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Objective and Context :

Given 2 images, Iy a template and I; a target, we seek a function ¢

with smoothness properties such as : ¢(ly) ~ I

Our framework is the Deformable Template model (Grenander) in

particular the Large Deformation Theory (Miller-Touvé-Younes)
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Mathematical backgroud and Notations :

* Let Q0 € R? be an open set. The framework defines a class of
deformations ¢ : {2 — (2, objects (eg : images I : 2 — R,
landmarks (x;)1<i<n,...) and a specific groupe action (eg :
0.l =10 gb_l, ¢.((£C¢)1§7;§N) = (Qb-(wi))lgiéN)

Deformations ¢ are built by integrating time-dependent vector
field v; : Q@ — R! (in our cases | =d = 2,3) : ¢ = ¢V

{dﬁ:vtogbg and @9 = 1d

v € V Hilbert space of regular vector field, in particular, V is a
functional space, continuously embedded in C%(Q), defined by an
operateur L and its reproducing kernel Ky = L~! such as :

V(v,w) € V2, (v,w)v = (Kyv,w)r2(q)
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* LoV, v € L?([0,1],V)} is a subgroup of diffeomorphisms on (2,
equipped with a right-invariant metric : d(¢,v) = d(Id, ¢ o ¢~ 1).

* The distance between two objects Og and O; is computed via
the group action :

d(O = inf d(ld, oV
(Op, O1) vt o, (Id, ¢Y)

f dt
vl o {fOH’th }
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We seek v; by minimizing an energy that takes into account two
terms : the path length (given by the previous formula) and a
measurement of the difference between our data :

1
vt:argmln{§/0 “Ut“%/dt+)\g(007017¢v)}

Image matching (Beg) Given 2 images [ and I, v; is determined

everywhere on the domain for every time ¢ by minimizing :

I _
=3 [ llfdt+ [ 106~ )~ Bi)dy
0
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Landmark Matching (Joshi - Miller) Given several template
landmarks (x;)1<i<n and target landmarks (y;)1<i<n, vt is
determined by minimizing the following energy :

1 (! N
E=§/O [Joel[Sdt + XY 1167 (i) — yillfs
1=1

that in fact depends only on a new variable :

(pi(t) = L(v;(t)))1<i<n, momentum of the deformation at time t.
To reconstruct v; on the whole domain, we use the

interpolation formula :

N

Vo € Q, vi(w) = Y K(i(t), 2)pi(t)

1=1

Our approach is a combination between these 2 points of view
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Our model :

Data 2 images, a template [y, a target I and landmarks chosen on

the template (:1:7;)193]\;.

Wanted ¢, that matches the template on the target but only

dependent on the landmark set.
A triangulation of the template,

An affine transformation on each triangle and
continuous on the whole domain.

This yields that the deformation is only determined by the vertices of

the triangulation (our landmarks)

1 [t :
E=g [ a2y [
0 i=1"79

(T3)




CVSP 05/19/05

We use the Delaunay’s triangulation of a point set :
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Problem Reformulation :

Using the “conservation of Momentum” property of the geodesics
(Miller - Trouvé - Younes) the momentum at time ¢ is determined

by the momentum configuration at time ¢ = 0 : Momentum

Evolution Equation : p;(z) = Lv(x) = Lvg((dos) 1z o ¢y)

and the Euler’s equation of geodesics : p1(pg) + AVzg =0

Consequence : equation for geodesic evolution depends only on the
template and the momentum at time 0

So pg is an appropriate variable of the problem.
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Evolution equations describing the transport of the template along
the geodesics (cf : M.I.LMiller A.Trouvé L. Younes) : let g be the

point and p the momentum : Hamilton’s Equations

(

WO =S K000 (1) = K(a0)p0)

| T = ) pit)
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With these equations, we search the best initial conditions that

give rise to the minimizing trajectory.

The path length term can be rewritten :

=3 [ Wl =5 [ reqten

therefore %4 = K (g(t))p(t) then : d = 3 fo £)*K(q(t))p(t)dt where

H(q(t),p(t)) = 2p(t)*K(q(t))p(t) is known as the Hamiltonian.

Property of the Hamiltonian : H(q(¢),p(t)) is a constant

function of time.
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So we finally have the Hamiltonian system :

Ksp
+(Kop,p)

the Euler’s equation : pi(pg) + A\V,g =0

And the energy to minimize is :

E = p(0)* K(a(0))p(0)

with respect to pg.
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Algorithms :

The gradient descent is computed in the initial momentum space
(cf : M. Vaillant M.I. Miller L. Younes A. Trouvé).

Energy to minimize :

Algorithm :
Let g(x) be the data attachment term, and ¢} = ¢1(x;).

plg —aV, B
pg — (K (
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We solve the Euler’s Equation :

G(po) = p1(po) + AV, 9(q" (po)) = 0

Algorithm :

plg - (deG)_l G(plg)
e — (& + A(qug)Q “L) " (p1(po) + AVag(q1(po)))
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The gradient and the second derivative of g are needed. g¢(q¢') =

éfm) [Too o™ (y) — Li(y)Pdy = ; Jor, To(2) = 11 (6(2))|?|dwp|dz As

¢ is sought affine by part we can use the barycentric coordinates :
Let S be the ideal simplex ((0,0),(1,0),(0,1)) and M;, M; be the 2
linear applications :

S = M(9) ¢ (Ti)

And gei(a, B) = 33;@ + Oé(wg,z' — x;z) + 5($§z — x;z)a for e = 0,1, and
1 << N.

Then, © = M;(a, ), ¢(z) = M (e, 8) = M/(M;"(z)) and
|dw§b| — |M’L/Mz_1|
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=3[ e ) = o 8) P dads

where z = (¢ (21), ..., ¢ (zn)). Let |A;] = | M]|.

And its gradient :

= [ e 8) ~ oo, ) IA )
(02,q1,i(c, B))* VI (q1,i(c, B))dad3
+/a:O /6:0 [ 11(q1,i(e, B)) — Lo(qo,i(c, 8))|" 0=, (|Ai(2i)|)dad3
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) )
We also get for a fixed triangle T; : 51

/ / 522 ZQ1,73)*VC]1,7;11(quill)*(5ZQ1,i)5zl|Ai(Zi)|dO‘d6
a=0J =

/ 0/5 522 ZQ1 ) (831 ,q1 i )(5ZQ1,Z)521‘AZ(ZZ)|
(11 (q1,i(ev, B)) — Io(qo,i (e, B)))dad3
/ 0/5 2(11(q1,i(c, B)) — Lo(qo,i(c, B)))(022)(62q1,:)"

vC]l,ill (VZ |Az (Zz)‘)*ézldadﬁ

+A:o/ﬁ (I1(q1,i(e, B)) — Io(Qo,q;(oz,5))2(522)*8372\Ai(zi)|5zldad6]

=0
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Experiments

Template Target phi(l0)




CVSP 05/19/05

Template phi(10)
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Template phi(10)
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Template
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Common mesh for all images

Template
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Template
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Limitations of each algorithm

The convergence speed

The initialization point
The matrix conditionnement.
Solution Projection on the main singular directions of the

matrix before inversion.

The triangle consistency to keep an homeomorphic deformation
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Remark : Landmark matching

Using the same point of view, we can do landmark matching as

well. The energy is given by :

1 [t ol
B= 3 [ Nl + 23 la! — il
=1

the data attachment term derivatives equal jTgl = 2(q} —y;) and

s = 2ldn x4, Where d is the dimension.
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Conclusion

* The triangulation is a way to reduce the system dimension,

focusing on landmark evolutions.

* Can be generelized for 3-D images.

* Newton’s method has the advantage of speed of convergence.
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Automatic landmark detection

Let w be a window. The energy to minimize is :

1 [ al
E = 5/0 ||vt||%/dt+ki221/9|loo¢fl<y)—11<y)|2w(wz'—</5I1<y))dy
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