatadioptricprojection(a catadioptric
camerawith a parabolicmirror andanorthographiclens).

3. Back-projection Flow
In this section,we introducethenotion of back-projection
�ow , which is the naturalgeneralizationof optical �o w in
thecaseof centralpanoramiccameras.We alsoreview and
discussdifferenceswith analternateapproach[7, 15] which
mapstheoptical�o w to thesphere.

3.1. Mapping Optical Flow to a CurvedRetina
Sincecentralpanoramiccamerashaveauniqueeffectivefo-
cal point, onecanef�ciently computethe back-projection
ray (a ray from theopticalcenterin thedirectionof the3D
pointbeingimaged)associatedwith eachimagepoint.

One may consider the central panoramic projection
modelin equation(2) asasimpleprojectionontoancurved
virtual retinawhoseshapedependson theparameter� . We
de�ne the back-projection ray as the lifting of the image
point (x; y) onto this retina. That is, asshown in Figure1,
givenanimage(x; y)T of a 3D point q = (X ; Y; Z )T , de-
�ne theback-projectionraysas:

b , (x; y; z)T ; (3)

wherez = f � (x; y) is the heightof the virtual retina. We
constructf � (x; y) in orderto re-writethecentralpanoramic
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Figure 2: Showing crosssections(y = 0) of the virtual
retinafor centralpanoramiccameraparameters0 � � � 1.

projectionmodelin equation(2) asa simplescaling:

� b = q; (4)

wheretheunknown scale� is lost in theprojection.Using
equations(4) and(2), with � = � Z + �

p
X 2 + Y 2 + Z 2,

it is directto solve for thevirtual retinaas:

z , f � (x; y) =
� 1 + � 2(x2 + y2)

1 + �
p

1 + (1 � � 2)(x2 + y2)
: (5)

Figure2 shows a crosssection(y = 0) of thevirtual retina
surfacez = f � (x; y) for differentcatadioptriccamerapa-
rameters0 � � � 1. Noticetheretinabecomesmoreplanar
asthemodelapproachesperspectiveprojection(� ! 0).

Now supposewe have measurementsof theoptical �ow
( _x; _y)T inducedby thecameramotion.Then,usingthedef-
inition of thevirtual retinasurfacein equation(5), thetime
derivative of theback-projectionray _b , ( _x; _y; _z)T is ob-
tainedfrom theoptical�o w andtheretina'sshapeusing:

_z ,
@f �

@x
_x +

@f �

@y
_y =

� (x _x + y _y)
p

1 + (1 � � 2)(x2 + y2)
:

We call _b the back-projection�ow . It is direct to seethat
back-projectionraysandback-projection�o ws arenatural
generalizationof imagepointsandoptical �o w in thecase
of perspectiveprojectionwhere� = 0.

3.2. Mapping Optical Flow to the Sphere
An alternative to theback-projection�o w methodwaspro-
posedin [7, 15], andconsistsof mappingthe imagepoints
andtheir optical�o w to theunit sphere.

The scenerays are describedin sphericalcoordinates
(�; � ; � ) aboutthecenterof projection,where� is themag-
nitude,� is the azimuthanglein the X -Y plane,and� is
thepolaranglebetweentheray andtheZ -axis. Therefore,
givenan imagepoint, we �rst computeits back-projection
ray b = (x; y; z)T usingequation(5) andnormalizeit to
unit lengths , b=kbk = (xs ; ys; zs)T . Thesphericalco-
ordinatesof the“unitized” back-projectionrayaregivenby:

� = 1; � = arctan
y
x

; � = arctan
r
z

; (6)
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where r ,
p

x2 + y2. Using equation(5), we can de-
rive thefollowing Jacobianwhich relatespartialderivatives
from theimageplaneto theunit sphere:

J =

"
@�
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=
�
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x� y�

�
(7)

� ,
z
p

1 + (1 � � 2)r 2 � � r 2

r (r 2 + z2)
p

1 + (1 � � 2)r 2
: (8)

Now, weneedonemoretransformationwhichtakesthepar-
tial derivativeson thespherefrom sphericalcoordinatesto
rectangularcoordinates:

S =
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6
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cos� sin � sin � cos�

0 � sin �

3

5 : (9)

Thus, for any central panoramiccamera, the following
equationsde�ne themappingof animagepoint (x; y)T and
its optical�o w ( _x; _y)T to theunit sphere:

s = b=kbk; _s = SJ
�

_x
_y

�
: (10)

As in [15], the derivedSJ , which mapsoptical �o w from
theimageplaneto thesphere,is a generalizationof theJa-
cobianderivedin [7], andis valid for all centralpanoramic
cameras.Our expressionfor SJ is simpler than the one
in [15] becauseof our useof theback-projectionrayb.

Comment 3.1. In essence, bothof theabovemethodsmap
optical �ow to the surfaceof a curvedvirtual retina. The
differenceis that the back-projection �ow is on a virtual
retina that dependson � and is intrinsic to the central
panoramiccamera, while the spherical�ow is on the unit
sphere regardlessof � . In theabsenceof noise, bothmeth-
odsareequallyvalid. However, aswewill seein Section5,
whenthere is noisein the optical �ow measurements,the
performanceof egomotionalgorithmsvariesdependingon
whethertheinput is back-projection�ow or spherical�ow,
aswell ason thedirectionof camera motion.

4. EgomotionEstimation
Here,weshow thatthedifferentialepipolarconstraintat the
heartof egomotionalgorithmsis in facta constrainton the
back-projection�o w. Thus,onecanusetheback-projection
�o w directly in well-known egomotionalgorithms.

4.1. Differential Epipolar Constraint
If the cameraundergoesa linear velocity v 2 R3 andan
angularvelocity! 2 R3, thenthecoordinatesof astatic3D
pointq 2 R3 evolve in thecameraframeas _q = [! ]� q+ v.

Assumethatwe measuretheback-projectionray b andthe
back-projection�o w _b correspondingto the �x ed point q.
Now, usingequation(4) we have:

_� b + � _b = � [! ]� b + v: (11)

By taking the inner productof both sidesof equation(11)
with [v]� b, we can eliminatethe unknown scales(�; _� ),
andobtainthe following bilinear constrainton the motion
parameters(v; ! ), which is independentof scenestructure:

_bT [v]� b + bT [! ]� [v]� b = 0: (12)

Equation(12) is thedifferential epipolarconstraint, andis
the constraintat the heartof the well-known ego-motion
algorithms(see[13] for anoverview).

It is clear that ratherthanbeing a constrainton image
pointsandoptical �ows asit was�rst derived,thedifferen-
tial epipolarconstraintis moregenerallyaconstrainton the
back-projectionraysandback-projection�ows. In fact,be-
causeweeliminated� and _� , theconstraintis valid whether
b is on the curved retina as in Section3.1 or on the unit
sphereasin Section3.2.Whatis importantis thattheback-
projection�o w is consistentwith the back-projectionray:
_b mustbein thetangentspaceof thevirtual retinaat b.

4.2. EgomotionAlgorithms
Most egomotionalgorithmsweredesignedfor perspective
camerasandexplicitly usethe fact that in perspective pro-
jection the back-projectionray b = (x; y; z)T hasz = 1
and _z = 0. However, thealgorithmscaneasilybeadapted
to thegeneralcasewherez and _z arearbitrary.

In this section,we give brief descriptionsof the three
mostsuccessfulegomotionalgorithms(see[13, 9]).

Bruss-Horn. The Bruss-Hornalgorithm(BH) [3] uses
the differentialepipolarconstraintin equation(12) to ob-
tain a leastsquaresestimateof ! in termsof v. This esti-
mateof ! is substitutedbackinto (12) resultingin a bilin-
earconstrainton v. An estimateof v is thenobtainedby a
numericalminimization,e.g. usingLevenberg-Marquardt.
Given theestimatev, onecansolve linearly for ! (see[3]
for details).

Heeger-Jepson.TheHeeger-Jepson(HJ) algorithm[8]
beginsby re-writing (12)as:

vT [b]� _b = vT ([b]� )2! :

Then, given measurementsof back-projection�o ws at n
points,it �nds alinearcombinationof motionvectorsthatis
independentof depthandrotationandorthogonalto transla-
tion. By de�ning avectorof coef�cients c = (c1; : : : ; cn )T

andthevector� (c) =
P n

i =1 ci [b i ]� _b i , it followsthat:

vT � (c) = vT
nX

i =1

ci ([b i ]� )2! :
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One can solve linearly for coef�cients c such thatP n
i =1 ci ([b i ]� )2 = 0. With this choice of c, we have

vT � (c) = 0, which one can useto solve linearly for v.
Givenv, onecansolve linearly for ! (see[8] for details).

Ma-K osecka-Sastry. The Ma-Kosecka-Sastryalgo-
rithm (MKS) [9] is a lineargeometricalgorithmin thespirit
of thewell-known “8-point algorithm” for discreteegomo-
tion estimation.It is shown in [9] thatthedifferentialepipo-
lar constraint(12) is equivalentto ( _bT ; bT )Eb = 0, where:

E ,
�

[v]�
1
2 ([! ]� [v]� + [v]� [! ]� )

�
2 R6� 3 (13)

is thedifferential essentialmatrix. Thealgorithmcontinues
by linearly estimatingE from theoptical �o w of at least8
pointsusing( _bT

i ; bT
i )Eb i = 0, thenprojectingE ontothe

spaceof differentialessentialmatrices,and�nally decom-
posingE into parameters! andv (see[9] for details).

5. Experiments
In this section,we presentsimulationresultson synthetic
data,comparingtheperformanceof egomotionalgorithms
usingourproposedback-projection�o w andspherical�o w
of [7, 15] underdifferentmotions,centralpanoramiccam-
eraparameters,andlevelsof noisein theoptical�o w.

5.1. Simulation Setup
Wegeneratedsyntheticoptical�o w by adaptingthemethod
describedin [13] to the caseof omnidirectionalcameras.
We considera centralpanoramiccameragivenby (1) with
sx = sy and de�ne (� + m)sx as the focal length. The
diameterof theimagediskwasconsideredto be512pixels.

We assumea �x edCCD sizefor all cameraparameters
� , whichcorrespondsto �xing theimagedisk to unit radius
for all cameras.Sincethe �eld of view (FOV) of a central
panoramiccamerais determinedby theback-projectionray
at theperimeterof the imagedisk, the FOV is determined
by � . Figure3 shows the experimentalsetup,from which
it is clearthatFOV( � ) = � + 2atan(f � (1; 0)). Noticethat
FOV = 90� when� = 0, andFOV = 180� when� = 1.
As Figure3 shows,we alsomodelthefactthatcatadioptric
camerashave a blind spot in the centerof the imagedisk
dueto there�ection of theCCD in themirror. In theseex-
periments,we do not imageany 3D point whoseprojection
is atadistancelessthanr min = 0:25from theimagecenter.

A cloudof 400pointswasscattereduniformly within the
camera�eld of view at randomdepthswhich variedfrom
Zmax = � 10 to Zmin = � 400focal lengths(seeFigure3).

The 3D points were projectedonto the image plane
throughthecentralpanoramicprojection(2). In eachexper-
iment,we computedthe optical �o w inducedby a camera
translationof 5 focal lengthsper frameandrotationof 1�

per frameaboutthespeci�ed translationandrotationaxes.

PSfragreplacements

imagedisk
f (x; y) j x2 + y2 � 1gvirtual retina

z = f � (x; y)

Zmin

Zmax

Figure3: Showing the experimentalsetupfor the simula-
tions. The �eld of view is determinedby � throughthe
back-projectionrayat theperimeterof theimagedisk.

For a focal lengthof 8mm anda framerateof 30Hz, this
correspondsto translationof 1.2m/sandrotationof 30� /s.
This cameramotionamountedto anaveragemotion in the
imageplaneof about7 pixels. The true optical �o w was
corruptedby addingzero-meanGaussiannoisein the im-
ageplanewherethe standarddeviation � wasspeci�ed in
termsof pixel sizeandwasindependentof cameramotion.

5.2. PerformanceMetrics

We comparetheperformanceof theegomotionalgorithms
whenusingasinput back-projection�o w or spherical�o w
computedfrom thesyntheticoptical�o w data.Eachexper-
imentconsistsof 1000trials for a givensettingof parame-
ters. The translationalandrotationalbiasarecomputedas
theaverageanglebetweentheestimatedandthetruedirec-
tion of translationandaxisof rotation,respectively.

Motion dependency. Figure4 shows themotiondepen-
dency of translationalandrotationalbiasfor thethreeego-
motionalgorithms.Theoptical �o w had� = 1 pixel stan-
darddeviationnoise,andthecameraparameterwas� = 1.

The BH algorithmoutperformsthe HJ andMKS algo-
rithmsbecauseit usesnonlinearminimization. In thesub-
sequentexperiments,we only show the resultsof the BH
algorithm, since the other two algorithmshave the same
behavior, but with a larger bias. Notice that the MKS al-
gorithm haslarge rotationbiaswhenv and! arealigned.
This is becausethedecompositionof thedifferentialessen-
tial matrix (13) is numericallylessaccuratewhenv and!
coincide[9].

FromFigure4, we observe thatwhenthecameratrans-
latesin the X -Y plane,usingback-projection�o w in the
egomotionalgorithmsgivesmoreaccuratemotionestimates
thanusingspherical�o w, andvice versawhenthe transla-
tion is in theZ axis.For thesamenoiseandcameraparam-
etersasabove,Figure5 showsthebiasof theBH algorithm
asa function of the polar angle� betweenthe camerave-
locity and the Z -axis. Due to symmetry, performanceof
egomotionalgorithmsdoesnot dependon the directionof
cameravelocity in X -Y plane.Hence,in thisandall subse-
quentexperiments,a velocity alongtheX axiswaschosen
to representa velocity in theX -Y plane.
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Figure4: Bias dependency on the cameramotion. “XY”
meanstranslationalongX -axisandrotationaboutY -axis.

From Figure 5, we observe that it is preferableto use
back-projection�o w in theegomotionalgorithmswhenthe
translationdirectionis roughly in theX -Y plane.Further,
weseethatthecross-overpointwhereit is preferableto use
back-projection�o w over spherical�o w is a functionof � .
Thecross-overpoint is consistently45� for rotationfor both
� 2 f 0:75; 1g, andshiftsto smalleranglesfor translationas
� decreases.

It canbeshown thatthecurvatureof thesphereis greater
thanthecurvatureof thevirtual retinaeverywhere,andfor
all 0 � � � 1. Thus,theJacobianof themappingto spher-
ical �o w haslargersingularvaluesthantheJacobianof the
mappingto back-projection�o w. This implies thatcamera
velocitiesin theX -Y planeinducea largerback-projection
�o w thanspherical�o w, while cameravelocitiesalongthe
Z -axis inducea larger spherical�o w thanback-projection
�o w. Thus,asshown in theaboveexperiments,for a given
noiselevel in the imageplane,egomotionalgorithmsper-
form betterusingback-projection�o w if thecameratrans-
lation is mostly in theX -Y plane.Thus,we concludethat
our proposedback-projection�o w methodis preferablein
importantspecialcaseswherethereis little or no Z -axis
translation,suchasin groundrobotnavigation.

Noisedependency. Figures6 and7 shows thebiasde-
pendency on thenoiselevel in theoptical �o w for a trans-
lation in theX -Y plane,andalongtheZ axis,respectively,
for thecamera� = 1. As expected,we observe thatwhen
thecameratranslatesin theX -Y plane,theback-projection
�o w methodgivesslightly bettermotion estimatesas the
noisein theoptical �o w increases,andspherical�o w gives
improvedestimateswhenthetranslationis alongtheZ axis.

Cameradependency. Figures8 and9 show thebiasde-
pendency on the cameraparameterfor translationsin the
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Figure5: Biasdependency on thetranslationdirection.� is
thepolaranglebetweenv andtheZ -axis.

X -Y planeandin theZ axis,respectively. Theoptical�o w
datahad1 pixel standarddeviationnoise.As expectedfrom
thepreviousexperiments,we observe thatfor everycentral
panoramiccamera,using back-projection�o w gives bet-
ter motionestimatesif the translationis in theX -Y plane,
while the spherical�o w gives better estimateswhen the
translationis in theZ -axis.

FromFigure8, we observe the interestingphenomenon
that as � increases,translationerrorsincreasewhile rota-
tion errorsdecrease. This is dueto the following interest-
ing interplay which occursas the FOV increases.An in-
creasedFOV shouldimprovethemotionestimatesbecause
it is easierto distinguishbetweentranslationaland rota-
tional �o ws [7, 12]. However, as the FOV increases,the
spacialresolution(thein�nitesimal solidangleof theworld
viewedby anin�nitesimal pixel) of thecameraincreasesra-
dially in theimageplane[1]. Thus,for a �x ednoiselevel in
the imageplane,higherFOV camerashave largererrorsin
thecomputedback-projectionrays,andhencelargererrors
in thetriangulationanglesfor egomotionestimation.

6. Conclusionsand Futur eWork
We have developedthenotionof back-projection�ow asa
naturalgeneralizationof optical �o w for centralpanoramic
cameras,and showed that well-known egomotion algo-
rithmscanbeapplieddirectly to this back-projection�o w.
Finally, throughextensive simulation results,we showed
thatusingback-projection�o w givesbetteregomotionesti-
mationresultsthanusingspherical�o w in importantspecial
casessuchasapplicationsin groundrobotnavigation.

This work suggestsmany directionsfor futureresearch:
(1) Find a propernoisemodelfor optical �o w with central
panoramiccameras;(2) Do a detailedanalysisof the sta-
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Figure6: Biasdependency onnoisein theoptical�o w. The
translationwasin theX -Y plane.
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Figure7: Biasdependency onnoisein theoptical�o w. The
translationwasalongtheZ -axis.
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Figure8: Biasdependency on typeof catadioptriccamera.
Thetranslationwasin theX -Y plane.
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Figure9: Biasdependency on typeof catadioptriccamera.
ThetranslationwasalongtheZ -axis.

tisticalcorrelationbetweenback-projection�o w andspher-
ical �o w, andthedependency of thecorrespondingsignal-
to-noiseratioson the cameramotion; (3) Apply the back-
projection�o w to therecentalgorithmsfor multi-frameand
multi-body in�nitesimal motion estimationandsegmenta-
tion [10, 11]; (4) Investigatethecomputationof optical�o w
for centralpanoramiccameras.In [4], the sphereis sug-
gestedasthenaturalunderlyingspacefor imageprocessing
for omnidirectionalcamerasbecauseof the signi�cant ra-
dial distortion.Ourwork suggeststhatthecorrectspacefor
imageprocessingmay dependon the cameramotion. For
example,theproposedvirtual retinais moreappropriatefor
motionin theX -Y plane.
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