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Abstract

Background: Sensitivity analysis is an indispensable tool for the analysis of complex systems. In a recent
paper, we have introduced a thermodynamically consistent variance-based sensitivity analysis approach for
studying the robustness and fragility properties of biochemical reaction systems under uncertainty in the
standard chemical potentials of the activated complexes of the reactions and the standard chemical
potentials of the molecular species. In that approach, key sensitivity indices were estimated by Monte
Carlo sampling, which is computationally very demanding and impractical for large biochemical reaction
systems. Computationally efficient algorithms are needed to make variance-based sensitivity analysis
applicable to realistic cellular networks, modeled by biochemical reaction systems that consist of a large

number of reactions and molecular species.

Results: We present four techniques, derivative approximation (DA), polynomial approximation (PA),
Gauss-Hermite integration (GHI), and orthonormal Hermite approximation (OHA), for analytically
approximating the variance-based sensitivity indices associated with a biochemical reaction system. By
using a well-known model of the mitogen-activated protein kinase signaling cascade as a case study, we
numerically compare the approximation quality of these techniques against traditional Monte Carlo
sampling. Our results indicate that, although DA is computationally the most attractive technique, special
care should be exercised when using it for sensitivity analysis, since it may only be accurate at low levels
of uncertainty. On the other hand, PA, GHI, and OHA are computationally more demanding than DA but
can work well at high levels of uncertainty. GHI results in a slightly better accuracy than PA, but it is more
difficult to implement. OHA produces the most accurate approximation results and can be implemented in
a straightforward manner. It turns out that the computational cost of the four approximation techniques
considered in this paper is orders of magnitude smaller than traditional Monte Carlo estimation. Software,
coded in MATLAB®, which implements all sensitivity analysis techniques discussed in this paper, is

available free of charge.

Conclusions: Estimating variance-based sensitivity indices of a large biochemical reaction system is a
computationally challenging task that can only be addressed via approximations. Among the methods
presented in this paper, a technique based on orthonormal Hermite polynomials seems to be an acceptable
candidate for the job, producing very good approximation results for a wide range of uncertainty levels in a

fraction of the time required by traditional Monte Carlo sampling.



Background

Sensitivity analysis is an indispensable tool for the analysis of complex systems [1,2]. It is routinely used
to investigate how uncertainty in input variables affects uncertainty in system response and to quantify the
relative importance of the input variables in influencing the response. In addition to many other areas of
science and engineering, sensitivity analysis is used in systems biology to investigate the robustness and
fragility properties of cellular systems, such as signaling, gene regulation, and metabolic networks [3-11],
as well as in systems pharmacology [12], for designing novel pharmacological intervention strategies and

for understanding drug action [13, 14].

To study the sensitivity properties of a biochemical reaction system, such as a signaling network, we must
construct a mathematical model that relates uncertainty in key biochemical factors of interest to a
biologically relevant system response, and develop techniques for determining how factor uncertainty
affects the system response. Since biochemical reaction systems are subject to physical laws, an important
requirement is that sensitivity analysis must satisfy important thermodynamic constraints, such as the
principle of detailed balance [15]. Bearing these in mind, we have proposed in [16] a probabilistic
sensitivity analysis approach for biochemical reaction systems that uses the standard chemical potentials of
the activated complexes of the underlying reactions and molecular species as the biochemical factors of
interest and propagates factor uncertainty to a given system response in a thermodynamically consistent
manner. Moreover, we have adopted a formal statistical approach to sensitivity analysis, known as
variance-based sensitivity analysis [2, 17-19], which uses a set of indices to quantify the contribution of

individual biochemical factors to the variance of the system response.

Unfortunately, it is not in general possible to analytically evaluate variance-based sensitivity indices. As a
consequence, these indices are estimated by Monte Carlo sampling [2, 16, 18,20], which requires
evaluation of the system response at each sample. A major drawback of this approach is its slow rate of
convergence. As a matter of fact, the error produced by a naive Monte Carlo estimation approach decreases
with an error rate of O(1/+/L), where L is the number of Monte Carlo samples used [21]. Hence, accurate
estimation of the sensitivity indices requires a large number of Monte Carlo samples and, therefore, a large
number of system response evaluations. This makes Monte Carlo estimation of variance-based sensitivity
indices computationally very expensive, especially in the case of biochemical reaction systems comprised

of a large number of reactions and molecular species.



To reduce the computational burden of Monte Carlo estimation, it is imperative that we develop techniques
which can produce sufficiently accurate estimates of the sensitivity indices in a fraction of the time
required by Monte Carlo sampling. In this paper, we present four such techniques and apply them to a
well-known biochemical reaction model of the mitogen-activated protein kinase (MAPK) signalling
cascade. The first technique is based on a second-order Taylor series expansion of the response function
and is an extension of the first-order derivative-based approach for variance-based sensitivity analysis
discussed in [2, 18, 19, 22] by including second-order derivative terms. The other approximation techniques
are based on the high-dimensional model representation (HDMR) schemes developed by H. Rabitz and his
coworkers [23-25]. We use analytical derivations, provided in the Additional file 1 accompanying this
paper, and sensitivity analysis results generated by the four methods, to clarify the relative merits of each
approximation technique and produce useful insights on when these techniques can be used for sensitivity
analysis of biochemical reaction systems. We have coded the sensitivity analysis techniques discussed in
this paper using MATLAB®. Interested readers can request a copy of the software, and the entire set of

data obtained with this software, by contacting the corresponding author.

We should mention here that, in systems biology, the most commonly used sensitivity analysis techniques
are based on derivatives of molecular concentrations or other system responses, known as control
coefficients [3]. These differential methods are based on a Taylor series approximation of the response
function and, as such, are subject to several drawbacks that must be carefully considered before applying
them to problems of systems biology. For example, derivative-based sensitivity indices assess the
sensitivity properties of a biochemical reaction system around a set of reference input values. Their
performance usually depends on the particular choice of these values, due to the nonlinear nature of the
response function. For the results to be relevant, the reference values must be the true values, which are
usually not known in practice. As a consequence, derivative-based sensitivity analysis techniques are
limited by the quality of the underlying Taylor series approximation. Moreover, and due to our difficulty in
accurately evaluating high-order derivatives, differential sensitivity analysis techniques are usually limited
in practice to assessing the effect of one input factor on the system response, by keeping all other factors
fixed to their reference values. This is usually not adequate, since we are most often interested in the effects
of multiple biochemical factors on the system response. Finally, traditional differential analysis cannot
cope with probabilistic uncertainty in biochemical factor values, unless it is combined with variance-based

sensitivity analysis (as it is done by the first approximation technique considered in this paper). It turns out



that variance-based sensitivity analysis does not depend on the additivity or linearity of the system model
and can be naturally used to quantify the simultaneous effect of probabilistic biochemical factor
uncertainty on the system response [2, 18]. For this reason, it provides a very attractive and powerful

approach for sensitivity analysis of biochemical reaction systems.

We should finally mention that a number of alternative approximation techniques for variance-based
sensitivity analysis have been proposed in the literature [26—29]. In these techniques, the original response
function is approximated by a surrogate function and the sensitivity indices are then estimated by Monte
Carlo sampling based on that function. Reduction in computations is achieved by the fact that the time
required for computing the system response at each Monte Carlo iteration using the surrogate function is
much smaller than computing the response using the original function (whose evaluation requires solving a
system of ordinary differential equations). However, the computations associated with these techniques are
still substantial, since they must employ a large number of samples to sufficiently reduce the Monte Carlo
estimation error. By contrast, the techniques discussed in this paper are based on surrogate functions that
lead to analytical formulas for the sensitivity indices, thus avoiding Monte Carlo estimation. As a matter of
fact, the computational cost for calculating the variance-based sensitivity indices using the techniques
discussed in this paper is mainly associated with the problem of estimating the underlying parameters of
the surrogate function used, which leads to appreciable computational savings over the techniques

proposed in [26-29].

Methods

Biochemical reaction systems
In this paper, we consider a well-stirred (homogeneous) biochemical reaction system at constant

temperature and volume that consists of M coupled reactions of the form:

N N
K2m—1 ,
g VpmXn < E VymXn, m=1,2,..., M,
n=1 Rem =1

where Ko, 1, ko > 0 are the normalized rate constants of the forward and reverse reactions (measured in

s™Y and vy, V.

wm = 0 are the stoichiometry coefficients of the reactants and products. We assume that the

system consists of N molecular species X1, Xo, ..., Xy, with concentrations (measured in molecules/cell)

at time ¢ > 0 given by q1(¢), ¢2(t), . . ., g (%), respectively. We characterize the dynamic evolution of



molecular concentrations by the following chemical kinetic equations:

M
= Sampm(t), t>0, n=1,2,...,N, (D

m=1

dgn(t)
dt

where Sy, := V)., — Unm is the stoichiometry coefficient of the n™ molecular species associated with the

h

m™ reaction and

N

N
pm(t) = Kam—1 | [[a:(®)]"™ = kam [ [la: (£)]m )
i=1

=1

is the flux of the m™ reaction at time ¢.

The sensitivity analysis approach we consider here is based on quantifying the influence of a reaction or
molecular species on an appropriately chosen response characteristic R of a biochemical reaction system.
We employ a well-known model of the MAPK signaling cascade (see Figure 1 and Additional file 2 for
details on this model) and consider three response characteristics with established biological significance,
namely the duration D, integrated response I, and strength S of the doubly phosphorylated extracellular
signal-regulated kinase (ERK-PP), defined by

D =ty

= /Otoq(t)dt

I
S: / q(t)dt,
0

T

where ¢(t) is the concentration profile of ERK-PP and ¢ is the time at which ¢(t) converges to zero. If
convergence to zero does not occur within the observation time interval [0, ¢,,ax], then we set tg = tyax.
We choose to work with the duration, integrated response, and strength of ERK-PP activity, since it has
been experimentally observed that differences in duration and strength may cause distinct biological
outcomes, such as cell differentiation, proliferation, and apoptosis [30-34], whereas, the integrated
response directly correlates with DNA synthesis [35,36]. We take the system response R to be the
logarithm of the duration, integrated response, or strength; that is, we take R to be InD, In/, or InS. This
reduces the effect of outliers and increases the efficiency of numerically evaluating the indices associated

with variance-based sensitivity analysis [16].



Variance-based sensitivity analysis

We employ the variance-based sensitivity analysis approach for biochemical reaction systems we recently
introduced in [16]. This method is based on a biophysically-derived probabilistic model for the rate
constants of a biochemical reaction system. According to this model, we treat the rate constants ko,,—1 and

Kom as random variables Ko,,—1 and Ks,,, given by the Eyring-Polanyi equations [37]

kgT — Ch
K2m—1 - h HN Cynm
n=1+~"n
kgT — Ch
Kopm = -2 3)

N nm
h Hn:l CZ
where kp is the Boltzmann constant (kg = 1.3806504 x 10723JK~1), T is the system temperature, h is

the Planck constant (h = 6.62606885 x 10~34Js), C’E,L is the (random) capacity of the activated complex

associated with the m™™ reaction, and C,, is the (random) capacity of the n™ molecular species. The

M)
Ch = exp {_kT}
B

MO
Cn = eXp{_kB%} y (4)

capacities are defined by

where M,%? , M9 are the (random) standard chemical potentials of the m™ activated complex and the n™

molecular species, respectively, given by
M) = i) + kpTY,,

M) = ud + kpTYy. (5)

n

In (5), u%] and 110 are the nominal standard chemical potential values associated with the m™" reaction and
the n™ molecular species, whereas, Ynj[1 and Y,, are zero-mean Gaussian random variables with standard
deviations A}, and An, respectively. These random variables account for variations in the standard chemical
potentials about their nominal values caused by unpredictable biological variability and uncertainty
regarding their exact values. Similarly to [16], we assume that the random variables YJL, m=12...,M,

and Y,,n =1,2,..., N, are statistically independent.



Our variance-based sensitivity analysis technique assesses how uncertainty in the rate constants of a

biochemical reaction system affect the system response. As a consequence of (3), (4), and (5), we have that

N
Kom—1 = Kom—1 eXp{_Yni@} exp Z UnmYn

n=1
N
Koy = Kom, exp{—Y,fl} exp ZU;mYn , (6)
n=1
where
kgT ok
Rom—1 =
h Hilv 1 c’lrjlnm
kT c:fn
Rom = 7
h Hf—b\[—l C,lrjlnm
are the nominal values of the rate constants, with
10
cfn = exp —léjg—mT

0
Cp = exp{];;”T}.

Equation (6) suggests that uncertainty in the forward and reverse reaction rates occurs due to uncertainty in
the standard chemical potentials of the activated complexes associated with the reactions and the standard

chemical potentials of the reactants.

As a consequence of the previous model, we investigate the sensitivity properties of a biochemical reaction
system due to the uncertainty in the standard chemical potentials. To simplify notation, we use

W = {Wy,Ws, ..., W} to denote the random variables Y+ and Y. We consider two cases, namely

J = M and W} :Yf,forj =1,2,...,M,aswellas J = Nand W; =Y, j = 1,2,..., N. In the first
case, the standard chemical potentials of the molecular species are assumed to be fixed, whereas, the
standard chemical potentials of the activated complexes are perturbed randomly. Our objective is to
investigate the importance of reactions in influencing the system response and, for this reason, we refer to
this case as reaction-oriented sensitivity analysis (ROSA) [16]. In the second case, the standard chemical
potentials of the activated complexes are assumed to be fixed, whereas, the standard chemical potentials of

the molecular species are perturbed randomly. In this case, our objective is to investigate the importance of



molecular species in influencing the system response. For this reason, we refer to this case as

species-oriented sensitivity analysis (SOSA) [16].

Given the response R of a biochemical reaction system with random factors W, its total variance

Viot := Var[R(W)] satisfies [17,38,39]:

J J-1 J
V=Y Vi+ > Viji -+ Vizes, (7
j=1 j=1j'=j+1

where
V; = Var[E[R(W) | Wj]]
Vi == Var[E[R(W) | Wy, Wy]] = Vj — Vi, ®)

with similar expressions for the remaining terms. If the biochemical factors W are statistically independent
(which we assume here to be true), then each term on the right-hand-side of (7) is nonnegative. This
equation provides a decomposition of the total system response variance Viq into individual terms

Vi, Va, ..., Vig,.... It turns out that V; quantifies the average reduction in total response variance, obtained
by keeping the 7 biochemical factor fixed. As a consequence, we use V; to measure the singular influence
of the j® biochemical factor W; on the system response. Moreover, the term V};/ quantifies the average
reduction in the total response variance due to jointly fixing the two biochemical factors W and W}/, not
accounted for by summing the average reductions obtained by separately fixing these factors. Therefore,
we use Vs to measure the joint influence of the biochemical factors IW; and W} on the system response.
Finally, higher-order terms in (7) quantify the joint influence of three or more biochemical factors on the

system response.

In most practical situations, it is difficult to evaluate the high-order terms (> 3) in the response variance
decomposition scheme given by (7). Although these terms are usually negligible at low to moderate levels
of biochemical factor uncertainty, they may take substantial values at high levels [16]. Unfortunately, it is
difficult to deal in practice with high-order variance terms. For this reason, it is quite convenient to base our
sensitivity analysis effort only on the first- and second-order terms V; and V};/. Then, instead of using the

total system response variance Vo, we base our sensitivity analysis on its second-order portion V, given by

J J-1 J
V:Z%—FZ Z Viji. )
j=1 J=lj'=j+1



By using the probabilistic model given by (6) and the variance decomposition scheme in (9), we can
develop a powerful (second-order) methodology for sensitivity analysis of biochemical reaction systems,
similar to the one discussed in [16] that was based on the total response variance Vio;. The method requires

evaluation of two indices, namely the (second-order) single-effect sensitivity index (SESI) o;, defined by
o= 2 (10)

and the (second-order) joint-effect sensitivity index (JESI) n;, defined by

U.
0= (11)
where
J
U = > Vi (12)
Jj=1,3'#j

Clearly, o; quantifies the fractional singular contribution of the j " hiochemical factor to the second-order
portion V' of the total response variance, whereas, 7); quantifies the fractional contribution of the 4
biochemical factor to V' jointly with another factor. It turns out that, if o; = n; = 0, then we can conclude
that factor j does not influence the system response singularly or jointly with another factor (although, it
may influence the system response jointly with two or more factors). On the other hand, if ; > 0 and

7n; = 0, then we can conclude that factor j influences the system response singularly but not jointly with
another factor. Moreover, if o; = 0 and 7; > 0, we can conclude that factor j does not influence the system
response singularly but it does so jointly with some other factor, whereas, if o; > 0 and 7; > 0, we can
conclude that factor j influences the system response both singularly and jointly with some other factor. In

practice, we can set a small threshold 6 to determine whether o; and 7); are sufficiently larger than zero.

Unfortunately, we cannot evaluate the exact values of the sensitivity indices o; and 7;. For this reason, we
must resort to approximations. In this paper, we consider the possibility of employing one of five methods
to accomplish this goal. We discuss these methods next and refer the reader to [16] and the accompanying

Additional file 1 for details pertaining to their development and numerical implementation.

Monte Carlo estimation
A straightforward technique for approximating the SESI and JESI values is based on a Monte Carlo Latin
hypercube sampling approach, whose details can be found in [16] (see also [2,20]). This approach can be

used to provide estimates ; and 7); of the second-order SESI’s and JESI’s by using 2L(J + 1) system

10



evaluations [by integrating the system of N ordinary differential equations given by (1) and (2)], where L
is the number of Latin hypercube samples used and .J is the number of biochemical factors considered in
the analysis. We refer to o; and 7); as the (second-order) SESI’s and JESI’s obtained by Monte Carlo (MC)
estimation. This method is computationally expensive, since a large number L of Latin hypercube samples

is required to obtain sufficiently accurate estimates of the sensitivity indices.

Derivative approximation
A method for deriving approximations o; and 7); of the sensitivity indices o; and 7); is to replace the

response function R(w) by its second-order Taylor series approximation ]?E(w) about w = 0, given by

R(w ) + Z djwj + - Z Z djjrwjwy, (13)

] 1j'=1
where
0R(0) OQR(O)
d; := d djjr =
J ow; an Z ow;0wj

are the first- and second-order partial derivatives of R atw = 0, and set

g = =, i = = (14)
' 7 Ny %
where
R J J-1 J
V= Z% + Vi
=1 =1 j'=j+1
o~ J o~
UJ = Z Vh’
J'=L3"#3
V; = Var[E[R(W) | Wj]]
Vi = Var[E[RW) | Wy, Wy]] = V; — V. (15)

Equation (13) and the statistical independence and zero-mean Gaussianity of the biochemical factors W

imply that
2 12 4 52 2 2
V Ajdy + o )\]dﬂ and V = )\]AJ dijis 16)
where \; is the standard deviation of W}, for j = 1,2,...,J. As a consequence, we obtain an analytical

expression for the sensitivity indices o; and 7);, which requires evaluation of the first- and second-order

partial derivatives of the response function R(w), with respect to the biochemical factors, at w = 0.

11



Although many techniques have been developed to compute response derivatives [40], for reasons we
explain in Additional file 1, we choose to approximate the partial derivatives by symmetric finite
differences. We refer to o; and 7);, given by (14), (15), and (16), as the (second-order) SESI’s and JESI’s
obtained by Derivative Approximation (DA). The resulting method requires 2.J(.JJ + 1) + 1 system
integrations, which is quadratic in terms of the number .J of the biochemical factors and is much smaller

than the number 2L(.J + 1) of system integrations required by MC, since J < L.

Polynomial approximation

Another way to approximate the sensitivity indices o; and 7); is to replace the response function R(w) by

R(w) = R(0)
J
+Z( W + ajow?)
%71 J %12 J
Jj=1
J-1 J J-1 J
DD aawuy Y Y agjawiuy
j=1j'=j+1 j=1j'=j+1
J-1 J J-1 J
—I—Z Za-v w-w»Q—I—Z Za~/ wlw? 17)
73’ 3%y Ji’ 4% Wit
j=1j'=j+1 j=1j'=j+1

where the a’s are parameters whose values must be appropriately determined so that E(w) sufficiently
approximates the response function R(w) in an appropriately chosen neighborhood around 0. Note that
ﬁ(w) provides a polynomial approximation of the response function R(w). If E(w) is sufficiently close to
R(w) in a neighborhood around 0, then the parameters « coincide with the partial derivatives

0" +%2 R(0) /0w Ow'?, 1 < k1, K < 2, of Ratw =0.

By using (17) and the statistical independence and zero-mean Gaussianity of the biochemical factors W,

we can show that, in this case, ¢; and 7); are given by (14) and (15), with
‘Z = '20‘1'2,1 +2 40‘]'2,2

j—1 J
+2)\j20g,1 Z Az 2 +Z A2, 0m.3
m=1 m=j+1
2

j—1 J
+)\J2 Z )\gnamj,Q'f'Z Aq%ma/jm,?)
m=1 m=j+1

12



j—1 J
+ AN o A2 s D> A ma
m=1

m=j+1
2

+ 2)\] Z)\Q Oémj4+z )\majm4

m=j+1

JJ’*)‘J/\J’ ’1+2)‘1)§7
+2X Xl /3+4w (18)

As a consequence, we obtain again an analytical expression for the sensitivity indices &; and 7);, which
requires evaluation of the o parameters. This can be done by the polynomial regression approach we
discuss in Additional file 1. We refer to o; and 7);, given by (14), (15), and (18), as the (second-order)
SESI’s and JESI’s obtained by Polynomial Approximation (PA). The resulting method is based on the
approach proposed in [41] and requires J(J — 1)52/2 + J.S + 1 system integrations, which is quadratic
both in terms of the number J of biochemical factors and the number S of the samples per factor used in the
regression. Note that J(J — 1)52/2 + JS + 1 =~ 2J2(S/2)2, for sufficiently large .J. This number is much
smaller than the number 2L (.J + 1) ~ 2L.J of system integrations required by MC, since L > J(5/2)?,
but larger than the number 2.J(.J 4 1) + 1 ~ 2.J2 of system integrations required by DA, since S > 2.

Gauss-Hermite integration

We can obtain a more accurate approximation E(w) of the response function R(w) than the one given by
(13) if we truncate the Taylor series expansion of R(w) about w = 0 by removing all terms that involve
partial derivatives with respect to more than two factors [note that the approximation given by (13) is
obtained from the Taylor series expansion by truncating all terms that involve partial derivatives of order

greater than two]. In this case, we can show that

J
R(w) =t — 2) >

j=1

J-1 J
F2 2 dleruy)

13



where

wj(wj)::R(O, sy, Wy, ,O)

1/Jjj/(wj,wj/)::R(0, ceey Why e, Wty . 70), (19)

Vit = Ele5; (W5, Wp)] = V; = Vi = of, G

where e, €5, and e;;, are given by

J
eo =0 — (J —=2) Y Blthm(Win)]

m=1

J—-1 J
+ Z Z E[¢mm’(Wma Wm’)]

m=1m/=m-+1
ej(w;) = 1o

J
~(J=2) > E[tom(Wi) | W; = w]
m=1

J

J
D Bl (W, W) | Wy = ]

-1
m=1m'=m+1

ej(wj, wyr) = 1o

J
~(T=2) Y Bl (W) | W] = wy, W = wy]
m=1

J—-1 J
+ Z ZE[wmm/(Wm7Wm/) |

m=1lm/=m+1 I/I/} = wj’w/}/ = wj/]. (21)

Note that evaluation of XZ and @j/ requires only one- and two-dimensional integrations, which can be
numerically done by a standard Gauss-Hermite integration approach. For this reason, we refer to o; and 7;,

given by (14), (15), (19), (20), and (21), as the (second-order) SESI’s and JESI’s obtained by Gauss

14



Hermite Integration (GHI). The resulting method is based on the approach proposed in [42,43] and
requires 2J (J — 1)|Q/2]? + 2J|Q/2] + 1 system integrations, which is quadratic both in terms of the
number J of biochemical factors and the order () of Gauss-Hermite integration used. Note that, if the
number S of the samples per factor used in the regression associated with the PA is even, and () = S or

@ = S + 1, then GHI requires the same number of system integrations as PA.

Orthonormal Hermite approximation
The last method we consider for approximating the sensitivity indices o; and n; is based on replacing the

response function R(w) by

,’;Q
&
I

+
M =

S
LA
Q\'

._
Q
S )
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~ < DN
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i V) N e

7j=1
J-1 J wjwjy
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where the a’s and py are parameters whose values must be appropriately determined so that ﬁ(w)

)
Il
—
<.
I
<
+
=

sufficiently approximates the response function R(w) over the entire space of biochemical factor values.
Note that fi('w) provides a polynomial approximation of the response function R(w), similar to the one
given by (17). However, the polynomials used in the approximation given by (22) are orthonormal Hermite
polynomials, as opposed to the polynomials used in the approximation given by (17), which are standard
second- and fourth-order polynomials. Note also that the approximation given by (22) is “global,” in the
sense that it is based on approximating the system response function R(w) over the entire factor space,
whereas, the approximation given by (17) is “local,” in the sense that it approximates the system response

function R(w) in a neighborhood around w = 0.
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By using (22), the orthonormality of the Hermite polynomials, and the statistical independence and
zero-mean Gaussianity of the biochemical factors W, we can show that o; and 7); are given by (14) and

(15), with

O
I

2 2

Q1+ %

17 o 2 2 2 2

Vig = g1+ 0Gjro + QG s + gy (23)

As a consequence, we obtain again an analytical expression for the sensitivity indices o; and 7);, which
requires evaluation of the o parameters. This can be done by polynomial regression based on the Monte
Carlo Latin hypercube sampling approach we discuss in Additional file 1. We refer to o; and 7);, given by
(14), (15), and (23), as the (second-order) SESI’s and JEST’s obtained by Orthonormal Hermite
Approximation (OHA). The resulting method is based on the approach suggested in [44—47] and requires L
system integrations, where L is the number of regression points obtained by Latin hypercube sampling. We
here take the number of regression points used to be the same as the number of Latin hypercube samples
employed by MC, although these two numbers can be different in general. As a consequence, the number
of system integrations performed by OHA is smaller than the number 2L(J + 1) of system integrations
used in MC by a factor of 2(J + 1), but it could be larger than the number of system integrations required
by DA, PA, or GHI.

Results

We now employ the previously discussed techniques to estimate the variance-based sensitivity indices o
and 7); associated with the duration, integrated response, and strength of ERK-PP activity. We do this by
considering the dynamic behavior, within a time frame of 6 hours, of the MAPK signaling cascade model
depicted in Figure 1 (see Additional file 2 for more details on this model). As we have explained in the
previous section, we consider two cases: ROSA and SOSA. In each case, we need to set values for the
standard deviations {)\fn, m =1,2,..., M} of the standard chemical potentials of the activated complexes
of the reactions and the standard deviations {\,,n = 1,2, ..., N} of the standard chemical potentials of
the molecular species. Due to difficulties in obtaining these values in practice, we assume here that

)\fn =X, form=1,2,...,M,and \,, = \, forn =1,2,..., N, and consider \}, \ as two “user-defined”
parameters that quantify the perturbation levels in biochemical factor values. By following our previous
work in [16], we perform sensitivity analysis with A\¥, A = 0.1, 0.2, 0.3, 0.4. Finally, we employ L = 6,000
Latin hypercube samples in MC and OHA, S = 4 regression samples per factor in PA, and a

Gauss-Hermite integration of order () = 5 in GHI.
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In our simulations, we use S = 4 regression points per biochemical factor, located at —2w, —w, w, and 2w,
where w = A for ROSA and w = ) for SOSA (i.e., we use regression points located at + one and two
standard deviations from 0). Note also that, as a consequence of equation (6), if Y;, = 0, for

n=1,2,..., N, then a +\! variation in the values of Ynil about zero will produce a variation in the
nominal values of the rate constants of the m™ reaction within the percentage interval

100[exp{—AE.} — 1, exp{A},} — 1]%. This corresponds to variations in the nominal values of the reaction
rate constants within the interval [—9.52%, 10.52%], for A\F = 0.1, [~18.13%, 22.14%], for A\t = 0.2,
[—25.92%, 34.99%], for \¥ = 0.3, and [~32.97%, 49.18%], for A} = 0.4.

In Table 1, we summarize the number of system integrations and the equations used by each method. For
ROSA-based sensitivity analysis (J = 21), the number of system integrations required by DA, PA, GHI,
and OHA, are respectively only 0.35%, 1.30%, 1.30%, and 2.27% of that required by MC. For
SOSA-based sensitivity analysis (J = 23), the number of system integrations required by DA, PA, GHI,
and OHA, are respectively only 0.38%, 1.44%, 1.44%, and 2.08% of that required by MC.

We list the ROSA results in Tables 2, 3, and 4, whereas, we list the SOSA results in Tables S-3.1, S-3.2,
and S-3.3 of Additional file 3. The results are given in percentages and have been truncated to the nearest
integers. To reduce the size of the tables, we depict only the results associated with reactions whose
truncated SESI or JESI values, estimated by MC, are at least 5%. We consider the SESI and JESI values
obtained by MC as the “true” values. By following our previous work in [16], we classify reactions and
molecular species into one of four categories of interest: singularly influential, jointly influential,
singularly/jointly influential, and noninfluential. We do this by comparing their SESI and JESI values to a
10% threshold. Bold reaction numbers indicate SESI or JESI values, obtained by MC, that are above the
10% threshold. Note that a reaction is singularly influential if the corresponding SESI value is at least 10%
and the JESI value is smaller than 10%, jointly influential if the JESI value is at least 10% and the SESI
value is smaller than 10%, singularly/jointly influential if both the SESI and JESI values are at least 10%,

and noninfluential if both the SESI and JESI values are smaller than 10%.

In the remaining of this section, we discuss the ROSA results separately for each response characteristic.

A similar discussion applies for the SOSA results presented in Additional file 3.
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Duration

Estimation, by MC, of the ROSA-based sensitivity indices associated with the duration of ERK-PP activity
produces values that change little with the size A\' of the underlying perturbations; see Table 2. Moreover,
the estimated SESI and JESI values indicate that the duration is primarily affected by reactions 4, 6, and 13
(refer to Figure 1 and Additional file 2 for identifying these reactions), which exert their influence only
singularly (since the SESI values are larger than 10%, whereas the corresponding JESI values are less than
10%). As a matter of fact, all JESI values are negligible, which indicates that the log-duration may be
approximately additive, at least within the range of the applied perturbations. Note that a multivariate
response function is called additive if it can be decomposed into a sum of one-dimensional functions of one
variable. Additive response functions do not produce high-order (> 2) joint effects and result in zero JESI
values [2]. Although a linear response function is additive, the inverse is not necessarily true. It turns out
that the SESI’s associated with an additive response function can be well estimated by all previous

approximation techniques.

From the results depicted in Table 2 (and Table S-3.1 in Additional file 3), it is clear that, as compared to
MC, the DA, PA, GHI, and OHA consistently provide good approximations to the SESI and JESI values at
all perturbation levels. Moreover, all methods can be used to correctly classify reactions 4, 6, and 13 as

being singularly influential.

Integrated response

Estimation, by MC, of the ROSA-based sensitivity indices associated with the integrated response of
ERK-PP activity produces the SESI and JESI values depicted in Table 3. These values indicate that the
integrated response is primary influenced by reactions 4 and 6 (refer to Figure 1 and Additional file 2 for
identifying these reactions). For small to moderate perturbations (i.e., for \¥ = 0.1,0.2), reactions 4 and 6
influence the integrated response only singularly. However, for large perturbations (i.e., for A\f = 0.3, 0.4),
reaction 4 influences the integrated response both singularly and jointly (since both SESI and JESI values

are at least 10%), whereas, reaction 6 still influences the integrated response only singularly.

It is clear from the results depicted in Table 3 (and Table S-3.2 in Additional file 3) that all approximation
techniques work relatively well for small to moderate perturbation levels (i.e., for \* = 0.1, 0.2), providing
accurate SESI and JESI values, as compared to the values obtained by MC, and produce correct

classification of the reactions. This is true, since the log integrated response may be approximately additive
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in this case, as indicated by the negligible JESI values. However, for large perturbations (i.e., for

A = 0.3, 0.4), the log integrated response is not additive anymore and the results obtained by DA
deteriorate noticeably, deeming the use of DA inappropriate. For example, using the JESI results produced
by ROSA, the largest differences between the values obtained by DA and MC are 8% and 12% for

AP =0.3,0.4, respectively. As a matter of fact, the DA is not capable of capturing second-order joint
effects and the resulting JESI values are very small. If we use the DA results to classify the reactions, then
we will erroneously conclude that reaction 4 influences the integrated response only singularly, when

M =0.3,0.4.

From the results depicted in Table 3 (and Table S-3.2 in Additional file 3), it is clear that, for large
perturbations, GHI and OHA provide good approximations to the sensitivity indices. Moreover, the results
indicate that OHA may be a better approximation technique than GHI (e.g., compare the SESI results
obtained by GHI and OHA for reaction 4). On the other hand, the results obtained by PA are much better
than the results obtained by DA. However, the performance of PA may deteriorate at high perturbation
levels and may become inferior to GHI and OHA (e.g., compare the results obtained by PA, GHI, and OHA
for reaction 4). Finally, it is clear that the sensitivity results obtained by GHI and OHA can be used to

correctly classify all reactions.

Strength

Estimation, by MC, of the ROSA-based sensitivity indices associated with the strength of ERK-PP activity
produces the SESI and JESI values depicted in Table 4. These values indicate that the log strength may be
approximately additive when A\¥ = 0.1. However, the log strength becomes nonadditive when

A =0.2,0.3,0.4, since the estimated JESI values are not negligible at these perturbation levels. Note that,
when A = 0.1, the strength is primarily affected by reactions 4, 6, 8, and 19, which exert their influence
only singularly. However, when A} = 0.2, reaction 8 becomes noninfluential, reaction 4 influences the
strength both singularly and jointly, whereas, reactions 6 and 19 still influence the strength singularly. On
the other hand, when \* = 0.3, 0.4, reactions 4 and 6 influence the strength both singularly and jointly,
whereas, reaction 8 influences the strength only jointly (since the JESI values are larger than 10%, whereas,

the corresponding SESI values are less than 10%).

It is clear from the results depicted in Table 4 (and Table S-3.3 in Additional file 3) that all approximation

techniques work relatively well when A\¥ = 0.1, producing accurate SESI and JESI values, as compared to
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the values obtained by MC, and resulting in correct classification of the reactions. However, when

A =0.2,0.3,0.4, DA produces inaccurate results, while the performance of PA and GHI deteriorates
noticeably. For example, using the JESI results produced by ROSA, the largest differences between the
values obtained by DA and MC are 11%, 20% and 23% for A\¥ = 0.2,0.3, 0.4, respectively. Moreover, the
largest differences between the values obtained by PA and MC are 10%, 8% and 5% for A\f = 0.2,0.3,0.4,
respectively. Finally, the largest differences between the values obtained by GHI and MC are 5%, 7% and
5% for A\f = 0.2,0.3, 0.4, respectively. Once more, OHA consistently provides good results, which can be

used to correctly classify the reactions at all perturbation levels.

Discussion

The previous numerical results demonstrate that, in terms of estimation accuracy, OHA is the best method
and DA is the worst, whereas, PA and GHI are in between, with GHI slightly better than PA. To explain
why this is so, we must investigate the sources of error introduced by each technique, which we summarize

in Table 1.

The estimation error produced by the MC approach is mainly due to the finite number L of samples used
and decreases slowly as L increases, regardless of the number J of biochemical factors used, at least
theoretically. Note, however, that to achieve a certain level of accuracy in practice, we may also need to
increase L as the number J of biochemical factors increases, due to the exponential growth in the volume

of the biochemical factor space when adding extra dimensions (“curse of dimensionality”).

There are two sources of error associated with DA. First, substantial errors may be introduced due to the
fact that DA locally approximates the response function by a Taylor series expansion that includes only
first- and second-order partial derivatives. Consequently, DA may not produce good estimates of the
sensitivity indices under large perturbations, since a second-order Taylor series approximation of the
response function may not be sufficiently accurate over the range of factor values generated by such
perturbations. This is especially true when the response function is nonadditive (as it is the case with the
log integrated response and the log strength of ERK-PP in the MAPK example). In such cases, large factor
variations may produce substantial joint effects, which cannot be captured by a local second-order Taylor
series approximation. This is evident by the fact that, under large perturbations, the JESI values obtained
by DA, associated with the integrated response and strength, are significantly different than the ones

produced by MC.
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A second source of error associated with DA is the approximation of the first- and second-order derivatives
of the response function by finite-differences. In our simulations, we approximate the first- and
second-order partial derivatives of the response function by using equations (S-1.35) and (S-1.36) in
Additional file 1, with A = 0.1. It has been pointed out in [1] that the resulting approximations must be
carefully used, since it is difficult to theoretically predict, control, and numerically evaluate their accuracy.
Although a number of techniques have been developed to deal with this problem [40], exact evaluation of
the response derivatives usually requires simultaneous integration of a set of “sensitivity equations,”
together with the differential equations governing the underlying molecular concentration dynamics, which

turns out to be a very difficult task due to stiffness of the resulting system of differential equations [1].

PA attempts to improve the accuracy of DA by adding high-order derivative terms in the Taylor series
expansion of the response function. In addition to the first- and second-order partial derivatives used by the
DA, the Taylor series expansion now includes third- and fourth-order partial derivatives that involve only
two biochemical factors. Moreover, instead of approximating the derivatives by finite differences, the
method avoids such computations by expanding the response function using FD-HDMR, by truncating all
components of order > 3, by respectively approximating the first- and second-order FD-HDMR
components with second- and fourth-order polynomials, and by estimating the coefficients of these
polynomials using regression (see Additional file 1 for details). Errors are introduced by truncating the
FD-HDMR and locally approximating the resulting response function by a fourth-order polynomial
including only single biochemical factors and pairs of factors. As a consequence, PA may not be able to
accurately estimate some SESI and JESI values under large perturbations, since the underlying truncation
and polynomial approximation of the response function may not be sufficiently accurate over the range of
factor values generated by such perturbations. Note also that errors can be introduced due to estimating the
polynomial coefficients by regression, a situation that cannot be evaluated and controlled easily. As a
matter of fact, and counter to intuition, we cannot necessarily increase accuracy of estimation by using

more samples per biochemical factor, especially when dealing with polynomial regression [48,49].

GHI attempts to improve the accuracy of estimating the sensitivity indices by employing the exact first-
and second-order FD-HDMR components, and numerically calculating the required expectations and
variances using Gauss-Hermite integrations (see Additional file 1 for details). Errors are introduced when

truncating the FD-HDMR and evaluating the expectations and variances by one- and two-dimensional
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Gauss-Hermite integrations. Evaluating and controlling these errors is practically impossible. Note that
higher-order Gauss-Hermite integrations do not necessarily produce higher accuracy. This is true only
when the integrands are sufficiently smooth, in the sense that can be well-approximated by

polynomials [49]. Truncation of the FD-HDMR essentially corresponds to a local approximation of the
response function, although this approximation is expected to be more accurate than the Taylor series and
polynomial approximations used by DA and PA, respectively. As a consequence, GHI may not be able to
accurately estimate some SESI and JESI values under large perturbations, since the underlying FD-HDMR

truncation may not be sufficiently accurate over the range of factor values generated by such perturbations.

Finally, the errors introduced by OHA are due to approximating the ANOVA-HDMR expansion of the
response function by first- and second-order ANOVA-HDMR components, approximating these
components with first- and second-order orthonormal Hermite polynomials, and estimating the coefficients
of these polynomials using regression (see Additional file 1 for details). Here, the truncation of high-order
ANOVA-HDMR components does not correspond to a local approximation of the response function, which
is why this approximation is more accurate than truncating the FD-HDMR components, as in GHI. In fact,
if we consider perturbation levels at which the higher-order (> 3) terms in the variance decomposition
scheme given by (7) are negligible, then the higher-order (> 3) terms in the ANOVA-HDMR
decomposition of the response function will be negligible as well [see equation (S-1.30) in Additional

file 1]. This is not necessarily true for the higher-order terms in the FD-HDMR decomposition. Therefore,
truncating the ANOVA-HDMR decomposition of the response function, as opposed to the FD-HDMR
decomposition, is well justified for perturbation levels at which the response variance is not appreciably
influenced by high-order joint effects. Under very large perturbations, OHA may not accurately estimate
the sensitivity indices, since the underlying truncation of ANOVA-HDMR may not be accurate enough due
to appreciable high-order (> 3) joint effects in the response variance. However, the global nature of the
approximation methodology employed by OHA, the direct relationship between ANOVA-HDMR and the
response variance decomposition scheme given by (7), and the orthonormality properties of the Hermite
polynomials, make OHA the most desirable technique for approximating the sensitivity indices, among the

techniques considered in this paper.

Although we have also obtained simulation results for other biochemical reaction systems, due to lack of

space, we have limited our presentation in this paper to the results obtained for the MAPK model depicted

22



in Figure 1. To illustrate various aspects of the approximation techniques and their relative merits, we have
chosen the response functions to represent three types of high-dimensional system responses: the log
duration, InD, is approximately additive for the levels of biochemical factor uncertainty considered in this
paper, the log integrated response, In/, is moderately nonadditive, whereas, the log strength, InS, is highly
nonadditive. Based on our experience so far, all our simulation results are consistent with each other and
perfectly agree with the theoretical analysis presented in this paper. We therefore believe that the
conclusions based on the MAPK model are general and can be applied to other biochemical reaction

systems as well.

It is very important to keep in mind that the four approximation techniques considered in this paper are
based on the assumption that, for most biochemical reaction systems of interest, perturbations of input
biochemical factors will produce only single and second-order joint effects at the output. As a
consequence, truncating the HDMR of the response function to a second-order is a natural thing to do.
Note that this assumption depends on the particular choice of the biochemical factors used, on how the
system response relates to these factors, and on the perturbation levels used for sensitivity analysis. In
general, the approximation methods discussed in this paper are expected to fail in the presence of
high-order > 3 joint effects among biochemical factors. Therefore, it may be necessary in these cases to
consider truncated HDMR’s that include higher-order basis functions. Extension to this case is
straightforward but computationally demanding, since higher-order cases require evaluation of a large
number of variance terms in the decomposition scheme given by (7), which can be a tedious thing to do for

large biochemical reaction systems.

We should point out here that GHI is based on the methodology proposed in [42,43], which has been
effectively used to calculate statistical moments of the responses of high-dimensional mechanical systems
subject to randomly fluctuating loads. In this paper, we have reformulated this method to fit the framework
of variance-based sensitivity analysis and have applied it to biochemical reaction systems. On the other
hand, OHA is based on the methodology proposed in [25, 44,45, 50] for approximating ANOVA-HDMR’s
using orthonormal basis functions. OHA can also be viewed as a special case of the polynomial chaos
expansion (PCE) approach to sensitivity analysis discussed in [46,47,51], and has been recently employed
in [52] for estimating variance-based sensitivity indices in order to learn the topology of a functional

network of interactions from given data. To our knowledge, this is the first time that the four approximation
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techniques presented in this paper are systematically compared to each other and used to study the

sensitivity properties of biochemical reaction systems.

To conclude, we would like to stress the fact that the approximation techniques presented in this paper have
been derived by assuming that the biochemical factors used for sensitivity analysis are statistically
independent and that each factor follows a Gaussian distribution. The assumption of statistical
independence between the random variables {Yni@, m=12,...,M}and {Y,,n=1,2,..., N} has been
justified in [16]. However, justifying mutual independence within the sets {Y,i, m=1,2,...,M} and
{Y,,n=1,2,..., N}isavery difficult thing to do. We simply view this assumption as a convenient
approximation that allows us to proceed with the sensitivity analysis approaches discussed in this paper.
Developing variance-based sensitivity analysis for correlated biochemical factors is a challenging problem
that needs careful investigation [2,53]. On the other hand, if the biochemical factors follow non-Gaussian
distributions, such as uniform, gamma, binomial, etc., the approximation techniques must be appropriately
modified to accommodate these distributions. For example, if each biochemical factor follows a uniform
distribution, then we must replace the Gauss-Hermite integration step in GHI by Gauss-Legendre
integration [49]. Moreover, if the biochemical factors follow gamma distributions, then we must replace

the orthonormal Hermite polynomials in OHA by orthonormal Laguerre polynomials [47,51].

Conclusions

In this paper, we discussed four methods that one can use to analytically approximate the second-order
sensitivity indices associated with a previously introduced variance-based sensitivity analysis methodology
for biochemical reaction systems. The need for developing such methods stems from an effort to remedy
the large computational burden associated with Monte Carlo estimation. We highlighted important
theoretical, numerical, and computational aspects of each method, in an attempt to provide a
comprehensive understanding of the advantages and disadvantages of each technique. Our simulation
results, based on a mathematical model for the MAPK signalling cascade, clearly demonstrate the
inferiority of second-order derivative-based sensitivity analysis at moderate to high levels of uncertainty. It
also shows the superiority of OHA, which is constructed by truncating the ANOVA-HDMR of the response
function of a biochemical reaction system and approximating the first- and second-order ANOVA-HDMR

component functions with orthonormal Hermite polynomials.
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Figure legends

Figure 1: A biochemical reaction model of the MAPK signaling cascade, adopted from Zhang et al. [16].

29



Tables

Table 1: Required system integrations, equations used, and sources of error.

Method System Integrations ROSA SOSA Equations Used Error Sources
MC 2L(J +1) 264000 288000 (10)—(12) e number of MC samples used
DA 2J(J+1)+1 925 1105 (14)—(16) e local approximation
e truncation of Taylor series
e derivative approximation
PA J(J—1)S%/2+JS+1 3445 4141 (14), (15), (18) e local approximation
e truncation of FD-HDMR
e polynomial approximation
e polynomial regression
GHI 2J(J —1)[Q/2)*> +2J|Q/2] +1 3445 4141 (14), (15), (19)—(21) e local approximation
e truncation of FD-HDMR
e Gauss-Hermite integration
OHA L 6000 6000 (14), (15), (23) o truncation of ANOVA-HDMR

e Hermite approximation
e polynomial regression

L: number of Monte Carlo (Latin hypercube) samples.
J: number of biochemical factors.

S: number of regression samples per factor.

Q: order of Gauss-Hermite integration.
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Table 2: ROSA-based sensitivity analysis results for the duration of ERK-PP activity.

SESI - DURATION (\f =0.1)

JESI - DURATION (A =0.1)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 28 28 28 27 28
6 24 26 25 22 25
11 7 7 7 9 8

13 18 18 20 18 19

4 1 0 0 0 0
6 1 0 0 0 0
11 0 0 0 0 0
13 1 0 0 0 0

SESI - DURATION (\} =0.2)

JESI - DURATION (A =0.2)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 26 27 27 29 27
6 22 25 25 25 23
11 7 7 7 8 8
13 16 17 18 16 17
17 5 ) 6 4 )
21 5 ) ) 6 )

4 2 1 1 1 1
6 2 1 1 1 1
11 1 0 0 0 0
13 1 1 0 0 0
17 1 1 1 1 1
21 1 1 0 1 1

SESI - DURATION (M} =0.3)

JESI - DURATION (A} =0.3)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 26 26 26 24 26
6 21 24 20 21 21
11 7 6 7 7 8
13 15 16 13 15 15
17 5 4 6 5 )
21 6 5) 8 8 6

4 1 2 2 2 2
6 1 2 1 1 1
11 0 1 0 0 0
13 1 1 1 1 1
17 1 2 2 2 1
21 2 2 3 2 1

SESI - DURATION (\f = 0.4)

JESI - DURATION (A =0.4)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 23 24 23 21 25
6 19 22 20 19 21
11 8 6 6 7 9
13 14 15 12 11 15
17 ) 4 6 8 )

4 4 3 2 3 3
6 4 3 2 2 2
11 1 1 0 0 0
13 1 2 1 1 1
17 2 3 2 3 1
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Table 3: ROSA-based sensitivity analysis results for the integrated response of ERK-PP activity.

SESI - I-RESPONSE (\} =0.1)

JESI - I-RESPONSE (A} = 0.1)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 39 39 39 39 39
6 26 27 27 27 27
11 9 10 9 9 9
13 8 8 8 8 8

4 1 0 0 0 0
6 1 0 0 0 0
11 0 0 0 0 0
13 0 0 0 0 0

SESI - I-RESPONSE (\} = 0.2)

JESI - I-RESPONSE (A} = 0.2)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 37 38 40 40 39
6 25 27 26 26 25
8 5 ) 5 5 6
11 7 9 8 8 8
13 6 8 7 7 7

4 5 1 1 2 2
6 4 0 0 1 1
8 2 0 0 1 1
11 1 0 0 0 0
13 1 1 0 0 0

SESI - I-RESPONSE (\} = 0.3)

JESI - I.RESPONSE (A} = 0.3)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 38 37 43 41 36
6 21 26 22 21 21
8 8 4 7 7 7

4 10 2 9 10 11
6 7 1 4 4 6
8 4 0 3 4 5

SESI - I-RESPONSE (\} = 0.4)

JESI - I-RESPONSE (A} = 0.4)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 36 36 43 40 34
6 18 25 16 19 18
8 8 4 8 9 8

4 15 3 18 15 16
6 8 2 7 7 8
8 7 1 6 6 7
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Table 4: ROSA-based sensitivity analysis results for the strength of ERK-PP activity.

SESI - STRENGTH (A} =0.1)

JESI - STRENGTH (A} =0.1)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 38 38 36 30 38
6 17 15 15 14 17
8 10 10 9 6 10
11 8 9 9 4 8
19 12 10 12 15 13

4 1 0 0 0 0
6 1 1 0 0 0
8 1 0 0 0 0
11 0 0 0 0 0
19 1 1 0 0 0

SESI - STRENGTH (M =0.2)

JESI - STRENGTH (A =0.2)

Reaction MC DA PA GHI OHA

Reaction MC DA PA GHI OHA

4 32 34 40 39 33
6 14 14 14 12 13
8 8 9 11 12 9
17 6 4 6 3 6
19 10 9 11 12 12

4 13 2 3 8 11
6 8 3 1 3 6
8 7 1 1 2 )
17 6 1 1 2 4
19 ) 2 1 1 4

SESI - STRENGTH (A} =0.3)

JESI - STRENGTH (M =0.3)

Reaction MC DA PA GHI OHA Reaction MC DA PA GHI OHA
4 31 30 37 37 27 4 23 3 22 25 26
6 10 12 12 11 10 6 17 ) 9 10 15
8 9 g8 10 9 8 8 11 2 8 9 11
19 6 8 7 6 ) 19 ) 4 3 3 4

SESI - STRENGTH (A} =0.4)

JESI - STRENGTH (A} = 0.4)

Reaction MC DA PA GHI OHA

Reaction MC DA

PA GHI OHA

4 28 25 40 36 26
) 2 1 1 0 2
6 10 10 9 11 10
8 8 7 8 10 8
15 1 0 0 0 2
21 1 0 0 0 1

4 28 )
5 6 5
6 16 7
8 15 3
15 7 5
21 7 4

29 27 29

2 2 5
11 11 15
11 11 14
4 4 7
4 4 8
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Additional files

Additional file 1: Approximation methods and implementations. This file contains the mathematical
details associated with the five approximation methods presented in the paper and discusses their numerical

implementation.

Additional file 2: MAPK signaling cascade model. This file lists the biochemical reactions associated
with the MAPK signaling cascade model and provides nominal values for the normalized reaction rate

constants and initial molecular concentrations.

Additional file 3: SOSA-based sensitivity analysis results. This file summarizes the SOSA-based
sensitivity analysis results for the three response characteristics (duration, integrated response, and
strength) of ERK-PP activity in the MAPK signaling cascade obtained by the five approximation methods

discussed in the paper.
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ADDITIONAL FILE 1

A comparison of approximation techniques for variance-based sensitivity
analysis of biochemical reaction systems

APPROXIMATION METHODS AND IMPLEMENTATIONS

Hong-Xuan Zhang' and John Goutsias*!

! Whitaker Biomedical Engineering Institute, The Johns Hopkins University, Baltimore, MD 21218, USA

* Corresponding author

Email: HXZ: hxzhang@jhu.edu, JG: goutsias@jhu.edu

In this document, we present several methods for approximating the indices o; and 7); associated with the
second-order variance-based sensitivity analysis technique discussed in the Main text. We first review a
number of multivariate representation schemes for the response function of a biochemical reaction system
that can be used to analytically map the complex relationship between the biochemical factors and the
system response. We then discuss how to use these schemes in order to approximate o; and 7);. Finally, we

present details regarding the numerical implementation of the resulting approximation techniques.

1 Response function representation schemes

For ease of presentation, we will often base our discussion on a response function R(w) = R(w1, w2, ws3)
that depends only on three factors of interest w = {w;, wg, w3}. Although extension to the case of J
biochemical factors is straightforward, the required notation is cumbersome and makes key steps difficult
to follow. For this reason, we use a trivariate response function to derive key equations and state the

general form of these equations without proof.

1.1 TSMR

If the response function R is continuously differentiable in a neighborhood of w = 0, then its Taylor series

expansion about 0 is given by

R(wi,we,w3) =19 + r1(w1) + ra(we) + r3(ws) + riz(wi, ws)

+ riz(wi, w3) + rog(we, ws) + r123(wi, w2, w3), (S-1.1)



where

To -

rl(wl) :

7’2(11)2) :

7“3(71)3) :

riz(wr, we) :

13 (wh w3) :

ro3(wa, w3) :

r123(wi, we, w3) :

- - 1 8m1+m2R(0) mi_ .mo

E g witw

~ L= mylmy! wMowy? Tt 2
mi1=1mo=1

mi!mg! owi"owy® Tt 3

mi1=1mgz=1

i i 1 0™ R(0) s s

w
| | ma ms3 2 3
o e melms! owy 20wy

o0 o o0
1 gmitme+ms p((Q
Z Z Z T AT (m) wiwy?wy®. (S-1.2)
m1! ma!l mg! Owi™ Owy"? 0wy "™

mi1=1mo=1m3=1

Clearly, the Taylor series expansion provides a representation of the system response R in terms of

functions r, given by (S-1.2). We refer to the 7’s as basis functions. Note that r is the value of R at the

reference point 0. On the other hand, 71 (w;) summarizes the singular contribution of factor w; to the

value of R, whereas, 712(w1, w2) summarizes the joint contribution of factors w; and ws. Finally,

r123(w1, we, w3) summarizes the joint contribution of all three factors to the value of R. Similar remarks

apply for 2, 73, r13, and 7a3.

Although (S-1.2) provides analytical formulas for the basis functions, calculating these functions at a point

w requires knowledge of the partial derivatives of R at the reference point 0, as well as evaluation of

infinite sums, which is very difficult to do in practice. Note however that any basis function r given



by (S-1.2) is zero if one of its arguments equals zero. By using this property and (S-1.1), we have that

R(w1,w2,0) = 1o+ ri(wr) + ra(w2) + riz(wi, wa)
R(w1,0,w3) = ro+ ri(wi) + r3(ws) + rig(wi, ws)
R(Oa w2, W3

(
(
= 10 + ro(wg) + r3(w3) + roz(wa, ws3)
(
= ro + r2(ws

(

) )
) )
) )
R(w1,0,0) = ro+ 71 (wy)
) )
) = 1o+ r3(ws)
)

= To,

which results in
ro = R(0,0,0)

ri(w1) = R(wi,0,0) — R(0,0,0)
ro(wg) = R(0,ws,0) — R(0,0,0)
rs(ws) = R(0,0,w3) — R(0,0,0)
rig2(wi, wa) = R(wi,ws2,0) — R(wi,0,0) — R(0,ws,0) + R(0,0,0)
ri3(wy, ws3) = R(wi,0,ws) — R(wy,0,0) — R(0,0,ws) + R(0,0,0)
ros(we, w3) = R(0,wq,ws) — R(0,ws,0) — R(0,0,ws) + R(0,0,0)
rio3(wi, wa, w3) = R(wi,ws, w3) — R(wy,ws,0) — R(wy,0,ws) — R(0,ws, ws)

+R(w1,0,0) + R(0,ws,0) + R(0,0, ws)
—R(0,0,0). (S-1.3)

These formulas provide a method for evaluating the basis functions r at some point w. This can be done by
calculating the system response at the corresponding w values suggested by the formulas. For example,
evaluation of 7y requires calculation of the system response at w; = wy = ws = 0, whereas, evaluation of
r1(w1) requires an additional calculation of the system response at w1, ws = wg = 0. This can be done by
solving the system of ordinary differential equations given by equations (1) and (2) in the Main text. We
refer to the representation scheme given by (S-1.1) and (S-1.2) as Taylor Series Model Representation

(TSMR).



1.2 FD-HDMR
We can extend the decomposition scheme given by (S-1.1) to the case of J biochemical factors and to
functions that are not necessarily continuously differentiable. As a matter of fact, we can represent any

response function R with J factors w = {w1, ws, ..., w,} by

J
Rw) =710+ Y D> > Tmymgen, (Winys Wiy, - 5 Wy, )- (S-1.4)

J=11<my1<--<m; <J
The only requirement is that we must be able to uniquely determine the basis functions r from R. The

representation of a multidimensional function R by (S-1.4) is known in the literature as High-Dimensional

Model Representation (HDMR) [1,2].

A way to guarantee that we can uniquely determine r from the response function R is to consider basis
functions that become zero if one of their arguments is zero. In this case, r can be determined by the

classical Mobius inversion formula

Py (Wi s Winys - W) = Y (1) R(awy), (S-1.5)
JCI
which generalizes (S-1.3). In this formula, I = {my,ms,...,m;}, A\ B denotes the set difference

between two sets A and B,

A| denotes the number of elements in a set A (by convention, we set |()| = 0),

and wy is w with all variables, except the one indexed by .J, set to zero.

Equations (S-1.4) and (S-1.5) express R(w) as a superposition of system response values on lines, planes
and hyperplanes passing through the reference point 0. For this reason, these equations lead to a system
representation scheme known in the literature as cut-HDMR [1-3] or Finite Difference (FD) HDMR [4].
We adopt the second terminology here as being more appropriate for characterizing this type of HDMR.

Clearly, the Taylor series expansion is a special case of FD-HDMR, with basis functions given by (S-1.2).

1.3 ANOVA-HDMR

Let us now assume that we can find invertible differentiable transformations g;, which we can use to map

the biochemical factors w; into factors u; := g;(w;) that take values between 0 and 1. Let

P(uy,uz, us) == R(g; " (u1), g5 ' (uz), g5 (u3)). (S-1.6)



The HDMR representation of P is given by

P(uy,uz,u3) = po + p1(u1) + p2(uz) + ps(us) + pra(u1, uz)

+ pi3(ur, ug) + pas(ug, uz) + pras(ur, uz, us). (S5-1.7)

If we consider basis functions p that integrate to zero over a single variable, then we can readily verify

1 1 1
Py = / / /P(ul,u2,u;3)du1du2dU3
0 0 0

1 1
pi(ur) = / /P(U1,U2,U3)dU2dU3—p0
o Jo

from (S-1.7) that

141
pa(u2) = / /P(ULU%US)duldUS_pO
o Jo
1 41
p3(ug) = / /P(ul,u2,u3)dulduQ—po
o Jo
1
pr2(ut, us) = /P(U1,u2,u3)du3—p1(u1) — pa(u2) — po
0
1
p13(ug,uz) = /P(U17U27U3)du2—p1(ul)—ps(u3)—po
0

1
pa3(u2, u3) = /P(U1,U2,U3)dm — pa(u2) — p3(u3) — po
0

p123(u1, uz,u3) = P(u1,ug,u3) — pia(u1, uz) — p13(u, us) — pas(uz, us)
—p1(u1) — pa(u2) — p3(us) — po. (S-1.8)
Therefore, we can uniquely determine the basis functions p from P. By setting u; = g;(w;) in (S-1.7)

and (S-1.8), and by employing (S-1.6), we obtain

R(wy,wa,w3) = po + p1(wi) + p2(w2) + p3(ws) + pr2(wi, we)

+ pi3(wi, w3) + paz(wa, w3) + pr23(wi, w2, w3), (5-1.9)



where

Po = Po =/ / / R(wy, wa, ws)g (w1)gh(w2)gs(ws)dw dwadws

p1(w1) = p1(g1(w1)) = /_00 /_00 R(w1, w2, w3)gs(w2)gs(w3)dwadws — po
p2(w2) = pa(ge(w2)) = /_OO /_OO R(wy, wa, w3)gy (w1)gs(ws)dwidws — po

p(ws) = ps(gs(ws)) = / h / " Rlwn, wa, ws)g) (wn)gh(ws)dwndws — po

P12(w1,w2) = P12(91(w1),92(w2)) = /_OO R(wl,wg,wg)gé(wg)dwg —P1 (w1) - P2(w2) — Lo
p13(wi,w3) := p13(g1(w1), g3(ws3)) = /_OO R(w1, w2, w3)gy(wa)dws — p1(wi) — p3(ws) — po
p23(w2, w3) = pa3(ga(w2), g3(ws)) = /_OO R(wi1, wa, w3)gy (w1)dwi — pa(w2) — pa(ws) — po

p123(w1, w2, w3) = pi23(g1(w1), ga(ws), g3(ws))
= R(w1, w2, w3) — p12(w1, wa) — p13(w1, w3) — pa3(wa, ws)
—p1(w1) — p2(w2) — p3(ws) — po, (S-1.10)
with ¢’ being the first-order derivative of g. For reasons to be explained in Section 2.3, the representation of

a response function R by (S-1.9) and (S-1.10) is referred to in the literature as Analysis-of-Variance

(ANOVA) HDMR [1-5]. Note that the basis functions p satisfy the following orthogonality conditions:
o0 o0
/ / pjh---,jk(wjlw"7wjk)gi(w1)"‘gj(wJ)dwl dw; =0,
—00 —00
o0 o0
/ /
/ / Pit e Wins - Wi )y, (Wit wyr )gy (wr) -+ - gy (wy)dwy -+ dw; = 0,
—00 —0o0
(Grseeesdi) # (Lo di),s (S-1.11)
provided that the derivatives g (w;) integrate to one.
2 Approximation of response variances

In this section, we assume that the biochemical factors of interest are statistically independent random

variables Wy, Ws, ..., Wj that follow zero-mean Gaussian distributions with standard deviations



A1, A2, ..., Ay, respectively. In this case, the response R(W) of the biochemical reaction system, where
W = {Wy, Ws,...,W;}, will be a random variable as well. We are interested in evaluating the following

response Variances:
V; = Var[E[R(W) | Wj]]
Vijo = Var[E[R(W) | W;, Wy]] = V; — Vju. (S-1.12)

We can then calculate the (second-order) SESI’s and JESI’s by means of

o=y and =l (S-1.13)
where
J J J-1 J
U=> Vi ad V=>V+> > V. (S-1.14)
J=1,5'# j=1 =1 j'=j+1

In most applications of interest however it is very difficult to evaluate the previous variances due to the
complexity of the response function 2. We can address this problem by replacing the response function
with a simpler function }/%(wl, wa, . .., wy) that will allow us to approximate the response variances given
by (S-1.12). In the following, we discuss various approximations obtained by employing the previously

discussed representation schemes.

21 TSMR

As we mentioned in Section 1.1, the two main problems associated with the basis functions of TSMR,
given by (S-1.2), is the need to calculate high-order partial derivatives of the response function and evaluate
infinite sums. To address these problems, we can approximate the basis functions by assuming that the
response function is sufficiently smooth in a neighborhood around O so that partial derivatives of order

greater than two are negligible. In this case, we can approximate the response function R(wj, we, ws) by

~

R(wi, w2, w3) =70 + 71 (wi) + Ta(w2) + 73(w3) + Fi2(wi, w2) + T13(wi, w3) + Ta3(wa, ws),

where
7o := R(0)
. OR(0 19%R(0
1
. OR(0 19%R(0
7“2(’[1)2) = 811()2) 2 5 8w(2 ) ’UJ%
2



_ OR(0) 10°R(0)

r3(ws) - By T3 ow? w3
Ti2(wi, wa) = g;i;wl wywy
ri3(wy, w3) = g;i;wi wiw3
r23(w2, w3) = m Waws

since r193(w1, w2, w3) = 0 in this case. By employing the statistical independence of Wi, W5, and W3, we

can show that the variances associated with the approximate response function R (w1, wa, ws) satisfy:

. 1 1 1
Ve:ﬁﬁ+d%3+ﬁ%+5d%ﬁ+5d%%+§d§%+dﬂﬁﬁ+d%ﬁ%+d%gﬁ

Vo= BN+ L N
Vs = BN+ § iy,
T = BN+ 5 o]
Vio = di A3
Viz = dis\IN3

‘/23 = d%S)‘gA§7

(S-1.15)

where d; is the first-order partial derivative of R with respect to w; at 0 and d; is the second-order partial

derivative of I? with respect to w; and wj at 0. To show (S-1.15), we have used the fact that IW; follows a

Gaussian distribution with zero mean and standard deviation A;, which implies E[I/Igd] =0, E[I/Ig‘l] = 3)\;*.

As a consequence of (S-1.13), (S-1.14), and (S-1.15), we obtain the following approximations to the

SESI’s and JESI’s (expressed for the general case of J biochemical factors):

I O i/
g3 = = =
J V J V
V= 22d2 + ﬁ@

tf—ﬁﬁ%

o~ J —~

U = > Vy

J'=1,5'#j

J R —1 R
N ED MW

j=1 j=1 j'=j+1

(S-1.16)

o0



We respectively refer to o; and 7);, given by (S-1.16), as the SESI’s and JESI’s obtained by Derivative
Approximation (DA).

2.2 FD-HDMR

2.2.1 Polynomial approximation

We may obtain a better approximation of the sensitivity indices o; and 7; by assuming that the response
function is sufficiently smooth in a neighborhood around O so that partial derivatives of order greater than
two with respect to one variable and partial derivatives that involve more than two variables are negligible.

In this case, we can approximate the response function R(w1, ws, ws) by

~

R(w1, wa, w3) = 7o + 71(w1) + r2(w2) + r3(ws) + riz(wi, we) + m13(w1, w3) + Taz(wa, w3), (S-1.17)

where
7o := R(0)
ri(wy) == 8;1(1(1” w1 ;826130(;) wi
e = B 2
ri2(wr, w2) = m wiwz + ;803];8(0)2 wiwy + 2883R8( )3 wywj + 4§4Ra( )% wiws
ri3(wi, w3) = m wiw3 + ;m wiws + 2§3R8( )?2) wiw; 4§4R8( )?2) wiw?
Pag (wa, w3) :—mwgwg ;(;93];0)3 2w+ - §3R8( )§wa2 45412%8( )5 2wl (S-1.18)

Due to difficulties in numerically evaluating high-order derivatives with sufficient accuracy, we may not be
able to use (S-1.18) to derive sufficiently good DA approximations of the sensitivity indices. However, this

equation motivates us to set
Polws) = v 10 Y
Tj(wj) = ajiwj + a2 wy
-~ w>
(Wi, wir) = agjr1 wiwy + oo w? Jwir + oy w]w Qg wiwj, (S§-1.19)

9



where the a’s are parameters whose values must be appropriately determined so that R, given by (S-1.17)
and (S-1.19), sufficiently approximates the response function R. We will be discussing a practical method

to address this problem in Section 3 of this supplement.

Clearly, the previous approach is based on approximating the first- and second-order basis functions
associated with the FD-HDMR given by (S-1.4) with the polynomials given by (S-1.19). If }AB(w) is
sufficiently close to R(w) in a neighborhood around 0, then the parameters a will coincide with the partial
derivatives of R associated with (S-1.18). Note that the approximating basis functions 7 given by (S-1.19)

satisfy the necessary condition of becoming zero if one of their arguments equals zero.

As a consequence of (S-1.13) and (S-1.14), by employing the statistical independence of the ¥;’s, and by
using the fact that W} follows a Gaussian distribution with zero mean and standard deviation );, in which

case E[VVJ3] =0 and E[VVj‘*] = 3)\;-1, we obtain the following approximations to the SESI’s and JESI’s:

<
<[

&
|

5 n; =

= \202, + 202, + 2020, Z/\%lamﬂ 4 Z)\ Qi3

m=j+1
2
ZA S
m=j+1

+ 4N a0 ZAfnam]4 + Z A2 i a
m=j+1 (S-1.20)
2

+ 2\ Z)\ am]4+ZA Qjma

m=3+1

Vi = NN a1 + 2N N0l 5 + 28 Nady 5 + 4 Aol

J'=13"#3
J -1 J
V=>V+> > Vi
j=1 Jj=1j'=j+1

Note that (S-1.20) is a special case of equations 35 and 36 in [6]. We respectively refer to o; and 7);, given

by (S-1.20), as the SESI’s and JESI’s obtained by Polynomial Approximation (PA) of the FD-HDMR.

10



2.2.2 (@Gauss-Hermite integration
We can derive another approximation of the sensitivity indices by assuming that the partial derivatives of
the response function in a neighborhood of 0 that involve more than two factors are negligible. In this case,

we can approximate the response function R(w1, w2, w3) by
ﬁ(wl, wo,ws) = 1o+ r1(w1) + ro(we) + r3(ws) + ria(wi, wa) + ris(wy, w3) + rez(we, wz), (S-1.21)

where

rs3 (wg)

oo o0
1 omtm2 R(0
ri2(wi, w2) = Z Z ( )w?“ué"2

milme! Ow ™ Owlh*?
mi1=1mo=1 1 2 1 2

i i 1 0™FT™R(0) ot s

ri3(wi, w3) = min ms W1 W3
i milma! Ow" Owy
o0 o
1 9gmtmsR0) ,,
— 2,,,M3
rog(we, w3) = E E gl Dl oW wy Pws?, (S-1.22)

ma=1msz=1
since 7123(w1, we, w3) = 0 in this case. We expect that this approximation will be more accurate than the
one considered in (S-1.17) and (S-1.18), since the first- and second-order basis functions are exactly the
same as the corresponding basis functions given by (S-1.2). Note that we can obtain the approximation
given by (S-1.21) by simply truncating the third- and higher-order terms in the FD-HDMR of the response

function R, given by (S-1.4), without making any reference to the derivatives of R.

Since the basis functions r given by( S-1.22) become zero if one of their arguments is zero, we can relate

them to the system response R by means of (S-1.3). As a consequence of (S-1.3) and (S-1.21), we obtain

11



the following decomposition for R (expressed for the general case of J biochemical factors):

J J—1 J
R(w) = o — (J Z w) + Y D Wy (wj,wy), (5-123)
J=1 Jj=1j'=j+1
where
v = T2 oo,

w]j/(wj7wjl) = R(O, . ,O,MJ,O,...,O,wJ'/,O,. ,O) .

By taking conditional and unconditional expectations on both sides of (S-1.23), and by using the statistical

independence of the biochemical factors, we obtain

eo == E[R(W)]
J J—1 J
= o~ (J—2) > E[¢ ] + S Elmmn (Wi, W)
m=1 m=1m/=m-+1
ej(w;) = E[R(W) | W = w]
J
= Yo~ (7= 2) 3 Elon (W) | W = wj)
m=1
J-1 J
m=1m/=m+1
ejj/(wjij’) = E[R(W) ‘ VV] = wj, V[/}/ = wj’]
J
= o= (T =2) Y Bbm (W) | W = wj, Wy = wy/]
m=1
J-1 J
+ > Bl (W, W) | W = wj, Wy = ], (S-1.24)
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where

'Lﬂj(wj), if m :]’
E[t)m (W,)], otherwise

E[tpm (W, )|W_wj]:{

¢j(wj), if m :j
[me( ) |W —U)],W/—w]] = 1/’j’(wj’), if m:j,a for ]<j/
E[t)m(Wy,)], otherwise

E[Ym; (Wi, w;)], it m<j,m =j
E[wmm’(Wma Wm’) | VV} = wj] = [¢jm’(wjv )]7 if m= j9 m' > ]
E[Ymm (Wi, Wir)], otherwise

wjj'(wjawj’)y if m :j, m/ :j’
[¢mj(Wmawj)] if m < j, m/ = j
E¢mj (Wrmw] )] if m 75 j, m/ = j’

[
ElYmm W, W) | Wi = w;, W = wy| = , for j < i’
[w ( )’ J s VVy ]] EW (w], ), it m—=j,m J<1J
E[Yjm (wjr, Wi)],  if m=j",m' > j
E[Ymm' (Wi, Wyy)], otherwise
(S-1.25)
Finally, to compute the conditional variances of the response function R, note that
Var[E[R(W) | Wj]] = Varle;(W})] = El¢} (W))] — ¢
Var[E[R(W) | W;, Wy ]] = Varle;; (W;, Wyr)] = EleZ, (W;, Wjr)] — e, (S-1.26)

since

by virtue of the fact that E[E[Y | X]] = E[Y].

13



As a consequence of (S-1.13), (S-1.14), and (S-1.26), we now obtain the following approximations to the
SESI’s and JESI’s:

(S-1.27)

with eg, e;, and e;;/ given by (S-1.24). Note that evaluation of the expectations of these quantities requires
only one- and two-dimensional integrations. This can be done by a standard Gauss-Hermite integration
procedure, as we explain in Section 3. We respectively refer to o; and 7);, given by Equation S-1.27, as the

SESI’s and JESI's obtained by Gauss-Hermite Integration (GHI) of the FD-HDMR.

2.3 ANOVA-HDMR

Equation (S-1.7) and the fact that the basis functions p integrate to zero over a single variable imply
1 p1 pl 1 1 1
/ / / P?(uy, ug, uz)duydusdus = pi + / pr(ur)duy + / P2 (ug)dug + / P2 (u3)dus
o Jo Jo 0 0 0

1 1
+/ /p%z(ul,uQ)dulduQ
0 0
1 1
+/ /pfg(ul,u;;)duldu?,
0 0

1 41
+ / /p%;g(ug, ug)dusdug
o Jo

1 1 1
+ / / / p%23 (ul, ug, U3)dU1dUQdU3 . (S—1.28)
0 0 0

If we assume that the biochemical factors of interest are statistically independent random variables W7,
Ws, and W3, with cumulative distribution functions g1 (w1 ), g2(w2), and g3(ws), respectively,

then (S-1.28), together with (S-1.6), (S-1.8), and (S-1.10), implies that

V=Vi+Vo+Vz+ Vig+ Viz+ Vo3 + Vi3, (S-1.29)
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where

V := Var[R(W1, Wa, W3)]
o

Vi = Var[E[R(Wy, Wy, W3) | Wi]] = pi(w1)g} (wr)dw

|
g

Vo = Var[E[R(W1, Wo, Wa) | Wall = | ph(ws)gh(ws)dws

8

V3 := Var[E[R(W7, W, W3) | W3]] = p3(w3)gs(w3)dws

\é\g\

—00

Vig 1= Var[E[R(Wy, Wa, W3) | W1, Wa]| = V1 — Vo = / / pia(wi, w2) gy (w1)gh(ws)dwidwy > 0
Viz = Var[E[R(W1, W2, W3) | Wi, W3]] = V1 — V3 = / / pi3 (w1, w3) g (w1)gs(ws)dwdws > 0

V23 = Var[E[R(Wl,Wg, Wg) ’ WQ,WgH — VQ — V3 = / / p§3(w2,wg)gé(wg)gg(wg)dwgdwg Z 0
Visg =V = Vg = Vig— Vo3 = V1 = Vo — V3

= / / / p%23(w1,wg,wg)gll(w1)g’Q(wQ)gg(wg)dwldwgdwg >0, (S-1.30)

since ¢ (w1), gh(w2), and g4(ws) are the probability density functions of Wy, Wa, and W, respectively.
The variance decomposition scheme given by Equations 7 and 8 in the Main text is a general version of the
decomposition given by (S-1.29) and (S-1.30) for the case of J biochemical factors. This decomposition is
closely related to analysis of variance (ANOVA) techniques in statistics [5, 7, 8]. For this reason, the
representation of the response function R by (S-1.9) and (S-1.10) is referred to in the literature as

ANOVA-HDMR.

Note that (S-1.29) can be shown in a trivial manner by adding all V’s in (S-1.30). However, by

using (S-1.6), (S-1.8), (S-1.10), and (S-1.28), we can show that, when W7, W5, and W3 are statistically
independent, then V1o, Vi3, Va3, V123 > 0, which is a crucial property for appropriately defining the
variance-based sensitivity indices we consider in this paper. Moreover, we can show that these quantities
can be directly evaluated from the basis functions of the ANOVA-HDMR of the response function R(w)
by means of (S-1.30). As a consequence, we can use ANOVA-HDMR to develop an efficient
approximation technique for the sensitivity indices o; and n;. We can do this by sufficiently approximating

the response R(w;, w2, w3) by a function
R(wy,wa,w3) = po+pr(wr) + pa(ws) + pa(ws) + pra(wr, w2) + pr3(wr, ws) + pas(wa, ws),  (S-1.31)
where the approximating basis functions p must be appropriately chosen so that they satisfy the necessary
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orthogonality conditions, given by (S-1.11), and allow efficient evaluation of the integrals in (S-1.30).

There are several potential choices for the approximating basis functions p, such as polynomials,
exponentials, splines, etc. However, for the case of statistically independent zero-mean Gaussian
biochemical factors, the simplest choice is based on the following first- and second-order Hermite

polynomials:
2 -1
V2

Note that these polynomials are orthonormal over the standard Gaussian distribution, satisfying

Hi(x)=1=x and Hy(z) =

& 1 & 1
/ Hi(x) Ton e "2 dy = / Hy(z) Jon e " 2dy =0

& 1 & 1
/ H?(z) — e 2y = / H(z) e 24y =1

V2r V27
o 1 2
/_ N H(x)Hy(x) Tor e 2dx = 0. (S-1.32)

In this case, we set

Wi

Qi w2
S — v J> 2 _1
pj(w;) Qj1 X + /2 )\]2

2 2
P wiwy g2 (Y wyr i3 Wi (Y
r(ws,wi) = @i + —1 + L —1
pag (irtty) = Qi 3t (A? )Ajf V2 A (A%
2

2

Qjjra [ Wi Wi
+ =0 (/\2 — 1) ()\2 — 1) . (S-1.33)

J 5’

Note that, since the biochemical factors W are statistically independent zero-mean Gaussian random

variables with standard deviations given by \;, these approximations satisfy the necessary orthogonality

conditions given by (S-1.11).

By using (S-1.30) and the orthonormality of the Hermite polynomials H; and Hs, given by (S-1.32), we
can obtain the following approximations to the SESI’s and JESI’s (expressed for the general case of .J

biochemical factors):
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(S-1.34)

We respectively refer to 0; and 7);, given by (S-1.34), as the SEST’s and JESI’s obtained by Orthonormal
Hermite Approximation (OHA) of the ANOVA-HDMR.

3 Numerical implementation
We now discuss the numerical implementation of the approximation techniques we presented in the
previous section. Some techniques can be implemented in a straightforward manner, while others require

more involved implementation steps.

3.1 TSMR

Approximation of the SESI’s and JESI’s by means of (S-1.16) requires evaluation of the first- and

second-order partial derivatives of the response function R(w) atw = 0, given by

_ 0R(0)

2
4= 92R(0)

811}]‘ and d jj =

Unfortunately, accurate evaluation of these derivatives is not an easy task [9]. We may express them in
terms of concentration sensitivities and analytically derive a system of differential equations that govern
the dynamic evolution of such sensitivities. Then, evaluation of the response derivatives will require
simultaneous integration of the sensitivity equations together with the differential equations governing the
underlying molecular concentration dynamics. Most often, this step cannot be implemented in a reasonable
time due to stiffness of the resulting differential equations [10]. As a consequence, the derivatives are
usually approximated by finite-differences. However, the resulting approximations must be carefully used,
since it is difficult to theoretically predict, control, and numerically evaluate the accuracy of

finite-difference approximations of derivatives [10].
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In this work, we use symmetric finite-difference approximations of the derivatives. A symmetric
finite-difference approximation of the first-order partial derivative d; of R(w) with respect to w; at 0, leads
to

d; ~ R(Ae)) ;f<_Aej) , (S-1.35)

for a sufficiently small differential step size A > 0, where e; denotes a J-dimensional vector with its j th

element being equal to one and the remaining elements being zero. By applying the previous equation
twice, we obtain the following finite-difference approximation for the second-order partial derivative d;;s of
R(w) with respect to w; and w; at 0:

d N R(Aej + Aej/) — R(—Aej + Aej/) — R(Ae]‘ — Aej/) + R(—Aej — Aej/)
jit = 42 ’

(S-1.36)

To compute these approximations, we need 2.J(J + 1) + 1 system integrations, which is quadratic in terms

of the number .J of the underlying biochemical factors.

3.2 FD-HDMR

3.2.1 Polynomial approximation

The approximation of the SESI’s and JESI’s by means of (S-1.20) requires knowledge of the values of the
o parameters associated with the polynomial approximation of the basis functions r, given by (S-1.19).

This can be done by polynomial regression [11], as we explain next.

Our problem here is to estimate the parameters «, so that
ri(wy) = 75 (w;) + € = ajiw; + ;207 + ¢;
J\Wg) = T\ J = Gyl 3,25 Js
and
rjg (Wi, wir) = Ty (Wi, wyr) + €
= Qji wjwy + Qg owiwy + i swiwd + gy gwin? + e
— Q1% J3"2%5 % J3',3%i VFMRE et Rt ld 33"

for every 7, j', where the €’s are zero-mean random variables that model the errors of approximating the
basis functions r by 7. We can now use (S-1.3) to evaluate the basis functions r at a set
{w;(q),q € S,j € J} of prespecified factor values around zero. Then, the least-squares error estimates

Q1,0 2 of the parameters «; 1, o 2 associated with the basis function r;(w;) are given by [11]:

aj — (W]T W)—lwf T,
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where

. Qi1
aj.- &~ rj.—
32 Jox1

| 7i(w; (S))

wi(2) W)
W, = |
lsxa | w;(S) wj(S)

4 .5x%x2

provided that the matrix W’]-TWj is invertible (which is always true if no column of the W; matrix is a linear

combination of the other columns). On the other hand, the least-squares error estimates o 1, 0j7 2,

Qjjr 3, ;5 4 of the parameters aj;r 1, aijjr 2, v 3, 0ijjv 4 associated with the basis function 75 (w;, wj)

are given by [11]:

A — T N TIWT g
013]/ = (W]]/ W]J/) W]/ rj]/ 5

where

Qjj 1
G | 2 P
7] Eijj/73 17

Qjji 4 4x1
wi(Vwy (1) wi(Dwy (1)
wi(Nwj(S)  wi(1)w;(S)
w;(2)wy (1) wi(2)w; (1)

V%j/?z E S

w;(2)wy(S) w3 (2)w;i(S)
w;(S)wj (1) w3 (S)wj (1)
| w;(S)wy () wi(S)wy(S)
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J

[ 750 (w; (1), wyr (1)) ]

75 (w;(1), wyr(S))
7y (wj(2), wjr (1))

rij (Wi (2), wj(S))

7 (w;(S), wj (1))

L7y (w5 (S), wjr(9)) ] gy

wi @l (1) wi2)ud (1)
w2 (S) wH(2)ud(S)
wi(S)ud (1) wA(S)u (1)

S2x4



provided that the matrix W, W;; is invertible. Note that calculation of & requires J(J — 1)S?2/2 +JS +1
system integrations, which is quadratic both in terms of the number J of biochemical factors and the

number S of the samples per factor used in the regression.

3.2.2 (Gauss-Hermite Integration

It is clear from (S-1.24) and (S-1.25) that evaluation of the SESI’s and JESI’s by (S-1.27) requires
calculation of the expectations E[t, (W;,)], [ (Wi, Win)]s E[tom; (Wi, w))], E[tmm: (Win, Wi )],
E[e? (wj)], and E[e? +(wj, ;)] with respect to Gaussian distributions. We can evaluate these expectations

by using Gauss-Hermite integration [12], as we explain next.

Let us consider the one-dimensional expectation:

E[t)1(W1)] / U (wy)e 12 duy.

)\\/ 2w
If we set wi = v/2)\uq, then

— \/17?/_00 wl(\/ﬁ)\ul)e_“%dul.

In this form, we can use the Gauss-Hermite integration procedure to approximate £ by

Q
~ 1
= ﬁ qzjl wq@bl(\@)‘aq)a

where () is the order of the approximation and a4, w, are appropriately chosen abscissas and weights,

respectively [12].

Likewise, by setting w; = V2Xuq and we = /2 9us, we can write the two-dimensional expectation

/ / o (wr, wo)e —wi/2N =322 qupy dws

E[o (W1, Wa)] = 27T)\1/\2

in the form

1 oo o
By, = / / Yo (V2u1, V2hgus)e e 3 dus dus.
TJ—coJ-0

A two-step (first for v and then for uy) application of one-dimensional Gauss-Hermite integration results

in the following approximation of FEs:

1 QR Q
= Z Z WQ1WQ2¢2(\/§)‘1GQ17 \/§>‘2‘IQ2)'

a1=1g2=1
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It turns out that calculation of the expectations required by (S-1.27) involves J(J — 1)Q?/2+ JQ + 1
system integrations, when Q is even, or J(J — 1)(Q — 1)?/2 4+ J(Q — 1) + 1 system integrations, when @
is odd, which is quadratic both in terms of the number J of biochemical factors and the number @) of points

used by Gauss-Hermite integration.

3.3 ANOVA-HDMR

Approximating the sensitivity indices oj and 7); by (S-1.34) requires evaluation of the parameters « so that
the functions p, given by (S-1.33), result in a sufficiently good approximation of the response function R

by R, given by (S-1.31). Our problem here is to estimate the parameters «, so that

2
~ wj | Qo Wy
() — 7 . C— oy -1 . S-1.37
pi(w;) = pj(wj) + € = ajq Xj NG </\3 ) + €5, ( )

and

pij (Wi, wjr) = pjjr(wj, wjr) + €55
wjw Qo “’32‘ 1) Wi %653 W wa% 1
— a .. + I g + ) _
73’51 )\jA]l \/§ )\3 )\]/ \/é )\] )\2/

2 2

Qi 4 w* ws,
+ % (A; - > (A; — 1) +€j (S-1.38)

J 5!

for every 7, j', where the €’s are zero-mean random variables that model the errors in approximating the

basis functions p by p. From (S-1.37), note that

Q1 = / )\*],Pj(wj)Gj(wj)dwj
0o Nj

1 [ (w?
o = ﬂ/_oo ()é - 1) pj(w;)Gj(w;)dw; , (S-1.39)

where Gjj(wy) is the Gaussian probability density function

|
G (wy) = eI

V21N
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This is a consequence of the zero-mean Gaussianity of the biochemical factors and the orthonormality of

the Hermite polynomials over the Gaussian distribution. Likewise, and from (S-1.38), we have that

 w; wiy
ajjr1 = / 5 pii (Wi w) Gy (w)) Gy (wy ) dwjdwe
o Aj At

1 o0 'LU2 -/
Qjjra = —= / 5 = 1) 5L g (w, w30) Gy (w5 G () duw oo
; NG - /\j Ajr

Qi g = 1/00 Y w]% — 1] pjjr(wj, wi)Gj(w;)Gj(wjr)dwjdw,
i’ \/i—oo)\j)\} 53" Wi, Wy )& (W) &g (Wi ) aW; AW,

1 o w2 fu)Q.,
Qg = 2/ )\7% —1 )\g — 1| pjjr(ws,w;)Gj(w;)Gy (wj)dwjdw;. (S-1.40)
] ’

—00 j
Finally,
W,
51 = E [)\]R(W>:|
J
1 W2
J
W; Wi

1 [(w? Wi
L J
1w (W2
i a = —FE |- . _ 1| R(W
Q.3 \/5 )\j <)\2/ ) ( )

1 W7 w3
Odjj/’4 = 5 E T? — )\3/ -1 R(W)

by virtue of (S-1.10), (S-1.39), and (S-1.40).

, (S-1.41)

As a consequence of the previous analysis, to determine the parameters «, we need to evaluate the
expectations in (S-1.41). We can do this by Monte Carlo estimation based on a Latin hypercube sampling
strategy, which leads to a more efficient implementation than standard Monte Carlo sampling [13, 14]. In

particular, we can generate L Latin hypercube Gaussian samples w(") = {wgl) , wél), ey w}l)},
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1 =1,2,..., L, evaluate the responses R(w"), forl = 1,2,..., L, and set

Lo,
A 1 w;
Q1 01 = > —~R(w")
=1 "J
L (M2
_ 11 [w;”]
Qj2 = 02 1= 5 L E ( j\? - 1) Rw®)
=1 J
L @, 0
~ 1 3 Wi Y p )
Qi1 = Q= = —— ——R(w")
27 27 L — y )‘j/
L (D12 O]
. 11 [w;"] w
Qg2 = Qe = s T > ( v 1) A]j, R(w")
=1 J
L @ (12
R 11 ~w [ [wy] l
At 3 = Qi3 1= —= — - -1 R'w()
J3"3 J5"3 5 L IZ; i /\32‘/ ( )
L (072 (M2
11 [w;”] [w;/']
Qjjra = Gjjra=5 7 ) ( v 1) et Rw"). (S-1.42)
=1 J J

Clearly, implementation of (S-1.42) requires L system integrations.

The problem with Monte Carlo estimation is that, most often, it requires a large number of system

integrations to produce sufficiently accurate estimates for the o parameters. As a consequence, it is a
computationally inefficient method for estimating «. An alternative approach is to use the previous L
samples {'w(l), [ =1,2,..., L} and estimate the « parameters by polynomial regression, as we did in

Section 3.2.1. We discuss this approach in the following.

As a consequence of (S-1.31) and (S-1.33), the polynomial regression problem amounts to estimating pg

and the parameters «, so that

Rw) = R(w)+e

j=1 J
J-1 J
> > DI %2 <w32 >wﬂ/
il 1 — —
17 2 .
j=1 j'=j+1 AjAje V2 A\ N Aj
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J 2 2 2
a/sw w-/ a*~/4 w: w~/
4 E: jj',3 Wy 7 _q ) 4 2 Jj 1) 4,
X —iiq \/5 )\] <)\§/ 2 A? )\3/ ‘

where € is a zero-mean random variable that models the errors of approximating the response function R

by R. In this case, the least-squares error estimate a of the parameters « are given by

a=(Ww) Wy, (S-1.43)
where _ R }
0 ) )
G R(w)
~ R(w@))
= Q12 P f
: R(’U)(L))
~ L 4 Lx1
[0 (2J241)x1
(1wl - (@A) =12 - (@ A1) = 1) [(w /a2 = 1)/2]
1w/ - [P A2 =1/v2 - [ /)2 = 10w A2 = 1]/2

We= 1. . : : : : , (S-1.44)

1wl [ 02 =102 s [ A )? = 1w )2 - 1/2] ot

provided that the matrix W*W is invertible. Note that calculation of @ requires the same number L of

system integrations as Monte Carlo estimation by (S-1.42).

It is not difficult to see from (S-1.43) that, if ayc is the Monte Carlo estimate of pg and of the parameters c,

given by [recall (S-1.10)]

and (S-1.42), respectively, then

~ 1 1 ~
Qye = ZWTp =7 W'Wa .
Moreover,
1
lim —W'W =1 S-1.45
Lo L ’ ( )

where I is the identity matrix, by virtue of the biorthonormality conditions given by (S-1.32) and the fact
that the Monte Carlo estimate Zle f(zW)/L converges to the integral 7 f(@)m(z)dx, as L — oo,

provided that (), [ = 1,2, ..., L, are samples independently drawn from the probability density function
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m(x). As a consequence, the Monte Carlo estimate @, and the regression estimate a are identical in the
limit as the number of Monte Carlo samples grows to infinity. Since ¢ is obtained by minimizing the
least-squares error between R and R, we expect that the regression estimate a of the parameters o will be
more preferable than the Monte Carlo estimate aiyc, in the sense that, for a relatively small number of
Monte Carlo samples, & may produce a better fit R of the response function R than the one produced

by a@yc. Finally, note from (S-1.45) that, for a sufficiently large number of Monte Carlo samples, W”W is
approximately equal to the identity matrix multiplied by L, which effectively reduces the risk of singularity
when evaluating the inverse matrix (W7 W)~! in (S-1.43). Therefore, if W*W turns out to be singular for

a chosen value of L, the user needs to increase L until a nonsingular matrix W”W is obtained.

References
1. Rabitz H, Alis OF, Shorter J, Shim K: Efficient input-output model representations. Comput. Phys. Commun.
1999, 117:11-20.

2. Rabitz H, Alis OF: General foundations of high-dimensional model representations. J. Math. Chem. 1999,
25:197-233.

3. Li G, Rosenthal C, Rabitz H: High dimensional model representations. J. Phys. Chem. A 2001,
105:7765-7777.

4. Sobol’ IM: Theorems and examples on high-dimensional model representation. Reliab. Eng. Syst. Safe.
2003, 79:187-193.

5. Sobol’ IM: Global sensitivity indices for nonlinear mathematical models and their Monte Carlo estimates.
Math. Comput. Simulat. 2001, 55:271-280.

6. Chen W, Jin R, Sudjianto A: Analytical variance-based global sensitivity analysis in simulation-based
design under uncertainty. J. Mech. Design 2005, 127:875-886.

7. Archer GEB, Saltelli A, Sobol IM: Sensitivity measures, ANOVA-like techniques and the use of bootstrap. J.
Statist. Comput. Simul. 1997, 5§8:99-120.

8. Owen AB: Latin supercube sampling for very high-dimensional simulations. ACM T. Model. Comput. S.
1998, 8:71-102.

9. Cacuci DG: Sensitivity and Uncertainty Analysis, Volume 1. Theory. Boca Raton: Chapman & Hall/CRC 2003.

10. Varma A, Morbidelli M, Wu H: Parametric Sensitivity in Chemical Systems. Cambridge, UK: Cambridge
University Press 1999.

11. Montgomery DC, Peck EA, Vining GG: Introduction to Linear Regression Analysis. New York: John Wiley, 3rd
edition 2001.

12. Press WH, Teukolsky SA, Vetterling WT, Flannery BP: Numerical Recipes: The Art of Scientific Computing.
New York: Cambridge University Press, 3rd edition 2007.

13. Stein M: Large sample properties of simulations using Latin hypercube sampling. Technometrics 1987,
29:143-151.

14. McKay MD, Conover WJ, Beckman RJ: A Comparison of three methods for selecting values of input
variables in the analysis of output from a computer code. Technometrics 2000, 42:55-61.

25



ADDITIONAL FILE 2

A comparison of approximation techniques for variance-based sensitivity
analysis of biochemical reaction systems

MAPK SIGNALING CASCADE MODEL

Hong-Xuan Zhang' and John Goutsias*!

! Whitaker Biomedical Engineering Institute, The Johns Hopkins University, Baltimore, MD 21218, USA

* Corresponding author

Email: HXZ: hxzhang@jhu.edu, JG: goutsias@jhu.edu

In this document, we list the biochemical reactions associated with the MAPK signaling cascade model we
consider in the Main text and provide nominal values for the normalized reaction rate constants (measured
in s~1) and the initial molecular concentrations (measured in molecules/cell). We depict this model

in Figure 1 of the Main text. We have adopted the data from Schoeberl et al. [1], with a few rate constant

values updated from the “JWS Online Cellular Systems Modeling” web site (http://jjj.biochem.sun.ac.za).

The first reaction in the model depicted in Figure 1 of the Main text compensates for Ras-GTP synthesis
which, in reality, is accomplished by a complex epidermal growth factor (EGF)-induced signalling
pathway [1]. We have set the reaction rate constant of Ras-GTP synthesis equal to 3s~!. This value results
in an ERK-PP concentration profile that is similar to the one reported by Schoeberl et al. [1], with 50ng/ml
EGFE.



Reactions

No. | Reaction Rate Constant (s~ 1)

1 () — Ras-GTP K1 =3
Ras-GTP — ) ko =0

2 Ras-GTP + Raf — Raf-Ras-GTP k3 = 1.6605 x 1076
Raf-Ras-GTP — Raf + Ras-GTP kg =5.3x1073

3 Raf-Ras-GTP — Raf* + Ras-GTP* ks =1
Raf* + Ras-GTP* — Raf-Ras-GTP ke = 1.1624 x 1076

4 Raf* + Phol — Raf*-Phol k7 =1.1790 x 104
Raf*-Phol — Raf* + Phol kg = 0.2

5 Raf*-Phol — Raf + Phol kg =1
Raf + Phol — Raf*-Phol k1o =0

6 MEK + Raf* — MEK-Raf* k11 = 1.9428 x 107°
MEK-Raf* — MEK + Raf* K12 = 3.3 x 1072

7 MEK-Raf* — MEK-P + Raf* K13 = 3.5
MEK-P + Raf* — MEK-Raf* k14 =0

8 MEK-P + Raf* — MEK-P-Raf* K1z = 1.9428 x 107°
MEK-P-Raf* — MEK-P + Raf* K1 = 3.3 x 1072

9 MEK-P-Raf* — MEK-PP + Raf* k17 = 2.9
MEK-PP + Raf* — MEK-P-Raf* k1ig =0

10 | MEK-PP + Pho2 — MEK-PP-Pho2 K19 = 2.3746 x 107°
MEK-PP-Pho2 — MEK-PP + Pho2 Koo = 0.8

11 | MEK-PP-Pho2 — MEK-P + Pho2 ko1 = 5.8 x 1072
MEK-P + Pho2 — MEK-PP-Pho2 Koo =0

12 | MEK-P + Pho2 — MEK-P-Pho2 Kog = 4.4835 x 107
MEK-P-Pho2 — MEK-P + Pho2 Kog = 0.5

13 | MEK-P-Pho2 — MEK + Pho2 Kos = 5.8 x 1072
MEK + Pho2 — MEK-P-Pho2 Kog =0

14 | ERK + MEK-PP — ERK-MEK-PP Ko7 = 8.8673 x 107°
ERK-MEK-PP — ERK + MEK-PP Kog = 1.833 x 1072

15 | ERK-MEK-PP — ERK-P + MEK-PP Kog = 16
ERK-P + MEK-PP — ERK-MEK-PP k3o =0

16 | ERK-P + MEK-PP — ERK-P-MEK-PP k31 = 8.8673 x 107°
ERK-P-MEK-PP — ERK-P + MEK-PP k3o = 1.833 x 1072

17 | ERK-P-MEK-PP — ERK-PP + MEK-PP | k33 = 5.7
ERK-PP + MEK-PP — ERK-P-MEK-PP | k34 =0

18 | ERK-PP + Pho3 — ERK-PP-Pho3 Kgs = 2.3414 x 107°
ERK-PP-Pho3 — ERK-PP + Pho3 k3g = 0.6

19 | ERK-PP-Pho3 — ERK-P + Pho3 k37 = 0.246
ERK-P + Pho3 — ERK-PP-Pho3 k3g =0

20 | ERK-P + Pho3 — ERK-P-Pho3 K39 = 8.3027 x 1076
ERK-P-Pho3 — ERK-P + Pho3 kg0 = 0.5

21 | ERK + Pho3 — ERK-P-Pho3 kg1 =0
ERK-P-Pho3 — ERK + Pho3 Kqo = 0.246




Initial Concentrations

No. | species molecules/cell
1 Ras-GTP 7.20 x 104
2 Raf 4.00 x 10*
3 Raf-Ras-GTP 0

4 Raf* 0

5 Phol 4.00 x 10%
6 Raf*-Phol 0

7 MEK 2.10 x 108
8 MEK-Raf* 0

9 MEK-P 0

10 | MEK-P-Raf* 0

11 | MEK-PP 0

12 | Pho2 4.00 x 10*

13 | MEK-PP-Pho2 0
14 | MEK-P-Pho2 0

15 | ERK 2.21 x 107
16 | ERK-MEK-PP 0
17 | ERK-P 0
18 | ERK-P-MEK-PP | 0
19 | ERK-PP 0
20 | Pho3 1.00 x 107
21 | ERK-PP-Pho3 0
22 | ERK-P-Pho3 0
23 | Ras-GTP* 0
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In this document, we provide the SOSA-based sensitivity analysis results for the three response
characteristics (duration, integrated response, and strength) of ERK-PP activity in the MAPK signaling
cascade obtained by the five techniques (MC, DA, PA, GHI, and OHA) considered in the Main text and for
four fluctuation levels (A = 0.1, 0.2, 0.3, 0.4) in the values of the standard chemical potentials associated
with the molecular species. The results are given in percentages and have been truncated to the nearest
integer. Only results that correspond to SESI or JESI values obtained by MC that are at least 5% are shown.
Bold species numbers indicate SESI or JESI values that are at least 10%. According to our discussion in
the Main text, these species are classified by the variance-based sensitivity analysis method to be singularly
influential (if the SESI value is at least 10% but the JESI value is below 10%), jointly influential (if the
JESI value is at least 10% but the SESI value is below 10%), and singularly/jointly influential (if both the

SESI and JESI values are at least 10%). The remaining molecular species are deemed to be noninfluential.



Table S-3.1. SOSA-based sensitivity analysis results for the duration of ERK-PP activity.

SESI - DURATION (A =0.1)

JESI - DURATION (A = 0.1)

Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 38 37 38 34 38 5 1 0 0 0 0
7 23 25 23 25 23 7 0 0 0 0 0
14 17 17 19 19 18 14 0 0 0 0 0
SESI - DURATION (A =0.2) JESI - DURATION (A =0.2)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 36 35 36 37 37 5 4 1 1 1 1
7 20 24 22 20 22 7 2 1 1 1 1
14 5 16 17 19 16 14 1 0 0 0 0
SESI - DURATION (A =0.3) JESI - DURATION (A =0.3)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 36 33 36 33 36 5 3 3 2 3 2
7 20 23 20 21 21 7 1 1 1 1 1
14 15 16 14 14 15 14 1 1 1 1 1
18 5 4 5 6 5 18 1 2 2 2 1

SESI - DURATION (A =0.4)

JESI - DURATION (A =0.4)

Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 34 31 27 32 33 ) ) 4 4 ) )
7 19 21 20 18 19 7 3 2 2 2 3
12 5 4 5 4 6 12 1 1 0 0 1
14 15 15 13 11 15 14 1 1 1 1 1




Table S-3.2. SOSA-based sensitivity analysis results for the integrated response of ERK-PP activity.

SESI - I-RESPONSE (A =0.1) JESI - I-RESPONSE (A =0.1)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 46 47 4T 4T 47 5 1 0 0 0 0
7 23 23 23 23 23 7 0 0 0 0 0
9 9 9 9 9 9 9 1 0 0 0 0
14 1 12 12 12 12 14 0 0 0 0 0
SESI - I-RESPONSE (A =0.2) JESI - I-RESPONSE () = 0.2)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 47 46 50 49 46 5 7 1 2 5 5
7 19 23 21 20 21 7 4 0 1 2 2
9 8 9 9 8 9 9 3 0 1 2 3
14 8 12 9 9 9 14 1 0 0 0 0
SESI - I-RESPONSE (A =0.3) JESI - I-RESPONSE (A = 0.3)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 47 45 50 52 44 5 14 2 16 14 15
7 16 23 15 15 16 7 7 1 6 5 6
9 9 9 9 8 9 9 5 1 6 5 7
SESI - I-RESPONSE (A = 0.4) JESI - I-RESPONSE (\ = 0.4)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 45 44 45 48 46 5 16 3 22 17 15
7 15 22 13 14 15 7 8 1 8 7 7
9 9 8 9 10 9 9 7 1 8 7 7




Table S-3.3. SOSA-based sensitivity analysis results for the strength of ERK-PP activity.

SESI - STRENGTH (A = 0.1)

JESI - STRENGTH (A = 0.1)

Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 40 41 40 38 41 5 1 0 0 0 0
7 13 11 14 8 13 7 1 0 0 0 0
9 26 26 27 29 26 9 1 0 0 0 0
17 5 6 5 5 6 17 0 0 0 0 0
21 6 6 5 8 6 21 0 0 0 0 0
SESI - STRENGTH (A =0.2) JESI - STRENGTH (A =0.2)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 40 38 47 46 35 5 18 2 10 18 17
7 10 10 11 11 10 7 9 1 4 6 7
9 15 24 17 16 17 9 9 1 4 6 9
SESI - STRENGTH (A =0.3) JESI - STRENGTH (A =0.3)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 41 35 44 49 34 5 27 3 30 28 29
7 8 9 7 7 8 7 15 1 11 9 13
9 10 22 10 9 10 9 9 1 10 9 9
22 1 0 0 0 1 22 6 5 4 4 7
SESI - STRENGTH (A = 0.4) JESI - STRENGTH (A = 0.4)
Species MC DA PA GHI OHA Species MC DA PA GHI OHA
5 40 31 40 41 39 5 26 5 35 29 26
7 8 8 7 8 8 7 13 2 12 11 13
9 9 20 8 10 9 9 11 2 11 10 11
22 2 0 1 1 2 22 6 8 5 5 7




