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Abstract

The current state-of-the-arfor egomotionestimationwith
omnidirectionalcameas is to map the optical ow to the
sphee and thenapply egomotionalgorithmsfor spherical
projection. In this paper we proposeto badk-projectimage
pointsto a virtual curvedretinathat is intrinsic to the ge-
ometryof the central panoamic camer, and computethe
optical ow on this retina: the so-calledback-projection
o w. We showthat well-knownegomotionalgorithmscan
be easily adaptedto work with the bad-projection ow.
Wk presentextensivesimulationresultsshowingthat in the
presenceof noise egomotionalgorithmsperformbetterby
usingbad-projection ow whenthe cameas translationis
in the X -Y plane Thus,theproposednethods preferable
in applicationswhele there is no Z -axis translation,sud
asgroundrobotnavigation.

1. Intr oduction

The panoramic eld of view offered by omnidirectional
camerasmakes them ideal candidatesfor mary vision-
basedmobile robot applicationssuchasautonomousav-
igation[17], localization [14], andformationcontrol[16].
The egomotionestimationproblem(the task of recovering
the cameramotion relative to the ervironment)is funda-
mentalto mostof thesevision-basednobile robotapplica-
tions.

The task of egomotionestimationtypically consistsof
rst estimatingthe optical ow (the 2D motion eld in the
image plane) and then extracting the 3D cameramotion
fromtheoptical o w. Previously, [7] studiedthe problemof
egomotionestimationusing parabolicandhyperboliccata-
dioptriccamerady mappingmagepointsto thesphereand
mappingtheoptical o w to thespherahroughthe Jacobian
of the transformationandthen applyingwell-known ego-
motionalgorithmsadaptedor sphericalprojection.In [15]
this approachwas generalizedby computingmapping of
imagepointsto the sphereandits Jacobiarasa function of
the parametersf thecentralpanoramigrojectionmodel.

In this paper we develop the notion of badk-projection
ow asa naturalgeneralizatiorof optical o w for central
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panoramiccameras. We shav that the uni ed projection
modelfor centralpanoramiccamerag5] canbeconsidered
asa projectiononto a virtual curvedretinathatis intrinsic
to thecamerageometry Theso-callecback-projectiono w
is obtainedby lifting the optical o w from theimageplane
onto this retina. We shav that egomotionalgorithms[13]
canbeapplieddirectly to this back-projectiono w.

We present extensive simulation results comparing
the performanceof egomotion algorithms using back-
projection o w and spherical o w undervarying camera
motions, central panoramiccameraparametersand noise
levelsin the optical o w. Ourresultsshav thatin the pres-
enceof noise,egomotionalgorithmsperform betterwhen
using back-projection o w comparedwith spherical o w
whenthe cameratranslationis mostly in the X -Y plane.
Thustheproposednethodis preferablan applicationsvith
smallZ -axistranslation suchasgroundrobotnavigation.

2. Central Panoramic Imaging Model

A catadioptricrealization of an omnidirectionalcamera
combinesa curvedmirror andalens.In [1], anentireclass
of catadioptricsystemscontaininga single effective focal
pointis derived. A singleeffective focal pointis necessary
for theexistenceof epipolargeometnthatis independenof
thescenestructurg12]. Camerasystemghathave aunique
effective focal point arecalledcental panoramiccamens

It wasshawn in [5] thatall centralpanoramiccameras
canbe modeledby a mappingof a 3D point onto a sphere
followedby a projectionontotheimageplanefrom a point
in theopticalaxisof thecameraBy varyingtwo parameters
( ;m), onecanmodelall catadioptriccameraghathave a
single effective viewpoint, e.g. parabolicmirror with or-
thographidens,or hyperbolicmirror with perspectie lens.
Theparticularvaluesof ( ; m) in termsof theshapegyaram-
etersof differenttypesof mirrorsarelistedin [2].

Accordingto the uni ed projectionmodel[5], the im-
agepoint (x; y)T of a3D pointq = (X;Y;Z)T obtained
througha centralpanoramicamerawith parameter§ ; m)
is givenby:
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imageplane 0]

virtual retinaz = f (x;y) q= (X;Y;2)7
Figure 1: Shawing the curved virtual retina in central
panoramigorojectionandback-projectiorray b associated
with imagepoint (x; y)T.

where0 1, and(sy; sy) arescaleghatdependnthe
geometryof themirror, thefocallengthandthe aspectatio
of thelens,and(cx; ¢,)T is themirror center
Sincecentralpanoramiccameragor 6 0 canbe eas-
ily calibratedfrom a singleimageof threelines[6, 2], in
this paper we assumdhatthe camerahasbeencalibrated,
i.e. we know the parametergsy; Sy; C; Cy; ;m). There-
fore, without loss of generality we considerthe following
calibratedcentralpanoramigrojectionmodel;
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whichis valid for Z < 0. It is directto checkthat = 0
correspondso the caseof perspecire projection,and =
1 correspondso paracatadioptriprojection(a catadioptric
camerawith aparabolicmirror andanorthographidens).

3. Back-projection Flow

In this section,we introducethe notion of bad-projection
ow, which is the naturalgeneralizatiorof optical ow in
the caseof centralpanoramiccamerasWe alsoreview and
discusdlifferencesvith analternateapproach7, 15] which
mapsthe optical o w to thesphere.

3.1 Mapping Optical Flow to a Curved Retina

Sincecentralpanoramicamerasave auniqueeffectivefo-
cal point, one canef ciently computethe badk-projection
ray (aray from the optical centerin thedirectionof the 3D
point beingimaged)associateavith eachimagepoint.

One may consider the central panoramic projection
modelin equation(2) asa simpleprojectionontoancurved
virtual retinawhoseshapedepend®on the parameter. We
de ne the bad-projectionray as the lifting of the image
point (x; y) ontothis retina. Thatis, asshovn in Figurel,
givenanimage(x; y)" of a3D pointg = (X;Y;Z)7, de-
ne theback-projectiorraysas:

b, (xy;2)"; ®)

wherez = f (X;y) is the heightof the virtual retina. We
construct (X;y) in orderto re-writethecentralpanoramic

z=f(xy)
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Figure 2: Shawing crosssections(y = 0) of the virtual
retinafor centralpanoramiccamergparameter§ 1

projectionmodelin equation(2) asa simplescaling:

b=q 4)
wheretheunknavn scale islostin theiprojection. Using
equationg4) and(2),with = Z+  X2+Y2+ 72,

it is directto solve for thevirtual retinaas:
G1t 20ty
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Figure2 shavs a crosssection(y = 0) of thevirtual retina
surfacez = f (x;y) for differentcatadioptriccamerapa-
rameter® 1. Noticetheretinabecomesnoreplanar
asthemodelapproacheperspectie projection( ! 0).
Now supposeave have measurementsf theoptical ow

(x; ¥)T inducedby thecameramotion. Then,usingthedef-
inition of thevirtual retinasurfacein equation(5), thetime
derivative of the back-projectiorray b, (x;y;2z)" is ob-
tainedfrom the optical o w andtheretina's shapeusing:

@ @ _ (xx + yy) :
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We call b- the badk-projection ow. It is directto seethat
back-projectiorraysandback-projectiono ws are natural
generalizatiorof imagepointsandoptical o w in the case
of perspectie projectionwhere = 0.

z, f(xy)= (5)
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3.2 Mapping Optical Flow to the Sphere

An alternatve to the back-projectiono w methodwaspro-
posedin [7, 15], andconsistsof mappingthe imagepoints
andtheir optical o w to theunit sphere.

The scenerays are describedin sphericalcoordinates
(; ; ) aboutthecenterof projection,where isthemag-
nitude, is the azimuthanglein the X -Y plane,and is
the polaranglebetweerthe ray andthe Z -axis. Therefore,
givenanimagepoint, we rst computeits back-projection
rayb = (x;y;z)T usingequation(5) and normalizeit to
unitlengths , b=kbk = (Xs;Ys;zs)". Thesphericalco-
ordinatef the“unitized” back-projectiomayaregivenby:

r
=1 = arctanx; = arctan-—; (6)
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wherer X2 + y2, Using equation(5), we can de-
rive thefollowing Jacobiarwhich relatespartialderivatives
from theimageplaneto the unit sphere:
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Now, we needonemoretransformatiorwhichtakesthepar
tial derivativeson the spherefrom sphericalcoordinatego
rectangulacoordinates:
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Thus, for ary central panoramiccamera,the following
equationsie ne themappingof animagepoint(x; y)™ and
its optical ow (x; y)T to theunit sphere:

s= b=kbk; s=SJ *: (10)

Yy
As in [15], the derived SJ, which mapsoptical o w from
theimageplaneto the spherejs a generalizatiorof the Ja-
cobianderivedin [7], andis valid for all centralpanoramic
cameras. Our expressionfor SJ is simplerthanthe one
in [15] becaus®f our useof theback-projectiorray b.

Comment3.1. In essencebothof the above methodsmap
optical ow to the surfaceof a curvedvirtual retina. The
differenceis that the bad-projection ow is on a virtual
retina that dependson  and is intrinsic to the cental
panoramic cames, while the spherical ow is on the unit
sphee regardlessof . In the absencef noise both meth-
odsare equallyvalid. However, aswewill seein Sections,
whenthere is noisein the optical ow measuementsthe
performancenf egomotionalgorithmsvariesdependingon
whethertheinputis badk-projection ow or spherical ow,
aswell asonthedirectionof camer motion.

4. Egomotion Estimation

Here,we shaw thatthedifferentialepipolarconstraintatthe
heartof egomotionalgorithmsis in facta constrainton the
back-projectiono w. Thus,onecanusetheback-projection
o w directly in well-known egomotionalgorithms.

4.1 Differential Epipolar Constraint

If the cameraundegoesa linear velocity v 2 R® andan
angularvelocity! 2 R3, thenthecoordinate®f astatic3D
pointq 2 R3 evolvein thecamerdrameasq= [ ] g+ V.

Assumethatwe measurehe back-projectiorray b andthe
back-projectiono w b correspondindo the x ed point g.
Now, usingequation(4) we have:

b+ b= [I] b+ v (11)

By taking theinner productof both sidesof equation(11)
with [v] b, we can eliminatethe unknowvn scales( ; ),
and obtainthe following bilinear constrainton the motion
parametergv;! ), whichis independendf scenestructure:

b'"v] b+b™[1] V] b= 0 (12)

Equation(12) is the differential epipolar constaint, andis
the constraintat the heartof the well-known ego-motion
algorithms(see[13] for anoverview).

It is clearthat ratherthan being a constrainton image
pointsandoptical ows asit was rst derived,thedifferen-
tial epipolarconstrainis moregenerallyaconstrainonthe
badk-projectionraysandbadk-projection ows. In fact,be-
causaveeliminated and_, theconstrainis valid whether
b is on the curvedretinaasin Section3.1 or on the unit
sphereasin Section3.2. Whatis importantis thatthe back-
projection o w is consistentwith the back-projectiorray:
b-mustbein thetangentspaceof thevirtual retinaatb.

4.2. Egomotion Algorithms

Most egomotionalgorithmswere designedor perspectie
camerasaandexplicitly usethe factthatin perspectie pro-
jection the back-projectiorray b = (x;y;z)" hasz = 1
andz = 0. However, the algorithmscaneasilybe adapted
to thegenerakcasewherez andz arearbitrary

In this section,we give brief descriptionsof the three
mostsuccessfubgomotionalgorithms(se€[13, 9]).

Bruss-Horn. The Bruss-Hornalgorithm (BH) [3] uses
the differential epipolarconstraintin equation(12) to ob-
tain a leastsquaresestimateof ! in termsof v. This esti-
mateof ! is substitutedbackinto (12) resultingin a bilin-
earconstraintonv. An estimateof v is thenobtainedby a
numericalminimization, e.g. usingLevenbeg-Marquardt.
Giventhe estimatev, onecansolve linearly for ! (see[3]
for details).

HeegerJepson. The HeggerJepson(HJ) algorithm[8]
beginsby re-writing (12) as:

VI [b] b= v ([b] )2 :

Then, given measurementsf back-projectiono ws at n

points,it nds alinearcombinatiorof motionvectorghatis
independenof depthandrotationandorthogonalto transla-
tion. By de ning avecﬁorof coefcients ¢ = (c1;:::;¢y)"

andthevector (c) = ?:1 G[bi] by, it followsthat:

vl (©=vT  a(bi] )
i=1



ne can solve linearly for coefcients ¢ such that
i”:l ci([bi] )2 = 0. With this choiceof ¢, we have
vl (c) = 0, which one canuseto solve linearly for v.
Givenv, onecansolwelinearlyfor ! (see[8] for details).
Ma-K osecka-Sastry The Ma-Kosecka-Sastryalgo-
rithm (MKS) [9] is alineargeometricalgorithmin thespirit
of the well-known “8-point algorithm” for discreteegomo-
tion estimation.lt is shavnin [9] thatthedifferentialepipo-
lar constrain(12)is equivalentto (b ;bT)Eb = 0, where:

[v] 6 3
e wm o+ 1) 2R (13)
is thedifferential essentiamatrix. Thealgorithmcontinues
by linearly estimatinge from the optical o w of at least8
pointsusing(by ;b )Eb; = 0, thenprojectingE ontothe
spaceof differentialessentiamatrices,and nally decom-
posingE into parameters andv (se€g[9] for details).

5. Experiments

In this section,we presentsimulationresultson synthetic
data,comparingthe performanceof egomotionalgorithms
usingour proposedack-projectiono w andsphericalo w
of [7, 15 underdifferentmotions,centralpanoramiccam-
eraparametersandlevelsof noisein theoptical o w.

5.1 Simulation Setup

We generatedyntheticoptical o w by adaptinghemethod
describedn [13] to the caseof omnidirectionalcameras.
We considera centralpanoramiccameragiven by (1) with
sx = Sy anddene ( + m)s, asthe focal length. The
diameterof theimagediskwasconsideredo be512pixels.
We assume x ed CCD sizefor all cameraparameters
, which correspondso xing theimagediskto unitradius
for all cameras.Sincethe eld of view (FOV) of a central
panoramiacameras determinedy the back-projectiorray
at the perimeterof the imagedisk, the FOV is determined
by . Figure3 shaws the experimentalsetup,from which
it is clearthatFOV( ) = + 2atan(f (1;0)). Noticethat
FOV = 90 when = 0,andFOV = 180 when = 1.
As Figure3 shavs, we alsomodelthe factthatcatadioptric
camerashave a blind spotin the centerof the imagedisk
dueto there ection of the CCD in themirror. In theseex-
perimentswe do notimageary 3D pointwhoseprojection
is atadistancdessthanr i, = 0:25fromtheimagecenter
A cloudof 400pointswasscatterediniformly within the
cameraeld of view at randomdepthswhich variedfrom
Zmax = 10toZmin = 400focallengths(seeFigure3).
The 3D points were projectedonto the image plane
throughthecentralpanoramigrojection(2). In eachexper
iment, we computedthe optical o w inducedby a camera
translationof 5 focal lengthsper frame androtationof 1
perframeaboutthe speci ed translationandrotationaxes.

imagedisk
. vl 2
virtualretina 1 (% yu 19
z=1 (x y)\N} S

Z max
X
X X x I X N
% x i X %
« X x i ! « X N
x x ; x x Zmin

Figure 3: Shaving the experimentalsetupfor the simula-
tions. The eld of view is determinedby throughthe
back-projectiomray at the perimeterof theimagedisk.

For a focal length of 8mm and a framerate of 30Hz, this
correspondso translationof 1.2m/sandrotationof 30 /s.
This cameramotionamountedo an averagemotionin the
imageplaneof about7 pixels. The true optical o w was
corruptedby addingzero-mearGaussiamoisein the im-
ageplanewherethe standarddeviation wasspeci edin
termsof pixel sizeandwasindependentf cameramotion.

5.2 Performance Metrics

We comparethe performanceof the egomotionalgorithms
whenusingasinput back-projectiono w or sphericalo w

computedrom the syntheticoptical o w data.Eachexper

imentconsistsof 1000trials for a given settingof parame-
ters. Thetranslationalndrotationalbias are computedas
the averageanglebetweerthe estimatechndthetrue direc-

tion of translationandaxisof rotation,respectely.

Motion dependency Figure4 shavs themotiondepen-
deng of translationabndrotationalbiasfor the threeego-
motionalgorithms.The optical ow had = 1 pixel stan-
darddeviation noise,andthecamergparametewas = 1.

The BH algorithm outperformsthe HJ and MKS algo-
rithms becausét usesnonlinearminimization. In the sub-
sequentexperiments,we only shav the resultsof the BH
algorithm, since the other two algorithmshave the same
behaior, but with a larger bias. Notice that the MKS al-
gorithm haslarge rotationbiaswhenv and! arealigned.
Thisis because¢he decompositiorof the differentialessen-
tial matrix (13) is numericallylessaccuratevhenv and!
coincide[9].

From Figure4, we obsene thatwhenthe camerarans-
latesin the X -Y plane,usingback-projectiono w in the
egomotionalgorithmsgivesmoreaccuratenotionestimates
thanusingspherical o w, andvice versawhenthe transla-
tionisin theZ axis. Forthesamenoiseandcamergaram-
etersasabove, Figure5 shavsthebiasof the BH algorithm
asa functionof the polarangle betweenthe camerave-
locity andthe Z -axis. Due to symmetry performanceof
egomotionalgorithmsdoesnot dependon the direction of
cameravelocityin X -Y plane.Hence jn thisandall subse-
guentexperimentsavelocity alongthe X axiswaschosen
to represenavelocityin the X -Y plane.
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Figure 4: Bias dependeng on the cameramotion. “XY”
meandranslationalongX -axisandrotationaboutY -axis.

From Figure 5, we obsene that it is preferableto use
back-projectiono w in the egomotionalgorithmswhenthe
translationdirectionis roughlyin the X -Y plane. Further
we seethatthecross-aver pointwhereit is preferabldo use
back-projectiono w over spherical o w is a function of
Thecross-@erpointis consistentlyd5 for rotationfor both

2 f0:75; 1g, andshiftsto smalleranglesfor translationas
decreases.

It canbeshawn thatthe curvatureof thespherds greater
thanthe curvatureof thevirtual retinaeverywhere andfor
allo 1. Thus,the Jacobiarof the mappingto spher
ical o w haslargersingularvaluesthanthe Jacobiarof the
mappingto back-projectiono w. Thisimpliesthatcamera
velocitiesin the X -Y planeinducealargerback-projection
o w thanspherical o w, while cameravelocitiesalongthe
Z -axisinducea larger spherical o w thanback-projection
o w. Thus,asshowvn in the above experimentsfor a given
noiselevel in the imageplane,egomotionalgorithmsper
form betterusingback-projectiono w if the camerarans-
lation is mostlyin the X -Y plane. Thus,we concludethat
our proposecdback-projectiono w methodis preferablein
importantspecialcaseswherethereis little or no Z -axis
translation suchasin groundrobotnavigation.

Noisedependency Figures6 and7 shows the biasde-
pendenyg on the noiselevel in the optical o w for atrans-
lationin the X -Y plane,andalongtheZ axis,respectiely,
for thecamera = 1. As expectedwe obsene thatwhen
thecamerdranslatesn the X -Y planetheback-projection
o w methodgivesslightly bettermotion estimatesasthe
noisein the optical o w increasesandsphericalo w gives
improvedestimatesvhenthetranslatioris alongtheZ axis.

Cameradependency Figures8 and9 shav thebiasde-
pendeng on the cameraparameteffor translationsin the
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BH
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[
%
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@
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Figure5: Biasdependengonthetranslationdirection. is
thepolaranglebetweerv andthe Z -axis.

X -Y planeandin theZ axis,respectiely. Theoptical o w
datahadl pixel standardieviationnoise.As expectedrom
the previous experimentswe obsene thatfor every central
panoramiccamera,using back-projectiono w gives bet-
ter motion estimatesf thetranslationis in the X -Y plane,
while the spherical o w gives better estimateswhen the
translations in the Z -axis.

From Figure 8, we obsene the interestingphenomenon
thatas increasestranslationerrorsincreasewhile rota-
tion errorsdecrease Thisis dueto the following interest-
ing interplay which occursasthe FOV increases.An in-
creased-OV shouldimprove the motionestimatedecause
it is easierto distinguishbetweentranslationaland rota-
tional ows [7, 12]. However, asthe FOV increasesthe
spacialresolution(thein nitesimal solid angleof theworld
viewedby anin nitesimal pixel) of thecameréancreasesa-
dially in theimageplane[1]. Thus,for a x ednoiselevelin
theimageplane,higherFOV camerasave largererrorsin
the computedback-projectiorrays,andhencelargererrors
in thetriangulationanglesfor egomotionestimation.

6. Conclusionsand Futur e Work

We have developedthe notion of badk-projection ow asa
naturalgeneralizatiorof optical o w for centralpanoramic
cameras,and shaved that well-known egomotion algo-
rithms canbe applieddirectly to this back-projectiono w.
Finally, through extensie simulationresults,we shoved
thatusingback-projectiono w givesbetteregomotionesti-
mationresultsthanusingsphericalo w in importantspecial
casesuchasapplicationgn groundrobotnavigation.

This work suggestsnary directionsfor futureresearch:
(1) Find a propernoisemodelfor optical o w with central
panoramiccamerasj2) Do a detailedanalysisof the sta-
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tistical correlationbetweerback-projectiono w andspher
ical ow, andthe dependeng of the correspondingignal-
to-noiseratioson the cameramotion; (3) Apply the back-
projection o w to therecentalgorithmsfor multi-frameand
multi-body in nitesimal motion estimationand segmenta-
tion[10, 11]; (4) Investigatehe computatiorof optical o w
for centralpanoramiccameras.In [4], the sphereis sug-
gestedasthe naturalunderlyingspacefor imageprocessing
for omnidirectionalcamerasecauseof the signi cant ra-
dial distortion. Ourwork suggestshatthe correctspaceor
imageprocessingnay dependon the cameramotion. For
example the proposediirtual retinais moreappropriatdor
motionin the X -Y plane.
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